C. R. Acad. Sci. Paris, Ser. I 357 (2019) 424-435

Contents lists available at ScienceDirect

C. R. Acad. Sci. Paris, Ser. |

www.sciencedirect.com

Mathematical analysis

A note on maximal commutators with rough kernels *

Check for
updates

Une note sur les commutateurs maximaux avec des noyaux grossiers

Yongming Wen ¢, Weichao GuoP”, Huoxiong Wu?, Guoping Zhao ©

4 School of Mathematical Sciences, Xiamen University, Xiamen 361005, China
b School of Science, Jimei University, Xiamen, 361021, China
€ School of Applied Mathematics, Xiamen University of Technology, Xiamen 361024, China

ARTICLE INFO ABSTRACT
Article history: This paper gives a characterization of compactness for maximal commutators with rough
Received 15 March 2019 kernels in weighted Lebesgue spaces, which is new and interesting even in un-weighted

Accepted 28 April 2019

‘ ! cases. Meanwhile, a new characterization of weighted boundedness for such operators is
Available online 20 May 2019

also established.
Presented by Haim Brézis © 2019 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

RESUME

Cet article donne une caractérisation de la compacité des commutateurs maximaux avec
des noyaux grossiers dans des espaces de Lebesgue pondérés, ce qui est nouveau et
intéressant, méme dans les cas non pondérés. Entretemps, une nouvelle caractérisation de
la limite pondérée pour ces opérateurs est également établie.

© 2019 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and main results

Let R", n > 2, be the n-dimensional Euclidean space and S"~! be the unit sphere in R". Let € be a homogeneous
function of degree zero on R" and €2 € L'(S"~1). For 0 < 8 <n, k € Z* and a locally integrable function b, we consider the
maximal operator

1
Mapf@i=sw Ly [ 100 llfmidy,
r>0 I

[x—yl=<r

and the corresponding maximal commutator

* Supported by the NNSF of China (Nos. 11771358, 11871101, 11701112, 11771388).
E-mail addresses: wenyongmingxmu@163.com (Y. Wen), weichaoguomath@gmail.com (W. Guo), huoxwu@xmu.edu.cn (H. Wu),
guopingzhaomath@gmail.com (G. Zhao).

https://doi.org/10.1016/j.crma.2019.04.014
1631-073X/© 2019 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.


https://doi.org/10.1016/j.crma.2019.04.014
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:wenyongmingxmu@163.com
mailto:weichaoguomath@gmail.com
mailto:huoxwu@xmu.edu.cn
mailto:guopingzhaomath@gmail.com
https://doi.org/10.1016/j.crma.2019.04.014
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2019.04.014&domain=pdf

Y. Wen et al. / C. R. Acad. Sci. Paris, Ser. I 357 (2019) 424-435 425

1
(Mg, p)p f (x) = Sup Sy / Ib(x) — b [|2x — y) f(y)|dy.

[x=yl=r

which play key roles in studying the boundedness of the following commutators of singular and fractional integrals

k Q(x
(Tap)h 0= [0 — bl 2L 5y,
where, for 8 =0, the integral is in the principal value sense and € satisfies the vanishing property in S"~1.
Obviously, when =1, My, denoted by M, is the Hardy-Littlewood maximal operator, and My g, denoted by Mg for

0 < B <n, is the fractional maximal operators. Also, we denote (Mo 1) by Mf, and (M1 )k by les,b- In 1991, Garcia-Cuerva
and Harboure et al. [12] showed that Mg is bounded on LP(w) for w € Ap, 1 < p < oo, if and only if b € BMO(R™).
Segovia and Torrea [19] proved that Mifj,b is bounded from LP(wP) to Li(w?) if and only if b € BMO(R"), provided that
0<B<n 1<p<q<oo with 1/g=1/p — B/n, w € Ap 4. Recently, Zhang [22] (for 8 = 0) and Guliyev, Deringoz, and
Hasanov [13] (for 0 < 8 < n) showed that, for 0 <« <1, M;ls,b is bounded from LP(R™) to LY(R™) for 1 < p < q < oo with
1/q=1/p — (@ + B)/n, if and only if b € BMO, (R") (the Lipschitz spaces, see Definition 2.1 in Section 2). In addition,
Ding and Lu [10] proved that, for 0 < 8 <n and b € BMO(R"), (ng,g)’g is bounded from LP (w?) to L9(w?), provided that
Qe L5(S™ 1) for some s >1 with 1<s’ <p <n/B, 1/q=1/p — /n, and o € Apjs.q/s» where s’ =s/(s — 1) denotes the
conjugate number of s throughout this paper.
In this paper, we will focus on the compactness of (Mg, ,3)’;. We first recall the definition of compact operators.

Definition 1.1. (cf. [2]) Let X, Y be Banach spaces. A mapping T from X to Y is compact if T is continuous and maps
bounded subsets of X into precompact subsets of Y.

The investigation on the compactness of commutators dates back to Uchiyama’s work [20], in which the author proved
that, for Q € Lip;(S"™1), 1 < p < o0, (Tq,0); is compact on LP(R") if and only if b € CMO(R"), where CMO(R") is the
closure of C°(R™) in the BMO(R") topology. Afterwards, this result was extensively improved and extended: see, for
example, [5,4,14-16,21] et al. In particular, inspired by Lerner-Ombrosi-Rivera-Rios [17], our second and third authors and
others recently gave in [14,15] some new characterizations of the compactness of (Tg_ﬁ)ﬁ via CMO, (R™), which can be
regarded as the generalization of CMO(R"), see Definition 2.6 in Section 2.

Although many authors studied the compactness of linear operators, the literature is not so rich regarding the com-
pactness of nonlinear operators, one can see [3,11] for the commutators of Littlewood-Paley operators and the maximal
truncated commutators for singular integrals, etc. The main purpose of this paper is to establish the characterization theo-
rem on the compactness of (ng,g)’g via CMO,, (R™), which can be formulated as follows.

Theorem 1.2. etk e ZT,0<a <1,0< B <nwithka + 8 <n, 1 < p,q < oo with l/q_l/p—(ka-i-ﬁ)/n Assume that Q
is a homogeneous function of degree 0 on R", Q € L5(S"~ 1) for some s > 1 with s’ < p, »° € Ap/s q)s'- If 2 does not change sign
and is not equivalent to zero on some open set of S"~1, then (MQJ}) is a compact operator from LP(w?) to LY(w?) if and only if
b € CMO, (R™).

Our main novelty will be embodied in the arguments on compactness of (Mg,ﬂ)’g. To achieve our goal, we prefer to
choose a soft but elegant way. First, we use the Cauchy integral trick to get the boundedness of a maximal iterated commu-
tator. Then, combining this boundedness result and some basic properties derived from the definition of (MQ,ﬁ)", we give
a reduction of such a deep degree, that the part of “checking the conditions of the Fréchet-Kolmogorov theorem” becomes
very concise. We would like to point out that, in every previous article, the process of “checking the conditions of the
Fréchet-Kolmogorov theorem” is the most tedious part. In order to prove our theorem, the necessity of bounded maximal
commutators will also be established, which can be deduced by means of the known estimate in [14,17]. Then, we use the
same ideas from [14,15] to obtain further lower and upper estimates of (MQ’/S)’g. These estimates yield the necessity of
compactness of (Mg p)k.

Take 2 =1, we obtain the characterization of compactness for the maximal commutators corresponding to the Hardy-
Littlewood maximal function and fractional maximal functions.

Corollary 1.3. Letk€ ZT,0<a <1,0 < B <nwithka + B <n, 1 <p,q <ocowith1/gq=1/p — (ka + B)/n, and w € Ap 4. Then
the maximal commutator (Mﬂ)ﬁ is a compact operator from LP (wP) to L9(w?) if and only if b € CMOg (R™).

The rest of the paper is organized as follows. In Section 2, we will recall some relevant definitions and auxiliary lemmas.
We will prove the sufficiency of Theorem 1.2 in Section 3. Finally, the proof of the necessity of Theorem 1.2 and the
characterization of weighted boundedness will be given in Section 4.
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Throughout the rest of our paper, we will denote positive constants by C, which may change at each occurrence. If
f<Cgand f<g<f, wedenote f<g, f~ g, respectively. For a given cube Q, we use cq, lg, xqo and AAB to denote
the center, side length, characteristic function of Q and (A \ B) U (B \ A), respectively.

2. Preliminaries
In this section, we will recall some relevant concepts and auxiliary lemmas.

A weight w is a nonnegative and locally integrable function on R". For 1 < p < oo, we say that w € A, if there exists a
constant C > 0 such that

sup (ﬁ/w(y)dy)(ﬁ/w(y)l‘p' dy)p_] <,
a Q

where 1/p +1/p’ =1 and the supremum is taken over all cubes Q C R". We call w € Ap 4 for 1 < p, g < oo if there exists
a constant C > 0 such that:

sgp (ﬁi Q/ w(x)? dx)(ﬁq/w(x)_p/ dx)q/p/ <C.

From the definition of A, 4, we know that w € A, 4 implies w? € A; and wP € Ap. Define the A, class of weights by
Aso :=Up>1Ap, the Ay, constant is given by

[@]ay = sgp / M(xq ) (x) dx.
Q

We will frequently use the doubling property of weight: for A > 1, and all cubes Q, if w € Ap, we have w(AQ) <
AP [w]a,w(Q). We proceed to the definition of BMOy.

Definition 2.1. Let Q be a cube, « € [0,1], for any f e L. (R"), we denote BMO,(R") the space of functions with
I f lIBMOg (R™) < 00, where

1
I swo, @) i= Sup Ou(f5 Q)= sup —— [ 10 Foldx.
QcR® QCR™ Q[ "n 4

where fq = IET\ fQ f(y)dy. We also define

~ . 1
Ou(f; Q)~=C12(£|Q|—]+(;Q/|f(x)—c|dx~

It is easy to check that 5a(f; Q) <0q4(f;Q) < 25a(f; Q). Clearly, BMOg(R™) is BMO(RR™). As mentioned in Section 1,
CMO(R") denotes the closure of C°(R™) in BMO(R"). In order to prove our results, we will use the following new charac-
terization of CMO established in [15].

Definition 2.2. By a median value of a real-valued measurable function f over a measure set E of positive finite measure,
we mean a possibly non-unique, real number m¢(E) such that

E
max([{x € E: f(x) >mg(E)}|, {xe€ E: f(x) <mg(E)}|) < %

Definition 2.3. For a real-valued measurable function f, we define the local oscillation of f over a cube Q by

o (f; Q)= ((f —mp(QNx)*" QD (O <ir<1),

where f* is the non-increasing rearrangement.

We recall the new characterization of CMO as follows.
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Lemma 2.4. (cf. [15]) Let f € BMO. Then f € CMO if and only if the following three conditions hold:
(1) limg—,o @Jp wr(f; Q) =0,
=a

(2) limg_, 400 |<Szl\1p w;(f;Q)=0,
=a

3)limp 100 sup  wi(f;Q)=0.
|QIN[=b,b1"=¢

For 0 <« <1, for a continuous function f on R", the (homogeneous) a-order Lipschitz norm is defined by

| Fllipo ny = sup O =TI
xty  1X— Yl

’

and we denote the space of all continuous functions on R" such that || f| i, R < 00 by Lipe(R"). Meyers [18] showed
that Lipy (R™) = BMO, (R™). Moreover, he gave the following lemma.

Lemma 2.5. (cf. [15]) Let @ € (0, 1]. Then
Lipy (R™) = BMOg (R").
Moreover, if f € Lipq (R™), p € [1, oo, we have

£ lipo Ry ~ SUPp O (f3 Q) ~ su L(i/u( )~ folPd )””
Lipa (RT) QIJ ol Qp|Q|a/n |Q|Q y Qlray .

Now we give the definition of CMO, (R") in [14].

Definition 2.6. Let « € [0, 1]. A BMO,, function f belongs to CMO,, if it satisfies the following three conditions:

(1) limy—o sup Ox(f; Q)=0;
1Q|=r

(2) limy—, o0 sup Og(f; Q) =0;
1Q|=r

(3) limgseo  sup O (f; Q)=0.
QN[—d.dI"=¢

Remark 2.7. When o = 0, the characterization of Uchiyama [20] yields that CMOy is just the CMO space. When 0 <« <1, in
[14] our second and third authors et al. proved that CMO,, is the appropriate function space to characterize the compactness
of the commutator. Denote by CMO, (R") the C°(R™) closure in BMOy (R™); in [14], it showed that CMO, (R") = CMO,
when « € [0, 1), and CMOy (R™) C CMOy (R") when o =1, in fact, CMO1(R") is equal to the constant space C containing
all complex numbers with usual norm.

Finally, we give some necessary lemmas, which will be used in our proofs.

Lemma 2.8. (cf. [8]) Suppose that s > 1 with s’ < p < oo, p # 1. If Q is a homogeneous function of degree 0 on R", Q@ € L(S"~1)
and w € Ap g, then

IM@,0(HlLp @) = ClISLs(sn-1) I fllLp (@)-

Lemma 2.9. (cf. [9]) Suppose that 0 < B <n,s > 1 withs' <p <n/B and 1/q=1/p — B/n. If Q is a homogeneous function of
degree 0on R", Q € L5(§" V) and 0° € Ap/s.q/5» then there exists a constant C independent of f such that

Mg, g (F)llLawey < CIR Lssn-1) | FllLe @)

Lemma 2.10. (cf. [15]) Let A € (0, 1), b be a real-valued measurable function. Suppose that 2 is a measurable function on "~ and
does not change sign and is not equivalent to zero on some open set of S"~1. Then there exist €y > 0 and Ko > 10./n depending
only on © and n such that the following holds: for every cube Q, there exists another cube P with the same length of Q satisfying
|cq —cp| = Kolq, and measurable sets E C Q with |E| = %|Q|, and F C P with |F|=|Q|/2,and G C E x F with |G| > % such
that

(1) w(b; Q) = |b(x) —b(y)| forall (x,y) € E x F;

(2) Q(x—y)andb(x) —b(y) do not change signin E x F;

B) Qx—y)=¢€gforal (x,y) €.
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Lemma 2.11. (cf. [14]) Let b be a real-valued measurable function. Suppose that Q is a measurable function on S"~! and does not
change sign and is not equivalent to zero on some open set of S~ 1. For every y € (0, 1), there exist €y > 0 and Ko > 10/n depending
only on , y and n such that the following holds. For every cube Q, there exists another cube P with the same length of Q satisfying
|cq —cp| = Kolq, and measurable sets E1, E; C Q with Q = E{ U Ey, and Fy, F» C P with |F1| = |F2| =1Q /2, such that

(1) b(x) —b(y) do not change signin E; x F;,i=1,2;

(2) |b(x) —mp(P)| < |b(x) —b(y)linEi x Fi,i=1,2;

(3) Q(x — y) does not change signin Q x P;

(4) INyxNP|<y|Q|forallxe Q,where Ny:={y e R":|Q(x— y)| < €p}.

3. Compactness of the maximal commutators

This section is devoted to the proof of the sufficiency of Theorem 1.2. We first establish the boundedness of (MQ’ﬁ)ch
defined by

k
[ 1@e=pisoiTibeo -bwidy.

B(x,1) =1

(Mo p)f(F)X) = Sup

which will be used to give the first reduction of the compactness of (Mg, ﬁ)ﬁ. We also point out that this boundedness result
has its own interest since it improves and extends the corresponding results in [13,22]. Here, we will use the Cauchy integral
trick to prove this boundedness result. This idea can be tracked back to the pioneering work of Coifman-Rochberg-Weiss [7].
Recently, there is a comprehensive study originating from this idea, see [1]. One can also see [15] for a specific application
for the iterated commutator of the Calderén-Zygmund operator.

Theorem 3.1.letke ZT,0<a <1,0< B <nwithka + 8 <n, 1 < p,q < oo with 1/q=1/p — (ka + B)/n. Assume that Q
is a homogeneous function of degree 0 on R®, Q € LS(S"~1) for some s > 1 with s’ < p, &° € Ap)s.qs- Then, for b = (by, ..., by),
bj € BMOg,

k

II(MQ,ﬁ)’f(f)IILq(wQ) S| Ibjliemoll €20l s (sn—1) | fllLp Py -
b
j=1

Before giving the proof, we first recall the following lemma in [15].

Lemma 3.2. (cf. [15]) Let p,q € (1, 00), w € Ap g, bj € BMO(R") for j =1, ..., k. There exists a constant ky, p q x depending only on
the indicated parameters such that

k 7 ’
[eRe(ijl bjzj)w]Ap'q < 4l+a/p [@la,
for all zj with

< Kn,p,q.k
= IIbjlleMmo®m) (1 + (@)4y,)’

;]

where ()4, = max{[®]a,,. [@' P14}

Proof of Theorem 3.1. When 0 <« <1, since bj € BMO,, we have

k
1
k . S —
(Ma.p)¥(H)®) < [ ] Ibjlsmo, SUp ) f 1Qx —y) f(y)ldy.
J=1 B(x.r)
Then the result follows from Lemma 2.9. In the following, we prove the case for « =0. For zj € C, j=1,...,k, set F(zj) =

eZilbi®=bj1 Then for any €; > 0, by the Cauchy integral formula,

, v Eremy F@zp
b —bj() =F'(0) =5~ / Lz,
lzjl=e;j 7

J J

it follows that
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eZjzjbj(0—bj(y))

H(b () = bj(y) = (2m)k [ [ S

|zK|l=€ex  lz1]=€1 ] 1%
From this, we have:
k
If(Qx—y) l_[ Ibj(x) —bj(y)ldy
B(x.r) j=1
eRe(ZkZIZjbj(x))

(Ma,p)f () =

_Re(=k_.z:b;
Ik . e; Sulgrn_,g / If (1)Qx — y)e ReFiz?i j(y))|dy
=t ” B(x,r)
Re(ZX_,z;bj(x))
= #Mg,ﬁ(fe_Re():l;':lszj(')))(X)_
HJ 1€j

Kn.p.g.k.s . Re(=X_.z:b;)
—LPAES _ yield that (e =177
= l1bj1BMo (1+H(@5 ) Axg) y (

mas 2.8 and 2.9, allows us to deduce that

1 _ bz
I(Ma,p)% (Pllian) < e IMap(fe REEIDIZD) g preeceipp,
j=1€j
k
< 1_[ 1b;llBmo | 21l s sn-1) | f I L ()
j=1

Invoking Lemma 3.2 and taking |z; w)s € Ap/s'q/s- This, together with Lem-

Theorem 3.1 is proved. 0O
Next, we recall the weighted Fréchet-Kolmogorov theorem on compact sets.

Lemma 3.3. (cf. [6]) Let p € (1, 00), w € Ap, a subset E of LP (w) is precompact (or totally bounded) if the following statements hold:
(a) E is uniformly bounded, i.e., supseg | fllirw) S 15
(b) E uniformly vanishes at infinity, that is,

Jim /|f(x)|pa)(x)dx:0
X|>N

uniformly for all f € E;
(c) E is uniformly equicontinuous, that is,

lim  sup / Fx+y) = F 0P dx =0,

p—=0yeB(0, Py
uniformly for all f € E.
Now, the sufficiency of Theorem 1.2 can be proved as follows.

The sufficiency of Theorem 1.2. It is obvious that the conclusion holds for « =1 by Remark 2.7. In the following, we con-
sider the case for 0 < « < 1. By the definition of a compact operator, we only need to check that the set

A(R,b) = {(Ma.p)(f) : I flp(r) < 1}

is precompact. Applying Theorem 3.1 and the same method in [14], it suffices to verify the precompactness of A(2, b) for
b e C and 2 € Lip; (5"~ 1). Without loss of generality, we assume that b is supported in a cube Q centered at the origin.
Let us proceed a further reduction. For fixed rg,r; > 0, we claim that it suffices to check that

A1y, b) = {(MY rl)b(f) Il fllLe(wpy <1}

is precompact, where

Mgy B = sup b —b)I*1f Q- y)ldy.

ro<r<ri =~

B(x,r)
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By a direct computation,

Tro,r 1
(Msz,ﬁ)’g(f)(X)—(Mé’j;)'g(f)(X)isuprnTﬂ f Ib(x) — b FI f ()X — y)ldy
r<ro
B(x,r)

[|b<x>—b(y>|"|f(y)s2(x—y>|dy
B(x,r)
=:1(x) +1(x).

(3.1)

1
+ sup

r>rq m=p

Since b € C2° and Q € Lip1(S"~1), we have

k
169 S sup —— / 1f()ldy

=ro
B(x,r)

< r’éﬂ—a)

sup IF1dy <k Mg o f (0.

r<ro Tn_ﬂ_ka

B(x,r)

This implies that

k(1— k(1—
Iy ST | Mgka fll19 (@) <l ) Fllr@r)s (3.2)

which tends to zero as rg — 0.

Now we deal with II(x). For sufficiently large R > 2/nlg such that Q C B(0, R), we write II(x) = II; (x) + [[2(x) :=
H(X) xB(0,r)c (X) + II(X) xB(0.r)(X). Observe that if x € B(0, R)® with B(x,r) N Q # # implies that r > |x| — +/nlq. From this, for
x € B(0, R)° we have:

1
Iy (x) =sup —— / bW fF Wl — )l dy

r>rq m=#
B(x,r)NQ

1
< s / bW F IR — y)ldy <
rzii=vilo " B(x.r)NQ

|x|"—F"

Thus,

1/q

1
||"1||Lq<aﬂ)5( / Ww(x)qu)
B(0.R)¢

Observe that w9 € Aj,q/p—; for some 7 > 0. We have

/ a)(X)q dx < (2J'R)n(1+q/p’,r)[a)q]AHq/pLr / a)(x)q dx.

B(0,2JR) B(0,1)
As a result,
/ w(x)? - 2/ Ryn(+a/p'=7) 1
|x|(=Ba ~" ~ 2iqm—B)R(—P)a — (2iR)nT’

B(0,2/+1R)\B(0,2/R)
From above, we have:
w(x)4 1/q
< o
Iy S ( / x| P dx)
B(O,R)°
o0
w(x)q 1/q

= (Z / x| =P ) (33)

1=0p0 2+1R)\B(0,2/R)

i\ 1/
5R—nr/q<22—]nr) SR_nt/q.
j=0
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Next, we consider II(x), since o P e A14p /q—- for some T > 0, we have:

w(y) 7P dy < @MDY, / o(y)~" dy.
B(0,2r) B(0,1)

Choose rq sufficiently large (may depending on R) such that B(x,r) C B(0, 2r) for any x € B(0, R), r > r1. From this and the
L*°-boundedness of b and 2, we have

1
Mzl S sup sup —— / 1b() — b F ()2 — )l dy

xeB(O,Ryr=r; TP
B(x,r)
< d
S SUP g |f(Idy
B(0,2r) (34)
1 1/p NV
< p Pd Pd
s ( [1rorowray) ([ ew) 7 ay)
Rn B(0,2r)

< sup L (rn(l""P//q—T))]/P/ — r_”f/P/.
~ r>r m—p 1

By (3.3), for a fixed large R such that ||II1]| a(w9) < €/3, we choose r1 sufficiently large such that ||II>||1awe) < €/3 by (3.4).
Moreover, from (3.2), we can choose a sufficiently small rg such that ||I||;s(9) < €/3. Hence, for any € > 0, we have

I(Mg, )k (F) = (MO (Plliaen) < € (35)

for sufficiently small ro and sufficiently large ry. Thus, the remaining thing is to prove that A(2,,,b) is precompact. We
will verify that A(S2y, r,,b) satisfies the three conditions in Lemma 3.3.
The condition (a) is automatically valid because of the weighted L9-boundedness of (Mg‘gl)’g.

Next, for sufficiently large N such that Q € B(0, N) and N > ry + +/nlg, we have

MGEEH® =0, (x| = N). (3.6)

Hence, condition (b) is valid. Finally, it remains to check whether condition (c) holds. Take z € R" with |z| < min{5/8, ro};
note that

Ib(x +2) — b [*IQx +2z — WIIf (¥ dy

=8
B(x+2z,r)
1
B f Ibx) — b1 — I f ()| dy
B(x,r)
1
< Ib(x +2) —b)I"1Q0e+2 — y) f(¥)|dy

B(x+z,r)AB(x,r)

1
g [ b2 =Bl = b0 — bR — » 1 dy

M-
B(x,r)
1
g [ s bRz - ) - Q0= DIy
B(x,r)

=: D1(X) + Da(x) + D3(%).
Observe that
1Qx+z—y)— Qx-S zl, bx+2) —by)F <1

We have

sup D3(x) < |zIMg e (F)(0).

ro<r<nr
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This and the weighted boundedness of Mg, yield that

I sup D3llraey S Izl fllirwry < |zl (3.7)

ro<r<ri
On the other hand, we have
1Qx—yI ST, |Ibx+2) — b(y)* — b(x) — b(y)lk| Szl

then

sup  D2(X) S 12IMpia () (),

ro<r<ri

which implies that

I sup Dallawe) S 12l fllee@r)- (3.8)

ro<r<ri

Finally, let us consider D1(x). Note that for [x— y| <rj or [x+z—y| <1y,

Ib(x+2) —b(y)| < |b(x+2) —b(Y)|XB©,rR)*) XB(0.R) (),
where R’ = /nlg + 8 + r1. From this, we have:

I sup D1llrawe

ro<r<n
< sup  sup / LfWIIb(x+2) —b(y)*dy
xe€B(0,R")To<r<n

B(x+z,r)AB(x,r)

L 1/p'
S sup sup |l / o dy) "
*<BO.R)To<r<n B(x+z,r)AB(x,r)

For any x € B(0, R'), ro < < rq, we have

IB(X + 2, ) AB(x,1)| < 2(|B(0,1)| — [B(O, T — |z])])
<zl

which implies that |B(x +z, ) AB(x,r)| — 0 as |z| — 0. Using this and the fact v Atqpq C L1(B(0, R")), we get

I sup D1llrawe

ro<r<n

/ 1/p'
< sup  sup ( / w(y)~P dy) -0
XeB(0,R")To<r<r
B(x+2z,r)AB(x,1)

as |z| — 0. This, together with (3.7) and (3.8), yields the desired conclusion and completes the proof. O

4. Necessity of boundedness and compactness for commutators

This section is devoted to the proof of the necessity of Theorem 1.2. As a first step, we give the necessity of boundedness
of (Mg, ﬁ)’g. Thanks to the breakthrough work of Lerner-Ombrosi-Rivera-Rios [17], the following theorem can be presented
as it is now.

Theorem4.1.letkec Z+t,0<a <1,0<pB <nwithka +8 <n, 1 < p,q < oo with 1/q=1/p — (kae + B)/n. Suppose that  is
a measurable function on S"~! and does not change sign and is not equivalent to zero on some open set of S"~!, w € Ap q. If for any
bounded measurable set E C R",

(Mg (XE) 1@ty < (P (E)VP,
then b € BMO,,.
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Remark 4.2. Compared to the previous results, for example, in [12,13,19,22], our theorem relaxes the condition of kernel
Q and restrict the bounded condition of the operator to the characteristic functions. The original idea of the proof of
Theorem 4.1 comes from [14,17], in which the corresponding results are established for the singular and fractional integral
operators. Here, we only give some pointwise estimates in our proof; then the conclusion will be valid automatically by the
same method in [14,17].

Proof of Theorem 4.1. We first prove the case for o = 0. Given a cube Q, let E, F, be the sets given in Lemma 2.10. Take
f=(frw®x?Pdx)~1/P x¢. Then for x € E, by Lemma 2.10,

1
Mo (Do =sw s [ 1600~ bR~ FWIdy

[x=yl=r
~1/p 1
> w (b; Q)"(/ w(x)? dX) SUP g f [2(x— y)ldy.
r>
F (yilx=yl=rinF

Observe that {y: [x — y| <r}N F = F when r > (Ko + 1)4/nlg, which implies that

-1/
a0 Z wutb: F( [ worax) 1 [ 120 pidy.
F F

For the rest of the proof, we refer to [15] or [17].
Next, we deal with the case where 0 < o < 1. Given a cube Q, let y, P, E;, F; be given in Lemma 2.11, and take y =1/4,
fi=I[wP(F)17VP x,, i =1, 2. For x € E;, using Hélder's inequality,

1
Mo =sup s [ 1600~ bR - DAl dy
"~ x=yl<r
1
=[P (F)| /P sup = / b() — b2~ )l dy.
r=0 FiNB(x,r)

Since F; C P, |Fi| =|P|/2, wP € A, and again note that {y : [x — y| <r} N F; = F; provided that r > (Ko + 1)4/nlg, which
yields that

(Mg, p)K (fi)(x) ~ |P (Fy)|~V/P|Q | 1+A/m / Ib(x) — b(y)[¥I2(x — y)|dy.
Fi

Then, following the method in [14, Proposition 2.5], we complete our proof. O
As a corollary of Theorems 4.1 and 3.1, we give the characterization of the boundedness of (MQ,ﬂ)IE.

Corollary4.3.letke Z*,0<a <1,0< B <nwithka +8 <n, 1 < p,q < ocowith1/q=1/p — (ka + B)/n. Suppose that Q is a
homogeneous function of degree 0 on R", Q € L5(S"~1) for some s > 1 with s’ < p, »° € Apstqss- If S does not change sign and is
not equivalent to zero on some open set of S"~1, then b € BMOy, if and only lf(MQ’ﬂ)lg is bounded from LP (wP) to L (w?).

Next, we prove the necessity of Theorem 1.2. To do this, we still follow the ideals in [14,15] by giving four lemmas about
the lower and upper estimates of (Mg,ﬂ)ﬁ. Lemmas 4.4 and 4.5 are used for the proof of the necessity of Theorem 1.2 for
the case of o =0, while Lemmas 4.6 and 4.7 are used for the case of 0 <« < 1.

Lemmadd.Letke Zt,we Apg 1 <p,q<o00,0<p <n1/q=1/p—B/n, 1€ (0,1) and b be a real-valued measurable function.
Given a cube Q, let E, F be the sets associated with Q given as in Lemma 2.10, set f = (fF ®((x)P dx)~V/P xf. Suppose that Q is a
homogeneous function of degree 0 on R™ and a measurable function on S"™=', which does not change sign and is not equivalent to zero
on some open set of S™1. Then there exists a constant C > 0, which is independent of Q, such that for any measurable set B with
1Bl < §1Ql,

1/
([ Maphnwiomrar) = conts @

E\B

Proof. Similarly to the proof of Theorem 4.1, we can get the desired result. O
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Lemma 4.5.letk € Z*,b ¢ BMO and w € Ap q. Given a cube Q, let F be the set associated with Q given as in Lemma 2.10, set
f=(rox?P dx)~1/P xr. Suppose that Q is a homogeneous function of degree 0 on R™ and Q € L>(S"~1). Then there exists a
constant ¢ > 0 such that

([ Mapbertonta) < da
2d+1Q\2dQ
holds for d large enough, uniformly for all cubes Q.
Proof. Observe that (Mg g)k (f)(X) < (Tjq;.8)k (1f)(x), where
Q(x
(T kD) = /%ww—bwkdy.

By this fact and the known results for (T‘m.ﬂ)’g(f)(x) in [15, Proposition 4.4], the desired conclusion for (Mgvﬂ)g(f) fol-
lows. O

Lemma 4.6.Let 1 < p,q <oo, ¢ € (0,1, 0 < B <n ke + B <n, 1/g=1/p — (ka + B)/n, w € Apq and Q be stated as in
Theorem 4.1. Given a real-valued function b € Lipy (R™), for arbitrary given Q with Oa (b: Q) =g > 0, let P := 2P be the set

1/a
associated with Q :=2Q as stated in Lemma 2.11 and y =1/21 (mm {(n0/4||b||“pa(Rn)> /a/m, ]/2}) . Suppose that there
are cubes E C 2Q and F C 2P satisfy

|E| = |F| = Cmin{(Oa (b; Q). 1}IQ,
where C is independent of Q. Set f := (/F w(x)P dx)~1/P . Then for any measurable set B with |B| < |E|/2, we have
(Mg, )5 () lLaev8,wm = CMin{(Og (b; Q))*™*, 1} O (b; Q).
Proof. Just as in the proof of Theorem 4.1,
[ e phineas
E\B

-1/ 1
> (fowra) ™" [ s [ b - b inoe- yidyds

5 =Ko+ Dilg "

F B(x,r)NF
—1/p
~(Jowra) it [ b -bitiee- pidydx
F E\B F

Then the desired conclusion follows by [14, Proposition 4.1]. O

Lemma4.7. Let p, q, «, B, k, w be stated as in Lemma 4.6. Let b € Lipy, and 2 € L*°(S"1). Given a cube Q, let F be the set associated
with Q given as in Lemma 2.11, and set f = (fF w(x)P dx)~1/P x . Then there is a constant ¢ > 0 such that

( [ (Mo k(D@ dx) <27
2d+lQ\2dQ
holds for d large enough.
Proof. Observe that (ngﬁ)’g(f)(x) < (T‘Q"ﬂ(lfl))ll;(x), where
1 — I fW)I
(Tyq, ;3) (fHhx = /W

Rn

Ib(x) —b(y) ¥ dy.

Then, the desired conclusion follows by [14, Proposition 4.2]. O

Necessity of Theorem 1.2. Using the lower and upper estimates for (Mg, 5)’5 in Lemmas 4.4, 4.5, 4.6 and 4.7, the proof of
necessity of Theorem 1.2 follows from the same arguments in [14,15]. We omit the details. O
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