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RESUME

Dans cette note, nous démontrons qu'il n'existe pas d’hypersurface réelle conformément
plate dans les espaces de formes complexes de dimension deux, non plats, pourvu que le
champ de vecteurs structurel soit champ de vecteur propre de l'opérateur de Ricci. Ceci
étend des résultats récents de Cho (Conformally flat normal almost contact 3-manifolds,
Honam Math. J. 38 (2016) 59-69) et Kron (3-dimensional real hypersurfaces with
n-harmonic curvature, in : Hermitian-Grassmannian Submanifolds, Springer, Singapore,
2017, pp. 155-164).

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

A complex n-dimensional Kdhlerian manifold with constant holomorphic sectional curvature c is said to be a complex
space form and is denoted by M"(c). A complete and simply connected complex space form is complex analytically isometric
to a complex projective space CP"(c), a complex Euclidean space C" or a complex hyperbolic space CH"(c) according to
c>0,c=0 or c <0, respectively. Let M be a real hypersurface in a complex space form M"(c), ¢ # 0, whose Kadhler metric
and complex structure are denoted by g and J, respectively. On M there exists an almost contact metric structure (¢, &, 7, g)
induced from g and J (see Section 2), where & is called a structure vector field. Let D be the distribution determined by
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tangent vectors orthogonal to & at each point of M. Let A be the shape operator of M in M"(c). If the structure vector
field & is principal, that is, A§ = a&, where o = n(A§), then M is called a Hopf hypersurface and « is called Hopf principal
curvature.

Let us recall some known results regarding the Weyl conformal tensor on real hypersurfaces. The Riemannian curvature
tensor R is harmonic (i.e. divR = 0) if and only if the associated Ricci operator Q is of Codazzi type, i.e.

(VxQ)Y = (Vy Q)X

for any vector fields X, Y. The parallelism of the Ricci tensor implies naturally the harmonicity, but the converse is not
necessarily true (see [5]).

Theorem 1.1 ([10,15]). There are no real hypersurfaces with harmonic curvature tensor in a nonflat complex space form M™(c), n > 2,
on which & is principal.

Theorem 1.1 extends Kimura [11, Theorem 2], who says that there are no real hypersurfaces in CP"(c) with parallel Ricci
tensor on which & is principal. Such conclusion is still true even when the condition “£ is principal” is removed and the
ambient space is generalized to any nonflat space from (see [6, Theorem A]). The curvature tensor is said to be n-harmonic
if it satisfies g((VxQ)Y — (VyQ)X, Z) =0 for any vector fields X,Y and Z in D (see [7]). In fact, the n-harmonicity of
the curvature tensor on a real hypersurface in complex planes implies n-parallelism of the Ricci tensor under some other
restrictions (see Kon [14, Theorem 1]). We remark that the conclusion of Theorem 1.1 is still true if the condition “¢ is
principal” is weakened to “¢ is an eigenvector field of the Ricci operator” for dimension three.

Theorem 1.2 ([14]). There are no real hypersurfaces with harmonic curvature tensor in a nonflat complex space form M?(c) of complex
dimension two on which the Ricci operator Q satisfies Q & = &, where g is a function.

The Weyl conformal tensor W on a Riemannian manifold of dimension greater than three is harmonic (i.e. divW = 0)
if the associated Ricci operator satisfies (VxQ)Y — (VyQ)X = ﬁ(X(r)Y — Y (@) X) for any vector fields X, Y, where r
denotes the scalar curvature. Therefore, the harmonicity of the Riemannian curvature tensor can be viewed as a special
case of that of the Weyl tensor. Such two notions are the same, under condition that the scalar curvature is a constant.
Notice that there are Riemannian manifolds on which the Weyl tensor is harmonic but the curvature tensor is not harmonic
(see [1]). We observe that Theorem 1.1 was generalized to the following one for dimensions greater than three.

Theorem 1.3 ([9]). There are no real hypersurfaces with harmonic Weyl tensor in a nonflat complex space form M"(c), n > 3.

Generalizing Theorem 1.1, Ki, Kim and Nakagawa in [7] considered a weaker condition named n-harmonicity of the Weyl
conformal tensor (i.e. g(VxQ)Y — (VyQ)X,2) = ﬁg(X(r)Y —Y(r)X, Z) for any vector fields X, Y, Z orthogonal to the
structure vector field &, where n is the dimension of the manifold). The authors in [7] also classified real hypersurfaces in a
nonflat complex space form M"(c), n > 3, provided that & is principal and the Weyl tensor is n-harmonic.

Note that the Weyl tensor vanishes on a 3-dimensional Riemannian manifold M3. Therefore, one always consider another
conformal invariant, which is named the Cotton tensor and defined by

1
CXY)=(VxQY = (Vy QX = XY =Y ()X} (11)

for any vector fields X, Y on M>. A Riemannian 3-manifold is conformally flat if and only if the Cotton tensor C vanishes
identically. From Theorem 1.3, we know there are no conformally flat real hypersurfaces in a nonflat complex space form
M"(c), n > 3. Except for the above result, conformally flat hypersurfaces of dimension greater than three in a conformally
flat Riemannian manifold were investigated in [19]. However, as far as we know, the studies on conformal flatness on
a three-dimensional real hypersurface in complex planes are few. In this paper, we study this problem and prove the
following.

Theorem 1.4. There are no conformally flat real hypersurfaces in nonflat complex space forms of complex dimension two provided that
the structure vector field is an eigenvector field of the Ricci operator.

The condition “¢ is an eigenvector field of the Ricci operator” is rather weak. Such condition was also studied by many
authors in recent papers (for example, see [8], [12-14] and [16] and references therein).

Our main result extends naturally Theorems 1.1 and 1.2 in [10,14,15] and is a nice complement of Theorem 1.3 in [9] for
dimension three.
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2. Preliminaries

Let M be a real hypersurface immersed in a complex space form M"(c) and N be a unit normal vector field of M. We
denote by V the Levi-Civita connection of the metric g of M™(c) and J the complex structure. Let g and V be the induced
metric from the ambient space and the Levi-Civita connection of g, respectively. Then the Gauss and Weingarten formulas
are given respectively as follows:

VxY =VxY +g(AX,Y)N, VxN = —AX (2.1)

for any vector fields X and Y tangent to M, where A denotes the shape operator of M in M"(c). For any vector field X
tangent to M, we put

JX=¢X+n(X)N, JN=-§. (2.2)
We can define on M an almost contact metric structure (¢, &, n, g) satisfying

¢*=—id+n®E nE =1, $§ =0, (23)

g(¢X,9Y)=g(X,Y) —n(X)n(Y), n(X) =g(X,$§) (24)

for any vector fields X and Y on M. Moreover, applying the parallelism of the complex structure (i.e. VJ = 0) of M"(c) and
using (2.1), (2.2), we have
(Vxo)Y =n(Y)AX — g(AX, Y)§, (2.5)
Vxé& =pAX (2.6)

for any vector fields X and Y. We denote by R the Riemannian curvature tensor of M. Since M"(c) is assumed to be of
constant holomorphic sectional curvature c, then the Gauss and Codazzi equations of M in M"(c) are given respectively as
follows:

R(X.Y)Z = %{g(Y, )X —g(X, )Y +g(@Y, 2)pX — g(¢X, Z2)pY

—2g(@X,Y)pZ}+ g(AY,Z)AX — g(AX, Z)AY, (27
(VxA)Y — (VyA)X = %{U(X)dﬂ’ —n(Y)pX —2g(¢X, Y)&} (2.8)
for any vector fields X,Y on M.
From (2.7) we see that the Ricci operator Q is given by
QX = %((Zn—l—1)X—3n(X)E)+mAX—A2X (2.9)
for any vector field X tangent to the hypersurface, where m := traceA is the mean curvature.
In this paper, all manifolds are assumed to be connected and of class C*.
3. Conformally flat real hypersurfaces in CP2 and CH?
Let M be a real hypersurface in a complex space form M"(c). We put
A¢ =aé + BU, (3.1)

where o = n(A¢§), U a unit vector field orthogonal to & and B a smooth function. Applying (2.1) and (2.2), we see that
BU = —¢V:&. We put
Q={peM|B(p)#0}.

Then € is an open subset of M.

Lemma 3.1 ([21, Lemma 1]). Let M be a three-dimensional real hypersurface in a nonflat complex plane M (c). Then the following
relations hold:

AU =yU +38¢U + B¢, ApU = 68U + ugU,

Vyé =—=8U +yoU, Vyué =—pulU +5¢U, Veé = BoU,

VuU = k19U + 88, VeuU = k2pU + p&, ViU =k3pU,

VupU = —k1U — y&, VougU = —koU — 8§, ViU = —i3U — B§,

(3.2)



826 Y. Wang / C. R. Acad. Sci. Paris, Ser. 1 356 (2018) 823-829

where y, 8, i, ki, i = {1, 2, 3}, are smooth functions on M and {§, U, ¢U} is an orthonormal basis of the tangent space of M at a point
of M.

Applying this lemma, from the Codazzi equation (2.8) for X =U or X =¢U and Y =&, we have

UB) —&(y) =ad —26k3. (3.3)
E@) =ay + BKi +52+MK3+%—VM—VK3—A32- (3.4)
Ula) —§(B) = —3p84. (3.5)
§(U) = od + iy — 28k3. (3.6)
PU (@) =af + P — 3P (3.7)
PUGB) =ap -2y +28% + = +ay + pi. (38)
Similarly, from the Codazzi equation for X =U and Y = ¢U, we have
U@) —oU(y) = uk1 — yK1 — By — 28Kk — 2. (3.9)
U(u) —oU @) = yka + B8 — ka2 ft — 25k71. (3.10)

Moreover, applying again Lemma 3.1, from the Gauss equation (2.7) and the definition of the Riemannian curvature tensor
R(X, Y)Z =VxVyZ —VyVxZ — leiyJZ, we have

U(ka) — U (k1) = 28% =2y u — k3 — y k3 — kK3 — k3 — C. (3.11)
dU(Kk3) —E(K2) = 2B — k1 + SK2 + k3k1 + Bis. (3.12)

The above relations can also be seen in [20,21].

Lemma 3.2. Let M be a real hypersurface in a nonflat complex plane such that & is an eigenvector field of the Ricci operator. If the
Cotton tensor vanishes, then & is principal.

Proof. All we need to do is prove that 2 is empty under the above hypotheses. The applications of (3.1) and (3.2) in (2.9)
give

1
Q&= <§c+a(y +u)—ﬂ2>$+ﬁuU—ﬂ5¢U-

Next we suppose that 2 is nonempty. It follows that &t = § = 0 because of 8 # 0 and the assumption that & is an eigenvector
field of the Ricci operator. Now, (2.9) can be expressed by

— (! U= ! ! U U—5 u 3.13
Q§_<§r_c>sv Q _<§r_z_16) s Q¢ _ch) ( . )

with respect to an orthonormal basis {&, U, U}, where r is the scalar curvature. Actually, by (3.1) and (3.2), we have
r =3c+ 2ay — 282. The application of (3.2) and (3.13) in (1.1) implies

CE,U)= 1U ! U ! 3 1 9 U 3.14
(&, )__Z (r)$+;l$(r) +<5rx3—§cxa—§ry+;lcy>¢ : (3.14)
1 9 1 1 3 1

R (e = 2ee - Loum)u
U, )—<2T 4C>J/§ <2TK1 5K 4¢ (r)) 516

+ > ! ! u@ )eu
—Ckp — =Tk — = U(r .
27272 g

In view of C =0, from (3.15) we acquire (r — 3c)k3 = 0. If k3 # 0 holds on some open subset of Q. On this subset, we
have r = 3c, a constant, and hence the vanishing of the Cotton tensor C implies that the Ricci operator is of Codazzi type.
However, this is impossible, because Kon [14, Theorem 2] proved that there are no real hypersurfaces in complex planes
with harmonic curvature tensor and & an eigenvector field of the Ricci operator. Therefore, it follows that «3 = 0, which
is combined with (3.14) and C =0 yielding ¥ = 0 or 2r = 9c. Obviously, the latter case can not occur as discussed before.
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Applying again C =0 on (3.14), we obtain &(r) = U(r) = 0. Similarly, from (3.16) and C =0, we have 6cky —2rky; —U(r) =0.
Because r cannot be a constant, it follows directly that k; =0.
Based on the above analyses, (3.4), (3.8) and (3.11) become

1 1
/3K1+ZC=/32, qu(ﬂ):ic—i—ﬁ/q and ¢U (k1) = k2 4 ¢ (3.17)

respectively. By virtue of C =0, from (3.15), we also have 2r8 — 98c — ¢U(r) = 0. Recall that now the scalar curvature is
given by r = 3c — 282. Making use of this in the previous relation, together with the second term of (3.17), we obtain

B4Bk1 —c—4p*) =0.

Because of B # 0, it follows directly that 48k1 — c — 482 = 0 and, by comparing this with the first term of (3.17), we
obtain ¢ =0, a contradiction. This means that M is a Hopf hypersurface. 0O

Now we are ready to present the proof of our main result.

Proof of Theorem 1.4. According to Lemma 3.2, 8 =0, the applications of (3.1) and (3.2) in (2.9) give
1
Q¢ = <§c+a(y +M)> &,

1 1
QU= <§r—zc—au>u+a8¢u, (3.18)

1 1
QopU=aéU+|zr—-c—ay | ¢U,
2 4
where the scalar curvature is given by r =3c +2(ay +au + y i — 8%). Making use of 8 =0 in (3.3) and (3.6), we have

§(y)=08(2k3 —a)and §(u) = 5(a — 2k3), (3.19)

respectively. Moreover, it is known that o on a Hopf real hypersurface is always a constant (see [17, Lemma 2.4] or [18,
Theorem 2.1]). Thus, the applications of (3.18) and (3.19) in (1.1), together with Lemma 3.1 and g =0, imply the following
three equations.

1
C(S,U)=<ZU(r) —OlU(J/JrM))E

1 1 3
+ (ZS(r —4ou) +6 <2ay +2au —20Kk3 — EH_ ZC>> u

+ (OHC3()/ — ) +o&(d) —as®+ 14 <%r — 20y —op — %c)) ¢U.

1
C($,¢U)=<Z¢U(r) —05¢U(V+M)>§
+ (oug(y — ) +aEB) +as®+ i (%cntay +2au — %r)) u
1 1 3
+ <Z§(r —4ay)+48 <Zouc3 —2ay —2ap + ir — ZC>) ¢U.
3 1 2 2 2
C(U,¢U)=<(V+u) (Zc—ir)ﬂa(é +u+y +W))é

+ (ouc] (y — ) 4+ 20ékp — }lqu(r —4a ) +01U(5)> U

1
+ (oucz(u —¥)+2adk1 + ZU(r —4ay) — adbU(S)) ¢U.
If M is conformally flat, from the above three relations, we have
Ur) —4aU(y +un) =0,
Er—4om)+383c+8ay +8au —8uksz —2r) =0, (3.20)
Aaks(y — ) + 4ok (8) — 4as? + y (2r — 3¢ — Sary — daju) =0,
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pU(r) —4apU(y +pn) =0,
A3 (y — ) + 4 (S) + 4as® + (3¢ — 2r + 8o + 4ay) =0, (3.21)
E(r—A4ay)+6Baksz —3c —8ay —8uu +2r) =0,
and
(y +m)Bc—2r) +8a(8 + u> + y2 + y ) =0,
dok1(y — ) +8adky — U (r —4apn) +4aU) =0, (3.22)
daky(n —y) +8adky + U(r —4ay) —4¢U(S) =0.
The addition of the second term of (3.20) to the third term of (3.21) implies &(r) = 0, where we have applied (3.19) and
the fact that « is a constant. In this context, using the first term of (3.19) in the third term of (3.21), we acquire
8(2r —3c + 4a® — 8a(y + ) = 0. (3.23)
In view of (3.23), next we first consider the case 2r = 3¢ — 4a® + 8at(y + ). Recall that the scalar curvature is given by
r=3c+2(ay +au+yu—58%) with the aid of g = 0. It follows directly from the previous two equations that
4oy +4ap — 4y p— 4o + 482 —3c=0.
On the other hand, making use of 8 =0 in (3.8), we get

1
a(y+u)+§c—2yu+282=o.

Subtracting the last equation multiple of two from the previous one, we obtain a(y + ) = 2c + 2%, Now, the scalar
curvature becomes r = 12—96 + 602, which is a constant. Consequently, the conformal flatness of M means that the curvature
tensor is harmonic. However, this is impossible because of Theorem 1.2, and we conclude that (3.23) implies only one case,
ie. §=0.

The application of § =0 in the third term of (3.20) and the second term of (3.21) give

4ok3(y — )+ yQ2r—3c—8ay —4apn) =0,

and

doaks3(y — )+ nGc+4ay +8au —2r) =0,

respectively. The addition of one of the above two equations to the other one gives

(y —w)@2r—3c+8ux(kz —y — ) =0. (3.24)

If y =, using 8§ = 8 =0 in (3.8), we have 4ot —4u? +c = 0. It follows that either x does not exist or it is a constant. For
the latter case, we observe that the scalar curvature r =3¢+ 2(ey + o + y ) is still a constant, which is a contradiction.
Finally, by y # ., it follows from (3.24) that

3
r=c—daKs +4aly + ). (3.25)

Taking differentiation of (3.25) along U, together with the first term of (3.20), we obtain U(k3) =0, where we have applied
the fact that o is a nonzero constant. Actually, if & = 0, by (3.25), the scalar curvature is a constant, which is a contradiction.
Similarly, taking differentiation of (3.25) along ¢U, together with the first term of (3.21), we obtain ¢U (k3) = 0. Moreover,
with the aid of (3.19) and &(r) = 0, taking differentiation of (3.25) along &, we obtain &(k3) = 0. This means that k3 is a
constant. By means of 8 =§ =0, now (3.8) becomes

1
oc(y—i—u)—i—ic—Zyu:O. (3.26)

Recall that the scalar curvature is given by r = 3c + 2(ay + opn + y ). Comparing this with (3.25) gives 4o (y + p) =
8ak3 + 3¢ + 4y 1. Obviously, substituting this relation in (3.26), we acquire 4y u = 8aks + 5¢, a constant. Thus, it follows
from (3.26) that y + w is a constant and hence by (3.25) the scalar curvature r is also a constant, which is a contradiction.
This completes the proof. O

Remark 3.1. Let M be an almost contact metric manifold of dimension three such that the Reeb vector field & is an eigen-
vector field of the Ricci operator. M can be conformally flat if it is a contact metric manifold (see [2]), an almost Kenmotsu
manifold (see [22]) or an almost coKdhler manifold (see [4,23]). What is interesting is that, however, by Theorem 1.4, as an
almost contact metric manifold, a real hypersurface in CP2? or CH? with £ an eigenvector field of the Ricci operator cannot
be conformally flat.
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Remark 3.2. A real hypersurface in a nonflat complex space form is said to be totally n-umbilical if the shape operator is
given by A =aid + bn ® & for some constants a,b and id denotes the identity transformation. Cho in [3, Proposition 5.6]
proved that a totally n-umbilical real hypersurface in a nonflat complex space form of complex dimension two does not
admit conformally flat structure. Our Theorem 1.4 is an extension of the above result because the total n-umbilication of
the shape operator A implies that & is an eigenvector field of the Ricci operator.
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