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RESUME

Nous nous intéressons ici a l'existence de solutions périodiques pour une classe de
problémes de vibration amortie. Nous introduisons de nouvelles conditions de quadraticité
asymptotique et de super-quadraticité, et nous utilisons un théoréme du col généralisé
de la théorie des points critiques. Ainsi, nous proposons une approche unifiée lorsque la
fonction potentiel F(t,x) présente un comportement quadratique asymptotique ou super-
quadratique a l'infini, et nous établissons des conditions suffisantes pour I'existence de
solutions périodiques, ce qui étend et améliore plusieurs résultats récents, méme en
I'absence du terme de vibration amortie.
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1. Introduction and main results

Consider the damped vibration problem

{ ii(t) +qt)u+ VF(t,u(t)) =0, ae.t€[0,T],

u(0) — u(T) = i(0) — i(T) =0, (11)

where T >0, g € L1(0, T; R), fOT q(t)dt =0 and F: [0, T] x RN — R satisfies the following assumption:

(A) F(t,x) is measurable in t for every x € RN and continuously differentiable in x for a.e. t € [0, T], and there exist a €
C(R*,R1), be L1(0, T; R") such that

|F(t, 0 <a(lxDb(®), [VF(t,x)| < a(lx)b(t)

for all x e RN and a.e. t [0, T].
When q(t) =0, (1.1) reduces to the following classical second order non-autonomous Hamiltonian systems

{ii(t)+VF(t,u(t)):0, ae.te[0,T], (12)

u(0) —u(T) =u(0) —u(T) =0.

Using the variational methods, many existence results are obtained under suitable conditions, we refer the reader to [2-5,
7-11,13,15-17,19-21,23] and the references therein. In 1978, Rabinowitz [10] obtained periodic solutions under the follow-
ing well-known Ambrosetti-Rabinowitz condition (AR-condition): there exist ¢ > 2 and L1 > 0 such that

0 < wF(t,x) <(VE(t,x),x) V|x|>L;andforae.te[0,T], (AR-condition)

where (-, -) is the usual inner product of RN. Since then, this condition has been used widely to deal with the existence of
periodic solutions to problem (1.2), see [3,8,11] and the references therein.

Recently, many authors have devoted to weaken the AR-condition, some existence and multiplicity of results on periodic
solutions to problem (1.2) have also been obtained under weaker conditions, see [4,7,9,13,15,16,19-24]. Particularly, in
2002, Fei [4] studied the existence of periodic solutions to problem (1.2) under non-quadratic conditions and established
the following result.

Theorem A. Suppose that F satisfies assumption (A) and the following conditions:

(S1) F(t,x) =0 V(t,x) [0, T] xRY;

(S2) limy—o F|(,<t"zx) =0 uniformly forae.t €[0,T];

(83) limjxj— 400 % =+o00 uniformly fora.e.t € [0, T];

(S4) limsupy_, 4o % <M < +oo uniformly for some M > 0and a.e.t € [0, T];

(S5) liminfix— 400 w >0 >0 uniformly for some o > 0andae.t € [0, T],
wherer > 2 and u >r — 1. Then problem (1.2) has at least one non-constant periodic solution.
Subsequently, Tao and Tang [15] extended Theorem A and got the following theorem.
Theorem B. Suppose that F satisfies assumptions (A), (S1), (Sa), (S5) withr > 2 and u > r — 2, and the following conditions:

(S%) limsupy_o % < %wz uniformly for a.e.t € [0, T];

(53) liminfiy oo FI(;I’;) > %a)z uniformly for a.e. t € [0, T],
where w = 21t/ T. Then problem (1.2) has at least one non-constant periodic solution.

For the asymptotically quadratic case, applying generalized mountain pass theorem and some techniques of analysis, Ma
and Zhang [7] have proved that problem (1.2) has at least one non-constant periodic solution. Concretely speaking, they
proved the following theorems.

Theorem C. Suppose that F satisfies assumptions (A), (S1), (53), (53) and the following conditions:

(S}) limsupy_ 400 % <M < +o0 uniformly for some M > 0and a.e.t € [0, T];
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(S6) there exists y € L1(0, T; R*) such that

(VE(t,x),x) —2F(t,x) > y(t) forallxe RN and ae. t €[0, T;
(87) limy 40o[(VE(t, %), x) — 2F (t,x)] =400 uniformly fora.e.t € [0, T].

Then problem (1.2) has at least one non-constant periodic solution.
Theorem D. Suppose that F satisfies assumptions (A), (S1), (53)-(S}) and the following conditions:

(S§) there exists y € L1(0, T; R") such that

(VE(t,x),x) —2F(t,x) <y(t) forallxe RY and ae. t €[0, T];
(83) limpy— 1o [(VF(t, x),X) — 2F (t,X)] = —oo  uniformly for a.e.t € [0, T].

Then problem (1.2) has at least one non-constant periodic solution.

Motivated by the results of [4,7,15,17-19], in present paper, on the one hand, employing the generalized mountain pass
theorem, we will focus on the existence of non-constant periodic solutions to a more general damped vibration problem
(1.1) under some new kinds of superquadratic and asymptotically quadratic conditions. On the other hand, it is worth
noticing that the different techniques are usually used to ensure the compact conditions for the asymptotically quadratic
case and superquadratic case, just like the methods of [7,22,23]. Here, in this paper, we will propose a unified approach
when the potential function F(t, x) exhibits either an asymptotically quadratic or a superquadratic behavior. We stress that
our results are all new even without damped vibration term. For the sake of convenience, we set

t

Q(t):/q(s)ds, A= max e2® A, = min 2O,
tel0,T] tel0,T1]
0

Now, we can state our main results.
Theorem 1.1. Suppose that F satisfies assumption (A) and the following conditions:

(F1) fOTeQ(ﬂF(t,x)dtzo Y(t,x) € [0, T] x RY;

(F2) limsupyy_,oe2® Fey 1A0? uniformly for a.e.t [0, T];

t
x|
(F3) liminf|x|_>+oer(f)% > L A1w?  uniformly for a.e.t €0, T];

(Fa) limsupjy_, 4o eQ® % <M < 400 uniformly for some M > 0 and a.e.t € [0, T], wherer > 2;

(Fs) there exist My > 0, ju > r — 2 and ky € C(R™, R*) with limy 00 ki (X)[X|“ T2 = 400, limyx 100 K (1X])[X12 = 00
and kq(2) is non-increasing in z for all z € R™, such that

eQO[VE(t, x),x) — 2F(t, x)] > k1 (|x])|x|* VxeRY, x| > My and for a.e. t € [0, T.
Then problem (1.1) has at least one non-constant periodic solution.

Remark 1.2. In contrast to Theorem A and Theorem B, the main contributions of Theorem 1.1 are in three aspects. In
the first place, we consider more general damped vibration systems (1.1) than second-order non-autonomous Hamiltonian
systems (1.2). There is one more point that I should touch on, that (F;) is weaker than (S1) even if q(t) = 0. Last but not
the least, condition (Fs) covers the case of assumption (Ss) with w > r — 2. In fact, we only need to put k1(|x|) =0 > 0,
q(t) =0 and M; large enough. Meanwhile, we emphasis that ki(z) permits to be zero at infinity, which means that (Fs) is
much more general than (Ss5). Therefore, Theorem 1.1 significantly unifies and generalizes upon Theorem A and Theorem B.

Theorem 1.3. Suppose that F satisfies assumptions (A), (F1)-(F3) and the following condition:

(Fg) there exist My > 0,8 > 1, ky € C(RY, RY) with limy— 400 k2 (|x]) = +00 and ky(z)/z%° is non-increasing in z for all z € RY,
such that
F(t, %)

|x|2

0
eQO[VE(t, x), x) — 2F(t, x)] > ka(|x]) ( ) vx € RN, |x| > M, and for a.e. t € [0, T].

Then problem (1.1) has at least one non-constant periodic solution.
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Remark 1.4. (a) Even if q(t) =0, condition (Fg) still seems a new superquadratic growth condition, which generalizes con-
ditions (S4) and (Ss5) with u >r —2 when (H1) holds. We will follow two steps to demonstrate this claim.

Step 1. We confirm that (H1), (S4) and (Ss5) could imply u <r. It follows from (S4) that there exists d; > 0 such that

F(t,x) <M|x|" VxeRN,|x| >d; and forae.t [0, T]. (1.3)

By (Ss5), we can choose d; > 0 such that

(VFE(t,x),x) — 2F(t,x) > o|x|* Vxe RN, |x| >dy and for a.e.t € [0, T]. (1.4)
Let d3 := max{d, d»}; taking account of (1.3), (1.4) and (Hq), we infer that

Mix|" > F(t, x)
; 1
=/;(VF(t,sx),sx)ds+F(t, 0)

0
1

1
Z/E[Q|SX|M+2F(I,SX)]C]S
0

1
> —plx|* Vxe RY, |x| > d3 and for a.e. t € [0, T],
m

which implies that © <r.

Step 2. We claim that (Hq), (S4) and (Ss5) with > r — 2 could imply (Fg) with q(t) = 0. In fact, let My := max{dq, d3, ds},
by (1.3), (H1) and (S5) with @ >r — 2, one has
F(t,x)

ST o _
VE(,X),X) — 2F(t,X) > o|x|* T2 > = |x|t2T
(VE(t,x),x) (t, %) = olx| Mll X2

|x|2
for all xe RN, |x| > My, a.e. t € [0, T]. Take 6 =1, ka(|x|) = o|x|**+%~T /M, noticing p > r — 2, then lim x| - 00 k2 (|X]) = 400,
and ky(|x|)/|x|> = o|x|*~"/M is non-increasing on R* by Step 1. Therefore, (Fg) with q(t) =0 holds.

(b) From (a), it is not difficult to see that Theorem 1.3 greatly extends Theorem A and Theorem B. Here, we should point
out that Zhang and Tang in [24] have introduced the following new non-quadratic condition:

(ZT) there exist My >0,& > 0,1 >0 and v € [0, 2) such that

1
(2 + T n|x|”> F(t,x) < (VF(t,x),x) ¥xeRY, |x| > M;andforae.t € [0, T].

2
It is clear that this new non-quadratic condition (ZT) is a special case of assumption (Fg) with ky(|x|) = H";ﬁ qit)y=0

and 6 =1.
Theorem 1.5. Suppose that F satisfies assumptions (A), (F1)-(F3) and the following condition:

(F7) there exist M3 > 0,0 > 1, k3 € C(RT, R™) with limy— o0 k3(|X]) = +00 and k3(z)/z% is non-increasing in z for all z € R
such that

[VF(t, x)|

eQO[(VE(t,x), %) — 2F(t, x)] > k3 (|x]) ( o

o
> vx e RY, |X| > M3 and for a.e.t € [0, T].

Then problem (1.1) has at least one non-constant periodic solution.

Remark 1.6. When q(t) =0 and o > 1, condition (F7) was originally due to [19]. In [19], using the new saddle point
theorem established by Schechter [12], the authors have investigated the existence of T-periodic solutions to problem (1.2)
when the potential function F(t, x) is either locally in t asymptotically quadratic or locally in t superquadratic; meanwhile,
Theorem 1.5 will be proved with the aid of the generalized mountain pass theorem, and we will obtain the non-constant
periodic solution under different conditions from that of [19]. Thus, Theorem 1.5 is a new result.

From Theorem 1.1, Theorem 1.3 and Theorem 1.5, for the asymptotically quadratic case, we have the following results.
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Corollary 1.7. Suppose that F satisfies assumptions (A), (F1)-(F3) and the following conditions:

(F) limsupyy_, o, e2® % <M < +oco uniformly for some M > 0 and a.e. t € [0, T];

(FZ) there exist My > 0, i > 0, ki € C(RT, RT) with limyyj_, 1 o0 k1 (1X)[XI% = +00, limjy— 400 k2™ (IX)[X]2 = +00 and ki (2) is
non-increasing in z for all z € R™, such that

eCQO[VE(t,x),x) — 2F(t, x)] > ki (|x])|x|* VxRN, |x| > M; and for a.e.t € [0, T].
Then problem (1.1) has at least one non-constant periodic solution.
Remark 1.8. Corollary 1.7 itself is a meaningful outcome. Comparing Corollary 1.7 with Theorem C, we obtain the same
conclusion under assumption (FZ), which is slightly stronger than condition (S7), while Corollary 1.7 does not require

assumption (Sg). So, Corollary 1.7 can be viewed as a useful complement to Theorem C.

Corollary 1.9. Suppose that F satisfies assumptions (A), (F1)-(F3), (F}) and the following condition:

(F2*) there exist M1 > 0, 1 > 0, ky € C(R™, R) with 1imy 400 k1 (X])[X]* = 400, limyy_» 400 k3" (|X])|X|2 = +00 and k; (2) is
non-increasing in z for all z € R™, such that

eQO[VE(t, x),x) — 2F(t, x)] < —k1 (Ix)|x|* Vxe RN, |x| > M; and for ae.t € [0, T].
Then problem (1.1) has at least one non-constant periodic solution.
Corollary 1.10. Suppose that F satisfies assumptions (A), (F1)-(Fs3), (F;) and the following condition:

(F%) there exist My > 0,0 > 1, ky € C(RT, RT) with limj— o0 k2 (|X]) = +00 and ka(z)/z* is non-increasing in z for all z € RT
such that

eQO[VE(t,x),x) — 2F(t,x)] > k2(Ix]) VxeRY, |x| > M5 and for a.e.t € [0, T].
Then problem (1.1) has at least one non-constant periodic solution.
Corollary 1.11. Suppose that F satisfies assumptions (A), (F1)-(F3), (F}) and the following condition:

(FZ*) there exist M2 > 0,0 > 1, ky € C(R*, RT) with limjy—, 40 k2(1X]) = 400 and kz(2)/z* is non-increasing in z for all z € R*
such that

eQO[(VF(t, x),x) — 2F(t, x)] < —k2(|x]) Vx € RN, |x| > My and for a.e.t € [0, T].
Then problem (1.1) has at least one non-constant periodic solution.
Corollary 1.12. Suppose that F satisfies assumptions (A), (F1)-(F3) and the following conditions:
(F3*) limsupjy_, 00 eQ“)% <M < 400 uniformly for some M > 0 and a.e.t € [0, T];

(F%) there exist M3 >0, 0 > 1, k3 € C(R*, R™) with limx— 100 k3(|X]) = +00 and k3(z) /2% is non-increasing in z for all z € R
such that

eQO[(VF(t,x),x) —2F(t,x)] > k3(]x]) VxeRY, |x| > M3 and for ae.t € [0, T].
Then problem (1.1) has at least one non-constant periodic solution.

Corollary 1.13. Suppose that F satisfies assumptions (A), (F1), (F2), (F3*) and the following conditions:

(F%) liminfiy_ o0 €2® % > A1w? uniformly for a.e.t € [0, T];

(F3*) there exist M3 > 0,0 > 1, k3 € C(RT, R") with limjy— 40 k3(Jx|) = +o0 and k3 (2)/z° is non-increasing in z for all z € R*
such that

eQO[VE(t,x),x) — 2F(t,x)] < —k3(]x]) VxeRY,|x| > M3 and for a.e.t € [0, T].

Then problem (1.1) has at least one non-constant periodic solution.
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The remainder of this paper is organized as follows. In Section 2, some necessary notations and preliminaries are pre-
sented. In Section 3, we firstly observe that although the energy functional of problem (1.1) may possess an unbounded
(PS) sequence (see Definition 2.1 below), we can prove that all (C) sequences (see Definition 2.1 below) of this functional
are bounded (see Lemma 3.1 and Lemma 3.3 below), then we adopt the route of [15] to prove our main results by the

generalized mountain pass theorem in [11]. Finally, in Section 4, we will give some examples to illustrate our results.

2. Preliminaries
Let
HL:= {u [0, T]— RN uis absolutely continuous , u(0) = u(T), it € L?(0, T; RN)}

be a Hilbert space with the inner product

T T
u,v) = /(ii(t), v(t))dt + /(u(t), v(t))dt Yu,v e H}.
0 0

The corresponding norm is
1
T T 2
lull == /|L’l(t)|2dt+/|u(t)|2dt Yu,v e Hi.

0 0

For u € HL, let i1 := %foTu(t)dt, fi(t) :=u(t) — i and H} be the subspace of H} given by H} := {u € H}|&i = 0}. Then

one has

2

~ T . . .
[ <—||u||%2, (Sobolev’s inequality)

and
TZ
||Ti||f2 < — a3, (Wirtinger's inequality)
4n2 "L

where

2

T
lull2 == /|u(t)|2dt and  ||U]|leo := max [U(t)].
t€[0,T]
0

Since the embedding of H} into C(0, T; RY) is compact, there exists d > 0 such that

lulloo < dllull

for all u e H1.
Consider the functional ¢ : H} — R defined by

T T
1 .
o) = 5/eQ<f>|u(t)|2dt—/eQ“)F(t,u(t))dt.
0 0
Then ¢ is continuously differentiable on H} (see [8]). Moreover,

T T

(@' (W), v)= / eQO (), v(6))dt — / eQOVF(t, u()), v(t))de
0 0

(2.1)

(2.3)

for any u, v e H}. It is well known that the periodic solutions to problem (1.1) correspond to the critical points of ¢

(see [8]).

Definition 2.1. Let E be a real Banach space, we say that {u,} in E is a Palais-Smale sequence ((PS) sequence) for ¢ if ¢(u,)
is bounded and ¢’(u;) — 0 as n — 4-oc. The functional ¢ € C'(E,R) satisfies the Palais-Smale condition ((PS) condition) if

any Palais-Smale sequence contains a convergent subsequence.



Z. Wang, J. Zhang / C. R. Acad. Sci. Paris, Ser. I 356 (2018) 597-612 603

Definition 2.2. Let E be a real Banach space, we say that {u,} in E is a Cerami sequence ((C) sequence) for ¢ if @(uy) is
bounded and ¢’(u)(1 + ||ug|]) = 0 as n — +oo. The functional ¢ € C!(E,R) satisfies the Cerami condition ((C) condition)
if any Cerami sequence contains a convergent subsequence.

We shall use the following generalized mountain pass theorem to prove our results.

Theorem 2.3. Let E be a real Banach space with E = V @& X, where V is finite dimensional. Suppose ¢ € C1(E, R) satisfies the (PS)
condition, and

(i) there exist p, o > 0 such that ¢|yp,nx > &, where B, :={u € E| ||u]| < p}, 9B, denotes the boundary of Bp;

(ii) there exist e € 9By N X and so > p such thatif Q = (BSO NV) @ {se|]0<s <sp}, then p|yq <0.
Then ¢ possesses a critical value ¢ > « which can be characterized as

c:= inf max¢(h(u)),
fnf max p(h(w))
where ' :={h € C(Q, E)|h =id on 8Q}, here, id denotes the identity operator.

Remark 2.4. As shown in [1], a deformation lemma can be proved with the weaker condition (C) replacing the usual (PS)
condition, and it turns out that the generalized mountain pass theorem holds true under condition (C).

3. Proofs of main results

In this section, we start with some compactness conditions, which play crucial roles in establishing our results. For the
sake of convenience, in the following, we will denote various positive constants as Cj, i=1,2,3,---.

Lemma 3.1. Assume that (A), (F3)-(Fs5) hold, then the functional ¢ satisfies condition (C).

Proof. Assume that {u} is a (C) sequence of ¢, then one has

@ (un) < Cy, ||(P/(un)||(H1T)* (I + lunlh) < Cq, (3.1)

where (H1)* is the dual space of H}.
To begin with, by (F4), there exists M4 > 0 such that

eQOFEt, x) < M|x|"
for all |x| > M4 and a.e. t € [0, T], which jointly with assumption (A) that
eCOF(t, x) < M|x|" + A1hi(t) (3.2)

for all x € RN and a.e. t € [0, T], where hy(t) := maxiy <m, a(|x])b(t) = 0. It follows from (2.2), (3.1) and (3.2) that

T T
1
C1 = pun) = f eQOi, (0)|2de — / eQOF(t, uy(t))dt
0 0
1 T T
> - Aallin 1% —M f |un(t)|"dt — A4 / hy(t)dt. (3.3)
0 0

On the other hand, by (Fs), one has
eQOVF(t,x),x) — 2F (. 0)] > ky (|x])[x|*
for all |x| > M and a.e. t € [0, T], which combining with assumption (A) yields
eQOUVF(t, %), %) — 2F(t, )] = ki (XD [x|"* — Arhy(t) (34)

for all xe RN and a.e. t € [0, T], where hy(t) := (2 + M1) maxy<m, a(|x])b(t) = 0. It follows from (2.2), (2.3), (3.1) and (3.4)
that
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3C1 = 2¢(un) — (¢’ (un), un)
T

=/eQ(f>[(VF(t,un),un) — 2F(t, up)]dt
0
T T
z/k1<|un|>|un|“dt—m/hzwdt
0 0

for all n € N. Hence, we have
T
/lﬁ(lunl)lunl“dt <G
0

for all n e N.
Next, we have to discuss two cases:

Case 1. > r. By (3.5), Holder inequality and the properties of ki (z), one has

I
T T I
n=r
/|un|fdtsr z /|un|“dt
0 0

r T
= 1
=T K Kdte
0/k1(|un|) k1(|unl) [un|

L k1(dllunll)

Cs

P T
= 1 u
<71 7]M /k1(lun|)|un|“df
0

ki (dllunl)
Then, from (3.3) and (3.6), we have

T

1 . MC3
C1=@(up) = §A2||Un||L2

ki (dlunl) 0

Case 2. ;4 <r. By (2.1), (3.5) and the properties of ki (z), we deduce that

T T
f|un|fdts ||un||i.;"/|un|“dr
0 0

T

<& g | f

k1([unl)
0
_ _ (&)
<d"Hup | TH
" k(dlunl)
Cy _
llun|I™=H,

~ ka(dlunl)

r
n

r T
w 1
<77 /7k (Jttn])lun P dt
J T (unlloc) A

r

I

- A /h1(t)dt.

k1 (lunl) lun|* dt

(3.5)

(3.6)

(3.7)
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using (3.3), which implies
T

lun ™ — A / h(@)de. (3.8)
0

MCy

1
Cqi1> > Aol 12, — ——— 2
1= @Un) = 5 2[[unll72 K @dllunl)

Finally, we claim that{u,} is bounded; otherwise, going if necessary to a subsequence, we assume that |[u,|| — +o00 as

n— +oo0. Set v, := HZ_:H then {v,} is bounded in H}. Hence, there exists a subsequence, again denoted by {v,}, such that
vy, — vo weaklyin H}, (3.9)
vp — vo strongly in C(0, T; RY). (3.10)

Dividing both sides of (3.7) and (3.8) by |lu||®> respectively, using the properties of k;(z), we can find that

IValljz— 0 asn— +oo. (3.11)
Hence, (3.11) always holds true whenever p >r or u <r. So, it follows from (3.10) and (3.11) that

Vp— Vg asn— +oo,
which implies that

vo=7Voand T[vo|* = |Vo|” = 1.
Consequently,

|un (t)| = 400 asn — +oo uniformly for a.e. t € [0, T]. (3.12)
It follows from (F3) that there exists M5 > 0 such that

F(t,x) >0 Vxe RN, |x| > M5 and for a.e.t € [0, T], (3.13)
which implies that

F(t,x) > —h3(t) Vxe RY, and for ae.t € [0, T]

by assumption (A), where h3(t) := maxx<ms a(|x|)b(t) > 0. Denote 2, := {t € [0, T]| |[uy(t) > Ms}, by (3.12), we have
meas(£2,) > 0. So, from (F3), (3.12), (3.13) and Fatou’s Lemma, we get

L. fOT eQ(t)F(t, Un(t))dt L. _[Q eQ(t)F(t» Un (t))dt f[o TI\Q eQ(t)F(t, un(t))dt
liminf = liminf n : L
n——+00 llun ||2 n—+o0

llun 2 llun 1

> liminf
n—+o00

[/QneQ(OF(t, un(®))de A [ h3(t)dt:|

llunll? llun 12

QOFC )
> [ timint S, 0 e

o
QOFE(, up(t)) _
=f liminf S tn) (u.f())wo(t)lzdt
[ (£)|—+00 [un(t)|
Qn
> 0. (3.14)

However, by (3.1) and (3.11), we have
o fOT eQOF(t, u,)dt
liminf ————— =0,
n—-+00 llunll?

which contradicts (3.14). Thus, {u,} is bounded in H}.
Since H} is a reflexive Banach space, there exist u € H} and a subsequence of {uy}, denoted again by {u;}, such that

up —u weaklyin H}. (3.15)
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By Proposition 1.2 in [8], we see that

u, — u stronglyin C(0, T; RN). (3.16)
Then,
T
/ lun(t) — u()>dt > 0 asn — +oo. (317)
0

It follows from (3.16) and assumption (A) that

T
/eQ<f>(VF(r, un(t)) — VF(t, u(t)), un(t) — u(t))dt — 0 (318)
0

as n — +oo. In view of (3.15) and ¢'(u,) — 0, we obtain

(@' (up) —¢'(u),up —u) > 0 asn— +oo. (3.19)

In addition, by (2.3), we have that

(@' (up) — @' (u), up —u)

T
= / e (it (t) — i(t), it (t) — i(t))dt
0
T
—/eQ“)(VF(r, Un(t)) — VE(t, u(t)), un(t) — u(t))dt. (3.20)
0

Thus, in light of (3.18)-(3.20), one arrives

T T
0< Az/ lin () — i(t)[*dt < /eQ(”Ian(t) —u(t)]2dt — 0
0 0
as n — +o0. Therefore,
T
/ |tin(t) — (t)[*dt = 0 asn — +oo,
0

which combining (3.17) yields that

1
2

T T
lup — ul = /|un(t)—u(t)|2dt+/|itn(t)—it(t)|2dt —0 asn— +oo.
0 0

That is, {u,} strongly converges to u on H}. Hence, {u,} possesses a strong convergent subsequence, which means that ¢
satisfies condition (C). O

Lemma 3.2. Assume that (A), (F3) and (Fg) hold, then the functional ¢ satisfies condition (C).

Proof. From the arguments of Lemma 3.1, we only need to prove that {u,} is bounded in H}. It follows from (Fg) that
F(t.x)\’
|x|2

for all x> M> and a.e. t € [0, T]. Bearing in mind that (3.13), let Mg := max{M>, Ms} and denote 2 := {t € [0, T]| [ua(t)| >
Mg}. By (2.1)-(2.3), (3.1), (3.21) and the properties of k;(z), we obtain

eQO[VF(t, x),x) — 2F(t, x)] > k2 (]x]) < (3.21)
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3C1 > 2¢(up) — (¢ (un), un)
T
=/eQ<f>[(VF(t, Up), Un(t)) — 2F(t, up)]dt
0

=/&mmwmwmmm—mmwmm+ f eQOVE(t, up), un(t)) — 2F (¢, up)]dt
Q5 [0, T\
F(t, un)\? r
,u
> [t (550 ) = [ haoar
Q " 0
F? ;
t,u
> [ ta@iunl) g e — 1 [ hatoret,
J A2 [[up|| J

where hy(t) := (2 + Ms) maxx<m, a(|x|)b(t) > 0. Hence, we get that

20
llunll*,

Cs
Fg,n dt< ———
/ (& () < D)

0
noticing assumption (A) and (3.13), suggests that

T
f|F(t,un(t))|9dt=/F9(t, un ())dt + / |F(t, un(t))|’dt
0

24 [0, T\
c T
5 26 0
< ———lunll +/h (H)dt (3.22)
ka(@llunll) =T
for all n € N, where hs(t) := maxx<mq a(|x|)b(t) > 0. Furthermore, by (3.1), (3.22) and Holder inequality, one has
. T T
c1z¢wm=5]EQ@mmm%u—/eW°Hawa»m
0 0

1
g

T
1 .9 0
zzAzllunlle —A1Cs /|F(t,un(t))| dt
0

T 7
1 . Cs
> A 2 —ACs | ——— 26 /h‘?tdt
2 g Azllinlifz = A1Cs | s unl™ + [ H5 @)
0
1 . Cy
> S Aallinllf = ————lunl® = Cg (3.23)
k3 (dllunl)

for all n e N.
Now we claim {u,} is bounded, otherwise, going if necessary to a subsequence, we can assume that |u,|| — +oo as

n — 4o0. With the same manner of Lemma 3.1, dividing both sides of (3.23) by ||u,||%, using the properties of k,(z), we
conclude that |u,(t)| - +o00 as n — +oo uniformly for a.e. t € [0, T]. From (F3), assumption (A) and Fatou’s Lemma, we

infer that
TaQ®
eCWFE(t, uy)dt
liminfu 0. (3.24)
n—+00 l[un]|?
On the other hand, note that (3.1) and (3.11), one has

T eQOF(t updt
liminf ——————— =
=400 llunll

which contradicts (3.24). Then, {up} is bounded in H } Therefore, ¢ satisfies condition (C). O

)
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Lemma 3.3. Assume that (A), (F3) and (F7) hold, then the functional ¢ satisfies condition (C).

Proof. It follows from (3.1), (F7) and the properties of k3(|x|) that

3Cy = 2¢(up) — (¢’ (un), up)
T

=/eQ<f>[(VF(t,un),un) — 2F(t, up)]dt
0

T T
V o
z/leﬂuﬂ)%dt Ay /hs(t)df
n
0

T

VE(t, un)|°

/ ks gy e da(” ””3,' de— A [ hoerce (3.25)
0

for all n € N, where hg(t) := (2 + M3) maxx<m, a(|x|)b(t) > 0. As a consequence,

Co
VF w|%dt < ————|luy|l°. 3.26
f| (e < S (326)

Since H} could be embedded into LP (0, T; RY) for 1 < p < 400, hence there exists Tp > 0 such that

lulle < Tpllull Vu e Hf, (3.27)

which together with (2.3), (3.1), (3.26) and Hélder inequality, we infer that

C1> ((/)/(un), up)

T T
=/eQ<f>|a,1|2dt—/eQ“)(VF(t,un),un)dt
0 0
T 2
> aliall, — 1 | [ IVF@unTde ]
0
C 1
. 9 o
> Agllitn |17, — A1 7o (,—(3 ( dnunn)) l[un|® (3.28)

for all n € N, where % + % =1.

Finally, we claim that {u,} is bounded; otherwise, going if necessary to a subsequence, we assume that |u,| — 400 as
n — +o0. In the same way as in the proof of Lemma 3.1, multiplying both sides of (3.28) by ||un||~2, using the properties of
ks3(z), we can obtain that |u,(t)| — 400 as n — 400 uniformly for a.e. t € [0, T], and then from (F3), assumption (A) and

Fatou’s Lemma, we have

poi o Jo eQOF @ undt

329
n—>-+0c0 llun 12 (3:29)

On the other hand, thanks to (3.1) and (3.11), implies that

o fOT eQOF(t, u,)dt
liminf=>— """
n—+o00 llun |12

’

which contradicts (3.29). Thus, {up} is bounded in H}. Using the same arguments as in Lemma 3.1, we can get that ¢
satisfies condition (C). O

Now we are in a position to prove our main results. We only give the proofs of Theorem 1.1, Theorem 1.3, Theorem 1.5,
Corollary 1.7, Corollary 1.10, Corollary 1.12, and Corollary 1.13; the other results can be proved similarly.
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Proof of Theorem 1.1. Let H} := Hl @ RY, where dimRY < +oc0. From Lemma 3.1, we know that ¢ satisfies condition (C).
By virtue of Theorem 2.3 and Remark 2.4, we only need to verify the assertions:

(¢1) infyes @(u) > 0;
(2) sup,eq @(U) < +00, sup, ey ¢ U) <0,

where S:=HLN3B,, Q :={xcRY||x| <50} @ {se|0<s5<s5o,e(t) € H}} and p < so.

Firstly, from (F3), we can find &1 := § (%Aza)z - limsupeQ(f)%> >0 and & > 0 such that

|X|—0
1
eQOFt, x) < (EAZ — 81) w?|x|> V|x|<8andforae.tel0,T].

For u € FI} with |[u]| <128/T, by Sobolev’s inequality, we have |u|» < §. Consequently, using Wirtinger’s inequality, one
has

T T
o) = %/eQ(”m(t)lzdt—feQ(t)F(t,u(t))dt
0 0
T
> %Az )7, — (%Az —s1>w2f|u<t>|2dt
0
> eqli])2,
> &1 Cyollull?.

Let p € (0,1258/T), then
inf @ (u) > £1C10p? > 0,
ues

which implies (¢1) holds.

Finally, we check (¢). Let &5 := 3 (lli‘minf eQ([)Fl(Xt—“ZX) - %Am)z). from (F3), we could get &, > 0, and we can choose
X|—+00

M7 > 0 such that
eQOFt, x) > Gm + 82) w?|x|> V|x| > My and forae.t € [0, T].
Therefore, for all x € RN and a.e. t € [0, T], by assumption (A), we obtain
e®OF(t, 0 = (%Al + 82) @?|x? — A1hy (0),

where hy(t) := maxjy<um, a(X)b(t) > 0. Let HL := span{e} ® RN with e := (sin(wt),0,...,0) € Hl. Observe that, for
x+seeHI,

T T
1 .
P(x+se) = E/eQ(t)|se|2dt—/eQ(‘)F(t,x—i—se)dt
0 0
1 r 1 r
< §A1a)2$2/c052wtdt— (iAl +82> a)2/|x+se|2dt+M*
0 0

T T
1
< —820)252/Sin2 wtdt — 5A1a)2f|x|2dt+M*
0 0

1 1
= —EszwzszT - EAm)z|x|2T + M*, (3.30)

where M* := Ay fOT h7(t)dt. Let Q = {x eRN |1x| <R1} @ {se|0 <s < Ry} with R, > p and R > 0. Define
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Q1:={xeRY||x| <Rq},
Q2 :={x+Roe|xeRY, x| <Ry},
Qs3:={x+se|xeRY, |x| =Ry, 0<s<Ry).

It is easy to check that 9Q = Q1 U Q2 U Q3.

(1) By (F1), we have
T

w(x)z—/eQ“)F(t,x)drgo
0

for all x € RN. Hence, one has @(u) <0 forall ueQj.

(2) Let Ry > /2™~ from (3.30), we get

Ezsz ’

1 1
@(x+ Rze) < —ieza)zR%T - §A1a)2|x|2T + M*

1
< —Eszwzkgr + M*
<0,

which implies ¢ (u) <0 for all u € Q3.

(3) Let Ry > Azlﬁ)";T, from (3.30), we obtain

1 1
@(x+se) < —Esza)zszT — §A1a)2R%T + M*

1
< —iAlsz%T + M*
<0,
which implies ¢(u) <0 for all u € Q3.
From the above discussions in (1)-(3), put sp := max{R1, R2} > p > 0, we can infer that sup,¢yq ¢(u) < 0. Furthermore,
by (3.30), we have supyscq @+ se) < M* < +oo, that is, (¢2) holds. From Theorem 2.3, we know that ¢ possesses a

critical point u(t) whose critical value c satisfies ¢ > o > 0. By (F1) and (2.2), we can see that u(t) is non-constant. Hence,
problem (1.1) has at least one non-constant periodic solution in H}. O

Proof of Theorem 1.3. From Lemma 3.2, using the same arguments as in Theorem 1.1, we see that problem (1.1) has at least
one non-constant periodic solution in H:. O

Proof of Theorem 1.5. Clearly, with the aid of Lemma 3.3 and the arguments of Theorem 1.1, we can easily get that prob-
lem (1.1) has at least one non-constant periodic solution in H}. a

Proof of Corollary 1.7. Take r = 2, by Theorem 1.1, we can obtain that problem (1.1) has at least one non-constant periodic
solution in H} immediately. O

Proof of Corollary 1.10. From (F3) and (F}), we conclude that F(t,x) at infinity is positive for all x € RN, ae. t [0, T]
and asymptotically quadratic, thus (Fg) is equivalent to (F%). By Theorem 1.3, we have that problem (1.1) has at least one
non-constant periodic solution in HlT. a

Proof of Corollary 1.12. Applying (F3), (F;*) and (FJ), we have

Q@ Q@ Q@
. e IVE(t, x)| - e“W(VF(t,x),x) - 2e<WWE(t, x)

M > =
Ix| x| x|

> A1w? (3.31)

for |x| large enough and ae. t € [0, T]. From (3.31), we deduce that |VF(t,x)| at infinity is positive for all x € RN, a.e.
t € [0, T] and asymptotically linear, which means that (F7) and (F;) are equivalent. Then, by Theorem 1.5, one has that
problem (1.1) has at least one non-constant periodic solution in H}. a
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Proof of Corollary 1.13. By (F3) and (FJ*), one has

Q® Q®

e~WF(t,x F(t,x), 1

(t, x) _€ (VE(t,x),x) > a0
|x|2 2|x|? 2

for |x| large enough and a.e. t € [0, T], which implies (F3) holds. Moreover, utilizing (F3) and (F;*), we have:

(0X(9] Q)

e VF(t, x e VF(t, x), x
M= |||( L (Ilg ) )>A1w2.
X X

Therefore, we know that |VF(t,x)| at infinity is also positive for all x € RY, a.e. t € [0, T] and asymptotically linear. Using
the similar arguments of Corollary 1.12, we can deduce that problem (1.1) has at least one non-constant periodic solution
inHL. O

4. Examples

In this section, we will give two examples to illustrate the fact that our results could deal with both the superquadratic
and asymptotical quadratic cases. To do this, for simplicity, we only address problem (1.2), that is, in what follows, we are
concerned with problem (1.1) without damped vibration term.

Example 4.1 (Superquadratic case at infinity). Let D :=4 — (4In5 + sin4 — In? 5) > 0. Consider

F(t,x) = g1()h(x) vx € RN and for a.e. t € [0, 27],
where g1 (t) € C(0, 2r; R™), infiejo.2n) g1(¢) > 0 and

1
XY xl<2,

h =
) { IX|2In(1 + |x|2) + sin [x|2 — In®’(1 + [x|2) + D |x| > 2.

Then, we have
(VF(t,x),x) — 2F(t,x)

liminf =0 uniformly fora.e.t €[0,T]and all > > 0,
x| -+00 |x|*

which implies that F(t,x) does not satisfy the results of Theorem A, Theorem B and the conclusions of [6,15,16,22,23].
But, put kx(]x|) = In(1 + |x2),0 = 1,q(t) =0, T = 2m, a direct computation shows that F(t,x) satisfies all conditions of
Theorem 1.3. Hence, problem (1.2) has at least one non-constant periodic solution.

Example 4.2 (Asymptotically quadratic case at infinity). Consider

Ft,x)=g®[x? —In(1+|x|*)] VxeRYandforae.t € [0,2n],

where g3(t) € C(0, 2m; RY), infrejo,2m) £2(t) > 1/2. Then we can also choose kz(|x|) = In(1 + X2),6 =1,q(t) =0, T =2m; it
is easy to check that F(t,x) satisfies all conditions of Theorem 1.3 (or Corollary 1.10). So, problem (1.2) has at least one
non-constant periodic solution.

Remark 4.3. In [14], Tang and Wu have introduced a class of new superquadratic condition:

(TW) there exist a > 0 and Ly > 0 such that
a

X2 F(t,x) Vxe ]RN, |x| > Ly and for a.e.t € [0, T].

(VF(t,x),x) — 2F(t, x) >

We should mention that condition (TW) is weaker than (Fg) with q(t) = 0. But the result of [14] is essential to rely on
the assumption (S3). In other words, the main theorem in [14] only can handle the superquadratic potential functions and
cannot treat the asymptotically quadratic potential functions like Example 4.2. At the same time, we note that F(t,x) in
Example 4.2 also satisfies all conditions of Theorem C, however, Theorem C only work in the asymptotically quadratic case
rather than in the superquadratic case. Here, Theorem 1.3 can deal with both superquadratic and asymptotical quadratic
cases. In this sense, Theorem 1.3 is a new result.
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