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convergence of the Levy-Lieb functional in Density Functional Theory, to the corresponding
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RESUME

Dans un travail récent, Bindini et de Pascale ont introduit une régularisation des
probabilités symétriques décrivant N particules indiscernables, qui préserve la densité a
une particule. Nous étendons ici leur construction aux états quantiques mixtes de fermions.
Ceci nous permet de démontrer la convergence de la fonctionnelle de Levy-Lieb, objet
central de la théorie de la fonctionnelle de densité (DFT), vers le transport optimal multi-
marges associé, a la limite semi-classique. Notre résultat est valable pour les états mixtes
de n'importe quel nombre de particules N, avec ou sans spin.
© 2018 Académie des sciences. Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Extending the Bindini-De Pascale construction

Let P be a symmetric N-particle probability measure over (R%)N and let

pop(x1) = / dP(x1, X2, ..., XN)
(Rd)N—l
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be its one-particle marginal. We assume that ,/pp € H'(RY), as is appropriate in Density Functional Theory (DFT) [11,14].
An interesting question, important for applications in DFT, is to approximate IP by a regular N-particle probability density
P, with the same density pp, = pp. A more challenging problem, considered first in [6,1] for N =2, 3 and solved for all
N > 2 in this note, is to find a fermionic quantum state I'; with the same density pr, = pp and a controlled kinetic energy.

Consider a radial function x € C° (RY, R) with support in the unit ball of RY, such that f]Rd x% =1, and denote x(x) =
€742y (x/e). In [1], Bindini and De Pascale have introduced the following elegant regularization

N PP (%) Xe Xk — 2k)? Xe (2k — Yi)?

Pe(x1,...,XN) = // 1—[ PP * x2(2k)

R2dN k=1

dP(y1, ..., yn) dz; - --dzn. (11)

We assume in the following that IP has its support in
DG = {X=(a,oxn) e ROV ¢ I —xjl > e, Vi,

for some o > 0, a condition which is satisfied for minimizers of the Coulomb N-particle energy [2]. Since x is supported
in the unit ball, P, is then supported on the set D{,_,,, where all the particles are at a distance @ —4¢ to each other.
In the following, we always assume that ¢ < «/4. The purpose of the integration over the z,’s in (1.1) is to regularize the
probability P, since the convolution

N
Qe (Y1 yN) = / [ ] xe@ = y*dPy1, ... yn)
@iy k=1

is now C°. However, its density is pq, = pp * %2, and the purpose of the integration over the y;’s is to map back the
density to pp. Indeed, integrating (1.1) over xa, ..., Xy, we get ]_[k 2 PP * Xf(yk) in the numerator, which cancels with the
denominator. The corresponding integrals over zy, ..., zy give ([ ;2 2)N=1 — 1 and we end up with

2 2
p]Pg(Xl):,O]P(Xl)//XS(Xl 20 Xelz1 = Y1) pp(y1)dy1dzr = pp(x1).
]P*Xs (Zl)

RY R4
A somewhat different method was introduced in [6] by Cotar, Friesecke and Kluppelberg.
In [1], Bindini and De Pascale prove that

1
/|w1P8|2<N /|v«/_p]p|2+8—2/|w|2 (1.2)
RdN d Rd

and use this to get some information on the semi-classical limit of the Levy-Lieb functional (to be discussed later in
Section 2). Unfortunately, the probability (1.1) is really a classical object. Although for bosons one can use the symmetric
wavefunction W, = /PP, for fermions the wavefunction must be anti-symmetric. In [6,1], the authors use the spin variable
to antisymmetrize /P, but, in dimension d = 3, this has so far limited the results to N =2 and N = 3. Note that in
dimension d =1 and d = 2, one can use the multiplication by

I
Xi—X
1<j<l<<N| j %l

which maps bosons onto fermions and conversely, whatever the value of N (if d =2 we identify R? with C). By the
Borsuk-Ulam theorem, there is no such simple map in three space dimensions.
In this short note, we propose the following simple quantum extension of (1.1), for fermions:

e = // V. ;OIP®N [Xe,zi Ao A Xezw ) Xeza Ao A Xeyzw |/ /0]P®N
RAN « RAN

(z )?
1_[ Xelok — Vi dP(y1, ..., yn) dzy ---dzy. (1.3)
PP * X2 (2k)

Here I'; is a non-negative self-adjoint operator that acts on the N-particle fermionic space Lﬁ((Rd)N ) = /\'1\’ L%(RY). For
simplicity, we do not consider spin here. It is easy to extend the trial state (1.3) to the case of particles with g spin states,
for instance by putting all the particles in the same spin state. One can also construct any desired eigenvector of the total
spin operator by adding an appropriate spin state to each function y. ; in (1.3).



M. Lewin / C. R. Acad. Sci. Paris, Ser. I 356 (2018) 449-455 451

In (1.3), we use the notation . ,(x) = x¢(x — z) and recall that ¢ < «/4 such that the functions xg ;,, ..., Xe,zy have
disjoint supports. We use the ket-bra notation |W)(W| for the orthogonal projection on W, defined by |W)(W|p = (W, ¢)W.
We call

1
1A ARG XN) = D £(0)Po) (1) - Po ) (XN)

ToeGy

the Slater determinant. Finally, the N-fold tensor product is defined by
N
N
VPN (X1, e XN) = 1_[ A/ PP (Xj).
j=1

In (1.3), A/p]p@’N is understood as a multiplication operator on Lﬁ((Rd)N). In particular, we have

+/ p]P®N [Xe,z1 A A Xezw ) (Xeyza Ao A Xeozw | o/ ,0]P®N
= VPP Xezy A AN PP Xezn ) VPP Xezg A+ AN OP Xezy |-

The integral kernel of I'; is given by

1
Do (X1, oo XNG X750 X)) = Ni // det (xe,z (x))) det (xe.z; (x;-))
']RdNXRdN
N / 2

PP Xi) /P (X)) X (Zk — Vi)

x L dP(y1, ..., yn) dz1 ---dzy.  (14)
Pl PP * X *(2k)
Since the X , have disjoint supports, we have
5 N N

(det (Xs,z,- (Xj))) = Z g(o)e(0) 1_[ Xe,z5 ) (Xk)Xs,za/(k) (xK) = Z l_[ Xe (X — Za(k))z- (1.5)

0,0'eGy k=1 oeBGy k=1

Using the symmetry of IP, we have

N N
[ ] xe@—y*dPy1, ... yn) = / [ ] %ot — y)*dP 1, ..., yn)
RAN k=1 RAN k=1

for every o € Gy. Therefore, in (1.5) the terms in the sum over the permutations ¢ € Gy all contribute the same amount.
We thus find that the diagonal of I'y coincides with the Bindini-De Pascale probability density:
Ce(X1,.oc, XN; X1, ..oy XN) = Pe (X1, ..., XN).

From this, we conclude that

Tr(Te) = / Fs()q,...,xN;x],...,xN)d)q---de:/dIP,g(xL...,xN):l,
(Rd)N RAN

and T'; is a proper fermionic (mixed) state. We recall that the one-particle density of I'y is defined by duality, requiring
that Tr (@ (x1)Te) = f]Rd ¢ pr, for every ¢ € L% (RY). For a continuous kernel such as 'y, we have

or, (x1) = / Ce(X1, ..., XN; X1, ..., XN) dXp - - - dXN = pp, (X1) = pp(X1).
RAN

From the Cauchy-Schwarz inequality, we have

/ IVy/Pe|? <Tr(—A)T,
RHN

which is in the wrong direction to conclude anything about the kinetic energy of I';. But we can prove the following
theorem, which implies the Bindini-De Pascale estimate (1.2).
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Theorem 1 (Estimates on I'g). Let P be a symmetric N-particle density with support in D, for some o > 0 and such that ./pp €
HY(RY). Let T'y be defined by (1.3). Then, for &€ < /4, we have

1
trare=n| [1vvaek+ 5 [ 192 |, (16)
d d

In addition, for every symmetric function ® € C2(D¢,_,.), we have

a—4g’’

Tr(CIDFg)—/(Dd]P = /@dIPS—/CDdIP

RAN dN RAN

N
82[Z||vjq>||Lm(Dg_4£) /|V,0]p| /lul xwidu | +2 Z HV]V,@HLOQ(DC W } (1.7)
j=1 d

j.k=1

In particular, P, — P, as was proved in [1].
Proof. We have

AN o A /

=1 RAN « RAN

N
2 Xe (zk — yi)?

2 P, ..., yn) dz1 - - - dzn.
1 pIP * Xg (Zk)

sz Y Xa PN '/\Xs,ZN)

Similarly as in (1.5),

}VX[ (’\/ IOIPXS,Zl ZANRERIAN v IOIPXS,ZN =1 § | \/ IOIPXS Z5(0) (Xf) l_[ IOIP(xk)XS 25 (k) (xk)
aeGN l<=ll ,,,,, N
kL

Integrating over x1, ..., Xy, we obtain

N
>/
€=1RdN

Finally, integrating over the yj’s and z;’s, we conclude that

N
Z /|V «/P_]PXezj (X)‘ dx 1_[ IO]P*XS(ZJ)

j=1 k=1,...,

Vi (V P]P®NX£,Z1 JARERA XE,ZN

1

Tr(-A)Te = N// V(PP xe )0 dxdz=N /|v\/_pp<x>|2dx+ = / VX dx
Rd Rd d Rd

To prove (1.7), we remark that

ﬁ PP (%) Xe Xk — 20 Xe 2k — Vi)

3 dx;---dxydzy---dzy =1.
PP * X£(2k)

R2dn k=1
Hence, using the shorter notation X = (x1,...,xy), Y = (¥1, ..., ¥n) and Z = (z1, ..., zy), we have

2 N2
/CDdIPg /<I>d]P // B(X) — D(Y) HPP(X")XS(;" *;"2)(5;(2" YO” 4P (v) dX dz.
P £ k

RAN RAN R3dN
Since |xj — y;| < 2¢ due to the support of x, we conclude from the fundamental theorem of calculus that

N
'/d)dIPe—/CDd]P—//dIP(Y)dXdZ (quxy).(xe—yg))x
RAN RAN R3dN =1

» ﬁ PP (Xk) Xe Xk — 2k)? Xe (2k — Yi)? ‘
op * X2(z1)

N
<26® ) IIVXEVqu>||Loc(Dg,4S)'

k=1 £,m=1
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It remains to estimate the term involving V,®. By symmetry, it is sufficient to look at the case £ = 1, which can be expressed
in the form

N _ 2 . 2
// vio)- -y [ PR Xe Bi = 20°Xe B = YO” 4 ) 4 47

PP * X¢ 2(z¢)
R3dN
_ 2 _ 2
- // Vid(Y) - Gy — yp) PEEDA = 20X @ Z IV gy gy iz
PP * X£(21)
RdN+2d

Here we can replace x; — y1 by x; —z1 since fRd (z1 — Y1) Xxe(z1 — y1)? dz; =0, due to the symmetry of x. We then estimate

PP (X1) Xe (X1 — 21)% X (21 — ¥1)?
pp * x2(z1)

‘//V1<1>(Y)-(X1 z1) dIP(Y)dx; dz;

R3dN

Xe(z1 — y1)?

dz;d
op % x2(21) pr(y1)dzi dy,

SIVi®@lene )// /(X1 — 21) pp (x1) Xe (X1 — 21)% dxq

R2d

=[Vi®@llee ) / / (x — 2)pp (X) Xe (x — 2)* dx| dz.
Rd d

By the symmetry of x and the fundamental theorem of calculus, we have

/(X_Z)P]P(X)Xe(x_z)zdx = /(X—Z) PP (X) — pp(2)) Xe (X — 2)* dx <//|Vplp(2+tu)llu| Xe (W)? du.
Rd 0 Rd

Integrating over z, we find the claimed estimate

u PP (%) Xe Xk — 2k)? X (2k — Yi)?

//VldD(Y)-(Xl—}’l)H Op * X2(z)
&

R3AN k=1

dP(Y)dX dz‘

<ENVi®lee ) /|V,0]P| /Iulzx(u)zdu . O
d d

2. Semiclassical limit of the Levy-Lieb functional

Here we restrict ourselves for simplicity to the physical space R? and the Coulomb potential. Density Functional Theory
is based on the following functional [13,14,4]

1

E(p) = mln Tr Ax. + — | T, (2.1)
Z Xj ]<Z |X]_xk|
TI'(F) 1 j<k<N
pr=p

of the density p, a given non-negative function such that fR3 p=Nand /pe HY(R3). In the minimum T is an operator
acting on the fermionic space /\’f' L2(R3). Motivated by arguments of Hohenberg and Kohn [12], Levy introduced in [13]
a functional similar to (2.1), but with the additional constraint that I' = |W)(W| is a rank-one orthogonal projection (pure
state). The latter was rigorously studied by Lieb in [14], who proposed to extend the definition to mixed states, as in (2.1).
The minimum over mixed states (2.1) has better mathematical properties than with pure states [14]. For instance, & is
convex and, by the linearity in I", we have the dual formulation

N
E(p)zsup{/mx)voodx Ve PPRLR) +LP®RDR), — ) Ay, — ZV<x,>>+ > Lw},

Xi—X
e =1 1<]<I<<N| i Xl
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which is the quantum equivalent of the Kantorovich duality used in optimal transport [16]. The last inequality is in the
sense of self-adjoint operators.

It is possible to introduce an effective semi-classical parameter 1 = h? by scaling the density p. Namely, for (X)) =
n3p(nx), we have

E(py) . N 1
— = min Tr|-n Z Ay, + Z —— |r 22)
n =1 >0 i ! X — Xl
Tr (M)=1 j=1 1<j<k<N

pPr=p

In the limit » — 0, we prove the convergence to the Coulomb multi-marginal optimal transport problem

. 1
Eot(p) = min > ——dP(x1. ... xn). (2.3)
P symmetric 4 |xj — Xl
probability on (R3)NR3)N ! Si<ksN
PP=p

which has recently received a lot of attention [3,6,7,5,8,15]

Theorem 2 (Semi-classical limit). Let N > 2 and let p > 0 be such that ng, p=Nand /p e HY(R3). Then we have for a constant C
(depending on N and p)

E(n? .
tor(oy <SP ooy i+, (24)
In particular,
Emp-
lim M = Eot(p).
n—0 n

This theorem generalizes the results in [6,1] for N =2, 3 in the pure state case. Results for N > 3 have been announced
in [9, Ref. 7], but they were not yet available at the time this note was written. It would be interesting to extend our
findings to pure states.

Semi-classical analysis suggests that the behavior in ,/7 is optimal for small 7. The next order (in /7 =) in the
expansion of £(py)/n was predicted in [10].

Proof. Let IP be an optimizer for Eg7(p). It has been shown in [2] that IP has its support on D¢, for some « > 0. Taking
then our I'; as a trial state, we find, by Theorem 1

4

(a — 4¢)3

E(pn)
n

1 N3
<N /|Wﬁ|2+8—2/|w|2 +Eor(p) + Ce? m/mw/wﬁxwﬁdw
d Rd Rd Rd

We have used here that ®(X) = Zl<j<k<N [xj — x¢|~1is C* on D¢ Optimizing in € gives the result. O

a—4e*

Remark 1. The convergence of states in the limit 7 — 0 is proved as in [1].
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