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RESUME

Nous prouvons que I'ensemble GP de tous les nombres pentagonaux généralisés non nuls
est un ensemble d'unicité additive ; si une fonction multiplicative f satisfait 'équation

fa+b)=f@+ fb),

pour tous a,b € GP, alors f est la fonction identité.
© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

An arithmetic function f:Z% — C is called multiplicative if f(1) =1 and f(mn) = f(m) f(n) whenever m and n are
relatively prime. In 1992, Spiro proved that if a multiplicative function f satisfies f(pg) # 0 for some prime pgy and
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f(p+q = f(p)+ f(q) for all primes p and q,

then f is the identity function [9]. More generally, Spiro asked which subset E of Z* could determine an arithmetic function
f uniquely in S under conditions

f@+b)= f(a)+ f(b)foralla,b €E,

where S is a set of arithmetic functions. Such a set E is called an additive uniqueness set for S following Spiro’s theme.
After Spiro’s work, this interesting subject has been studied and extended in many directions (see [1], [2], 3], [4], [5], [6],
[7], and [8], for example). In particular, Chung and Phong [3] showed that the set of all triangular numbers is an additive
uniqueness set for multiplicative functions, while Chung [2]| showed that the set of square numbers is not an additive
uniqueness set for multiplicative functions.
So it is natural to examine pentagonal numbers. The nonzero generalized pentagonal numbers are the integers obtained by
the formula

_ n3Bn-1)
= 5 ,
with n==+1,+2,+£3,.... Let GP be the set of nonzero generalized pentagonal numbers;

n

GP=1{1,2,5,7,12,15,22,26,35,...}.

In this article, we prove that the set GP is an additive uniqueness set for multiplicative functions.

Theorem 1.1. If a multiplicative function f : Z+ — C satisfies

fa+b)=f(@+ fb),

for arbitrary generalized pentagonal numbers a, b, then f is the identity function.

2. Proof of Theorem 1.1

We will prove the Theorem using induction on n. We assume that f(k) =k for all k <n. Since f is multiplicative, it
suffices to prove the case that n is a prime power. For notational convenience, we let P§ = % where € € {—1, +1}.

Proposition 2.1. P} is a product of two coprime numbers.

Proof. If n is even, then
e N
Pp=5-@n+e),

where gcd(%, 3n+¢€)<ged(n,3n+€) =gcd(n, e) =1.

When n is odd,
3n+e
Pi=n- + ,

2

where ged(n, 25€) < ged(n,3n+¢€)=1. O

Lemma 2.2. Let p # 5 be a prime and let r € Z*. Then there are a, b € GP and A € Z such that

Ap'=a+b,
where gcd(X, p) = 1 with A < p". Moreover, a and b are products of coprime numbers which are smaller than p". Furthermore, the
same statement is true for p =5 withr > 1.

Proof. We split the proof into four cases: p=2, p=3,p=>5,and p>7.

Case p = 2: Since 2" =€ (mod 3), we can let 2" =3m + € for a positive odd integer m. Then

3 3
pe 4 pg, = ™ ";+€) 4 m ";re) —m@m+e)=m-2",

where the largest factor 2%t of Pg, is smaller than 2. By letting a = P&, b= P§ and A=m = TT’S we get a and b whose

factors are smaller than 2" and gcd(A, 2) = 1. Hence, the p =2 case follows.



B. Kim et al. / C. R. Acad. Sci. Paris, Ser. I 356 (2018) 125-128 127

Case p = 3: When r is even, we let r = 2¢ for some £ € Z*. Since 32 = —1 (mod 10), we may assume that 3% = 10m + ¢
for some m € Z*. Let n = 6m + €. Then

_ 6m+ €)(18m + 2¢ 2m(6m + €
pepps = ¢ )(2 ), (2 )

= (6m+e€)(10m +€) = (6m +€) - 3% = (6m +€) - 37,

where max(6m +€,9m + €, m,6m+¢€) < 10m+ € =3". As gcd(6m +€,3) =1, by setting a= P, €, b=P5 and A =6m +¢,
we have the desirable result.
When r is odd, we let r =2¢ — 1 for some ¢ € Zt. For n =3¢"1, we find that

n3n+e¢) n ni3n—e¢)
2 2

PS+ P € = =3n?=1.3""1=1.3"

3"}6) < 3n% =3". By choosing a = P¢, b= P;€ and A =1 for this case, we complete the proof of the p =3

where max(n,
case.

Case p = 5: When r = 2k, we set n = 5. Then, we find that

n3n—-1) " n3n+1) _

3n?=3.5,
2 2

Pn—l + Pr-l‘rl —

where max(n, 251) < n? = 5", Thus, we can set a=P; !, b= P;f! and A =3 for this case.
If r =4k + 3, we set 5" = 13n + 8 for an odd integer n. Then

_ _ n+1)3n+2
Pn-&] +Psn]+5=();7)+(8n+5)(12n+7)

3 3
= 5(5n+3)(13n+8) = 5(5n+3) .57,

where max(™$!,3n+2,8n+45,12n+7) <13n+8 ="5". Since 3(5n+3) <13n+8 =5" and gecd(5n + 3,5) =1, we can set
a= Pn_+11' b= PS_n1+5' and A = %(Sn + 3) for this case.
Finally, if r =4k + 1 > 1, then, 5" = 39n + 5 such that n is a multiple of 10. We observe that

_ 5(15n14+2)(9n+1)  (23n+ 3)(69n + 10)
1 +1
P15n+2 + P23n+3 = 2 + 2

— (297 +4)(39n 4+ 5) = (29n + 4) - 5",

where max(1242 9n + 1,23n + 3, 280y < 397 4 5= 5", Since n is a multiple of 5, we see that gcd(29n +4,5) = 1.
Therefore, by setting a = P1_51n+2, b= P;r3]n+3 and A =29n + 4, we obtain the desirable result.
Case p > 7: Since p>7, p" =€ (mod 10) or p" =3¢ (mod 10).

(1) p" =€ (mod 10): Let p" = 10m+€ and n = 6m+ €. We see that gcd(6m+¢€, 10m+¢€) =1 and max(6m+¢€,m,9m—+¢€) <
10m + € = p'. Thus, the equality

_ 6m+€)(18m + 2¢ 2m(6m + €
peyps = )(2 ), (2 )

=(6m+¢€)(10m+¢€)=(6m+e¢€)-p

implies that the desirable result follows by setting a=P;€, b=P§_, and A =6m +e€.

(2) p" =3¢ (mod 10): Since p #3, p" =7¢ (mod 30) or p" =13€¢ (mod 30).
When p" =7¢ (mod 30), let p" =30m + 7€ and let n =4m + €. Then we obtain that

_ nBn+e 2n(bn — e
Py + Py = ( 3 )+ (2 )
_ n(15n—¢€)

3 =@m+e)30m+7¢)=@Em+¢€)-p'.

We see that max(n, 3”2“ ,6n —€) =24m + 5¢€ < 30m + 7¢ = p" and gcd(4m + €,30m + 7€) = 1. Thus we can choose

a=Pg, b="P,° and A =4m + € to conclude the case.
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When p" =13¢ (mod 30), let p" =30m + 13¢ and let n =2m + €. Then we observe that

n(3n—e¢ 3n(9n — €
P,;€+P;f:(2 n (2 )

=n(15n—2¢) =2m+¢€)(30m+13¢) = 2m+¢€) - p',

where max(n, 25-¢, 3n, 2-€) = 9m +4e < 30m+13€ = p” and ged(2m+€,30m+13¢€) = 1. By letting a = P;€, b = P3¢
and A =2m + €, we obtain the desirable result. O

Proof of Theorem 1.1. We will show f(n) =n for any positive integer n and will use the induction on n.

(1) By the multiplicative property of f, we get f(1)=1.
(2) By the additive property of f on GP, we get

fO=fM+fMD)=2fB)=fD+fR=3fOH=fD+fB3) =4

(3) Because f(1)+ f(5) = f(6) = f(2) f(3), we get f(5)=5.
(4) Let n be an integer larger than 5. Suppose that f(k) =k for all k < n. The multiplicativity of f and the factorization of

¢
€
n= l_[ p;' says
i=1

£
fay=TTrfoedH.

i=1
If ¢£>2, then pf" <n for all i and hence the induction hypothesis guarantees that f(pf‘) = pf". So f(n)=n.
If £=1, then n = p® for some prime p and a positive integer e. Lemma 2.2 says

A-pS=a+b,

where a and b are generalized pentagonal numbers of which coprime factors are smaller than p®, A < p® and
gcd(A, p®) = 1. Thus the multiplicativity and additivity on GP of f implies that

fO) - f(m) = f(@+ fb),
where f(A) =2, f(a) =a and f(b) =b by the induction hypothesis. So we get the desirable result. O

3. A concluding remark

One might ask whether the set {W :n € Z"%} of nonzero ordinary pentagonal numbers is an additive uniqueness set
for multiplicative functions. As it has less possible additive combinations available, it is a much harder problem. Moreover,
it is connected to a deep general Catalan’s conjecture to find integer solutions r and s for p" — q° =k, where p and q are
distinct primes and k is a positive integer. Our work on ordinary pentagonal numbers is on progress and we hope we can
address this case soon.
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