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RESUME

Soit M une variété fermée de dimension n > 2 avec H!(M;R) # 0. Nous présentons une
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pseudo-gradient X, tels que la différentielle 3% du complexe de Novikov de la paire (&, X)
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Version francaise abrégée

Considérons une variété différentiable M, compacte a bord vide, de dimension n, ayant une cohomologie de de Rham non
nulle en degré un. Soit u € H;R(M), u #0, et soit o« une forme différentielle fermée dans la classe u. D’apreés le théoréme
de transversalité de Thom (transversalité sous contrainte) [10,11], génériquement dans la classe u, une 1-forme fermée o
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a pour primitives locales des fonctions de Morse. L'ensemble fini Z(«) des zéros de o est gradué par I'indice de Morse :
Z(a) =Ul_y Zi(@).

En adoptant le point de vue selon lequel une 1-forme de Morse n’est autre qu'une fonction de Morse multivaluée (bien
définie a une constante additive prés sur chaque boule de M), S.P. Novikov a developpé une théorie des 1-formes de Morse
analogue a la théorie de Morse [5,6], donnant naissance a une homologie notée H,(M;u). Nous la résumons ci-dessous
selon le point de vue de ].-C. Sikorav [9].

La classe de cohomologie u est vue comme le morphisme m1(M) — R qui, sur un lacet orienté y, vaut fy a. Il lui est

alors associé une valuation ii : Zm; (M) — R. Précisément, pour une somme finie A = > inigi, avec n; € Z* et g; € my(M), on
a (A) = maxu(g;j). L'anneau de Novikov universel A, est la complétion de 'anneau Zm{ (M) pour (L) — —oo. Le complexe
de Novikov N, (a, 3%) est le A,-module libre engendré par Z, (o).

Pour la différentielle 3%, on choisit un pseudo-gradient (descendant) X adapté i la 1-forme de Morse «. Par définition,
X vérifie ce qui suit :

1) {(a(x), X(x)) <0 pour tout x € M en dehors de Z(x);

2) pour tout p € Zi(ar), le champ —X est le gradient euclidien d’'une primitive locale h, de o dans une carte de Morse
autour de p, ol la matrice hessienne de hj, en p a ses valeurs propres dans {—1, +1}.

Les zéros de X, qui sont aussi ceux de «, sont hyperboliques. Ainsi, a chaque p € Z;(«) sont associées une variété stable
W3(p, X) de dimension n — k et une variété instable W"(p, X) de dimension k. D’aprés le théoréme de Kupka-Smale (voir
[8]), on peut approximer X de telle sorte que toutes les variétés stables et instables soient mutuellement transverses. Pour
p € Zy(@), la valeur de 8% en p s'écrit :

’p=> (b0

q€Zk—1(@)

ol le coefficient d’incidence (p, q)X est un élément de I'anneau de Novikov A,.

A notre connaissance, il n'y a pas d’exemple publié' ot cette formule ait des coefficients qui sont des séries infinies
comme le permet 'anneau de Novikov. A I'opposé, on sait que si f : M — R est une fonction de Morse, pour tout ¢ >> 0, la
différentielle du complexe de Novikov N, (« + cdf) a ses coefficient d’incidence dans Zmi (M) [3, Lemma 3.7]. Pour n > 3,
nous proposons une méthode générale pour fabriquer des complexes de Novikov géométriques avec des coefficients séries.
Cette méthode est basée sur notre étude [4] des bifurcations homoclines du pseudo-gradient X.

Théoréme. Pour tout n > 3 et tout 1 < k <n — 2, toute forme de Morse «, dans une classe de cohomologie u # 0 sans zéro d’indice
0 ou n, peut étre modifiée en une 1-forme de Morse o’ cohomologue, par naissance d'une paire de zéros (p, q) d’indices respectifs
(k+1, k), qui admet un pseudo-gradient X’ tel que le coefficient d’incidence (p, q)X soit une série infinie dans I'anneau de Novikov A,,.

Idée de la preuve. Signalons qu’'a partir d'une forme de Morse non exacte, il est possible d’en éliminer tous les zéros d’indice
extréme [1, Remarque section 1.2]; on commence donc avec un tel . Dans ce cas, pour tout pseudo-gradient, presqu’aucune
orbite ne tend vers un zéro (dans le passé ou le futur). Une modification C%-petite du champ dans un voisinage d'un
point d’accumulation d’une telle orbite permet, non seulement de créer une orbite périodique, mais aussi tout un tube
T = D" 1 x S! d'orbites périodiques {pt} x S!. Notons g la classe d’homotopie de lacets déterminée par T ; cette classe est
non nulle, car I'intégrale de « sur chaque orbite est strictement négative.

Dans une petite boite cylindrique B C T, disjointe de l'orbite centrale de T et dont le bord vertical est tangent au
facteur S!, on fait apparaitre une paire de points critiques (p, q) d'indices respectifs k + 1 et k. Soit o’ la 1-forme de Morse
ainsi obtenue; on a Z(a') = Z(«) U {p, q}. On choisit une modification radiale a support dans T de I'application de premier
retour sur un méridien de T de telle sorte qu'aucune orbite issue de B n'y revienne jamais dans le futur. Appelons X un
pseudo-gradient de ce type. Le bord du tube étant fait d’orbites périodiques, il n’y a aucune interaction des points p et q
avec les autres zéros de «’. On a alors (avec des orientations convenables) 3% p =q et 3¥q =0.

Soit Sg la strate (de codimension 1) des pseudo-gradients Y adaptés a «’, égaux a X hors de T et ayant une orbite
homocline £y de p a p avec un défaut minimal de transversalité entre WS(p, Y) et WY(p, Y). L'holonomie de ¢y depuis sa
sortie du modéle de Morse de p jusqu'a son retour dans ce modele permet de définir un réel x (Y) dépendant continiment
de Y € S; [4, Définition 2.11]. Posons S; = x~1(]0, +00)) et Sg = X ~1((—o0, 0[). Dans [4, Théoréme 1.1], nous avons
montré que Sg est canoniquement co-orientée et et que les deux parties Sg+ et S, sont non vides. Or, a partir de X, on
peut s'approcher de S comme on veut. En particulier, on peut trouver un chemin de traversée positive de Sy passant par
un point de Sg . Si X’ désigne un pseudo-gradient de ce chemin juste aprés le temps de traversée, d’aprés [4, Théoréme

3.6], la différentielle de Novikov donne :*

p=(+g+g++g+)q.

1 A. Pajitnov a présenté un exemple en dimension 3 pour une classe u rationnelle (voir [7, Section 3]).
2 Une traversée positive de Sg par un point de S donne 3%X" p=(1+g)q, ot X” est un champ juste aprés la traversée.
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Comme aucune orbite issue de p ne peut sortir du tube T et que X n’a pas de retour de la boite B dans elle-méme, on
prouve que la bifurcation de X & X’ est isolée ; les précautions de troncature prises dans le théoréme cité sont alors inutiles.

1. Introduction

Let us consider an n-dimensional closed smooth manifold M with a non-zero de Rham cohomology in degree one. Let
ue H;R(M), u #0, and let o be a differential closed form in the class u. By Thom’s transversality theorem with constraints
[10,11], generically in the class u, the local primitives of a closed 1-form « are Morse functions (such an « is named a
Morse 1-form). The finite set Z(«) made of its zeroes is graded by the Morse index: Z(a) = UZ:OZk(a).

Taking the point of view that a Morse 1-form is nothing but a multivalued function (that is, a function well defined up to
an additive constant), S.P. Novikov developed a theory analogous to Morse theory [5,6] (today referred to as Morse-Novikov
theory), which leads to some homology denoted by H.(M; u). Here, we summarize it with the point of view adopted by
J.-C. Sikorav [9].

The class u is seen as the morphism w1 (M) — R defined by u(y) = fy « for every oriented loop y. Let i : Zmy (M) — R
be the associate valuation: for A € Zmny(M), that is a finite sum ) ;n;g; with n; € Z* and g; € m;(M), one defines (1) =
max u(g;). The universal Novikov ring A, is the completion of Zmi (M) for ti(A) — —oo. It is worth noticing that we get the
same completion by replacing n; (M) with the fundamental groupoid of M. This choice is made in what follows.

The Novikov complex N, (e, 8%) is the free A,-module based on Z,(«); the differential 9% is detailed right below. For
defining 8%, one chooses some (descending) pseudo-gradient X adapted to o, meaning that X fulfils the following:

1) (x(x), X(x)) <0 for every x € M apart from Z(«);

2) for every p € Zy(a), the field —X is the Euclidean gradient of a local primitive h, of « in Morse coordinates
(X1, ...,Xn) about p where h;, reads:

) 2 4,2 2
hp(1, ... %) = —X] — ... =X + X q -+ X

The zeroes of X, which coincide with the zeroes of «, are hyperbolic. Therefore, for each p € Zy(«), we have a stable
manifold WS(p, X) of dimension n — k and an unstable manifold W"(p, X) of dimension k. According to Kupka-Smale’s
theorem (see [8]), one can approximate X so that all stable and unstable manifolds are mutually transverse. For p € Zy (),
the value of X in p reads:

’p=> (p.9%q

q€Zk—1(@)

where the incidence coefficient (p, q)* belongs to the Novikov ring A,.

As far as we know, there are no published example®> where some of the incidence coefficients are infinite series as the
Novikov ring allows it. By contrast, it is known that if f: M — R is a Morse function, then for every c > 0, the differential
of the Novikov complex N,(x + cdf, X) has all its incidence coefficients in Zr;(M). Here, X denotes a pseudo-gradient
adapted to o +cdf which is C'-close to a pseudo-gradient adapted to f [3, Lemma 3.7]. When n > 2, we present a general
method for constructing some pairs (¢, X) such that the differential 8% of N, () have some incidence coefficients that are
infinite series. Our method is based on our study [4] of the homoclinic bifurcations of the pseudo-gradient X.

Theorem. Let M be an n-dimensional closed manifold with n > 2. Let u H;R(M) be a non-zero cohomology class and let « be
a Morse 1-form in the class u without centres, that is, with no zeroes of extremal index. For 1 <k <n — 2, let o’ be any Morse
1-form obtained from o by creatmg the birth of a pair of zeroes (q, p) of respectlve indices (k,k + 1). Then, it is possible to build a
pseudo-gradient X’ adapted to o’ such that the incidence coefficient (p, q)X" is an infinite series in the Novikov ring Ay.

Remark. Observe that, when « is a non-exact Morse 1-form, it is possible to cancel all zeroes of extremal indices [1,
Remarque section 1.2]. Therefore, the assumption of having no centres is irrelevant.

2. Proof
2.1. Making a tube of periodic orbits

Let X be a Kupka-Smale pseudo-gradient adapted to «. After the no-centre assumption, almost no orbit of X goes to (or
comes from) one of its zeroes. A C%-approximation of X near an accumulation point of such an orbit allows us to create, not

only one periodic orbit, but also a tube T = D" ! x S made of periodic orbits {pt} x S! (still name X the pseudo-gradient
after this approximation). The (free) homotopy class of these periodic orbits is denoted by g. Note u(g) <O0.

3 A 3-dimensional example where u is a rational class has been given by A. Pajitnov in [7, Section 3].
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2.2. Birth of a pair of zeroes in cancelling position

Let BC T, B=D" ! x D!, be a polydisc bi-foliated by leaves of o and orbits of X. Let h be a primitive of «|p. Let
us insert a birth model into B to create a pair (p, q) of critical points of respective indices k + 1 and k (see [2, chap. III]
and also [12]). We impose this one-parameter deformation starting from h to be supported in B. Denote h’ the function
ending this deformation; set o’ = o + dh’ — dh. Let X; be a pseudo-gradient adapted to ' near p and q and coinciding
with X outside B. There is exactly one orbit of X; descending from p to q inside B. However, the pseudo-gradient X; is not
convenient for our theorem, as some extra connecting orbit exists in T from p to q. Thus, we change X; into X’ as follows:
make 3T an attractor of X’|t (while keeping X'|37 = X1|s7) and one of the periodic orbits in T \. B a repeller in order that
any orbit of X’ emanating from the bottom of B, namely 8~ B := {h' = h’(q) — ¢}, 0 < & <« 1, never returns to B in positive
time. The outcome of this construction is that the Novikov complex N, (e, X’) fulfils the following: 3X'¢ =0 and X' p =g¢
for suitable orientations of the unstable manifolds. Moreover, as the boundary of T is invariant by X’, no zero of «’ other
than p has a connecting orbit to q; and no zero is connected to p.

Let Sy be the stratum of pseudo-gradients adapted to o’ that are equal to X’ outside T and have one homoclinic
connecting orbit from p to p in T in the class g with the minimal defect of transversality. This is a codimension-one
stratum, which is canonically co-oriented.

2.3. Notation

Denote by 97 B :={h’ = h'(p) + &} the top of B. It contains the so-called belt sphere % of p, that is, =t := Ws(p, X) N
9T B. This sphere is (n — k — 2)-dimensional and co-oriented by the chosen orientation of WY(p, X’). Moreover, it is the
boundary of the closed (n — k — 1)-disc A* whose interior is made of points in 3*B whose positive X’-flow goes to q.
Similarly, set 9~ B := {h’ = h’(q) — ¢}. Denote by A~ the closure of W"(p, X’) N8~ B (a k-disc) and set ¥~ := W'(q, X') N
0~ B. The sphere ¥~ bounds A™.

Let £* denote the leaf of o’ in T that contains 9=B. The ball 3B shall be regarded as the union of a normal tube
N(Z*) to £+ and a normal tube N(AT) to At in £T. Moreover, there exists a larger tube N’'(X*) that contains all fibres
of N(A™T) that meet N(ZT).

Let p : L~ — LT be the first holonomy diffeomorphism of the positive flow of X’. Denote by Desc: LT\ AT — L7 N A~
the gradient descent by X’. Set D := p(A™); it is a k-disc in £T disjoint from 3T B whose boundary lies in W!(q, X’).

Finally, let ptq be the fibre in a € =1 of the tube N’(XT). By descent, the (k + 1)-disc pq descends to I';, a cylinder
over A, pinched along dA~. The cylinder I'; is foliated by rays that are traced by the normal fibres to A~ in £™. The
holonomy diffeomorphism p carries I'; and its foliation to a foliated pinched cylinder '] whose leaves are still named
rays.

2.4. Some isolated self-slide of p; homoclinic bifurcation

In this setup, a positive self-slide of p consists in making an isotopy of D in L%, relative to D, which crosses T+
exactly once and positively with respect to its co-orientation [4, Remark 3.2]. This isotopy lifts to a deformation (X})sej0,1]
of Xj = X'. At the time of crossing (let us say s = %), the homoclinic connecting orbit from p to p lies in the homotopy
class g. The path (X;)s is said to cross the codimension-one stratum Sg positively in the space of pseudo-gradients adapted
to o'.

Up to homotopy, the path (X})s is well defined by the following data:

- a simple smooth path y : [0, %] — L7, starting non-tangentially to D from any point y (0) € int(D), ending in a* :=
y(%) normally to T and which, for every s € (0, %), avoids both of WY(p, X’) U AT and the repelling periodic orbit;

- a transverse framing T = (1, ..., Tr_2) to y in £* such that ‘L'{‘ =Ty A--- ATy is tangent to D in y(0) and such that
(7(%), T1,..., Tq—2) is an orthogonal framing positively normal to ¥+ in a*.

Note that any point at € =7 is reachable from D by such a path. In what follows, we will specify y more precisely near
se {0, %}. For further use, we introduce a— := p~'(y(0)), a point of A~. Let £~ := WU(p, X") N {h’ = h'(p) — &} be the
attaching k-sphere associated with p and denote by @~ € £~ the point that descends to a~ through the flow of X'|5.

Let Y be a vector field on £*, tangent to AT, whose support S is contained in a neighbourhood of y ([0, %]) UdTB and
whose flow is noted Y?, s € R. The triple (y, 7, Y) may be chosen so that the following holds.

(i) For every s € [0, %], we have Y*(y(0)) = y(s) and rlk is tangent to Y*(D) in y (s); moreover, we impose the vector ))(%)
to be tangent to AT pointing inwards.
(ii) Denoting by 7 the closure of U;“:"g Y$(D), named the tongue, the intersection 7 N 3™ B is a corned disc D,+ contained
in the fibre 4+ of the tube N’(XT). Denote by v,+ the corresponding fibre of N(X™T).
(iii) For every s e [%, +00), the intersection Y$(D) N 3% B is one fibre of N(AT) which meets N(X1). The distance of this
fibre to T is noted r(s); set n = maxr(s). A suitable choice of Y makes it as small as desired.
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(iv) The vector field Y is required to be tangent to the foliation of l“at by rays. This requirement forces the path y to be
tangent to a ray of F;@ and to follow it entirely.
(v) The support S satisfies the following condition: (S \ ¥ B) is contained in a small neighbourhood of y ([0, %]).

The last requirement needs some preparation. By (i), the vector })(%) is tangent to A" and points in the direction marked
by the point A* N dv,+. This vector determines a co-oriented equator E in the sphere dv,+ (see [4, subsection 2.4]). Recall
that the Morse model of p produces a canonical diffeomorphism from the meridian sphere dv,+ to £~. It maps E to an
equator E C £~ that avoids the connecting orbit from p to q by the choice of y(%). Thus, E descends through the flow of
X'|p to a (k— 1)-sphere E~ contained in the interior of A~. This E~ makes a decomposition A~ =8~ Ug- 67 where 6~ is
a k-disc and 8t is diffeomorphic to S*=! x [0, 1]. The signs of 8% reflect the co-orientation of E in dvg+, and hence, of E~
in A™. By moving ¥ (0) in D, we can fulfil the last requirement below.

(vi) The point a~ lies in §*. Moreover, we make the support S of Y disjoint from p(§7).

Finally, the isotopy (Y®)seqo,17 lifts to the desired one-parameter deformation (X;) of X’ realizing a self-slide of p in the
homotopy class g.

Lemma 1. With the above requirements (i-vi), the self-slide at s = % is isolated. More precisely, for s # % the pseudo-gradient X, has
no homoclinic orbit.

Proof. The dynamics of p, which moves dD away from S, makes it clear that W"'(q, X}) never meets A™. This implies that
no s € [0, 1] is a time of self-slide of q.

Concerning the self-slides of p, we argue as follows. By (ii), the corned disc V,+ descends to a corned cylinder C~ C |
also based on A~ and pinched along d A~. Then, the holonomy diffeomorphism p carries C~ to a pinched corned cylinder
ctc Fat. By (iv-v), the intersection CT NS is foliated by (truncated) rays of C* starting from D N S. In particular, SN 7T
may be viewed as a sub-tongue of T.

We are now ready to prove Lemma 1. We limit ourselves to prove that X} is never a self-slide of p in the class g when
s # 3, that is:

1
(¥) Vs 5 [(Y3p) o Descoy (YSp)(A)INZT=0.

Here, the operator oq stands for Desc where it is defined, that is, in £1 < A*. The proof concerning the classes gk, k > 2,
is similar with the same choices (i)-(vi).

When s < % and as long as the disc YS(D) does not touch the ball 8% B, the dynamics of p o Desc implies (x). When
Y$(D) N N(Z*) is non-empty, we define Dy := Desc o1 Y¥(D). When s < %, one checks that Dy is contained in the union
of a thin tube Desc(S \ 37 B) and the part of the cylinder C~ over §~ (in the sense of the rays). Thus, by (vi), p(D;) does

not approach the support S of Y and (x) holds for every s € [0, %).

For s > % Dy is now an annulus whose boundary is made of two (k — 1)-spheres, one of which is Desc(dD) and the

other is dA™. By [4, Lemma 3.8], when s goes to % from above, it approaches any compact domain given in the interior of
the annulus 8% in the C'-topology. As a consequence of (iv), when s — % is small enough, the intersection of po(D;) with
S is the graph G, in the cylinder C* of some positive function us: p(§7) NS — R.o. Since the flow of Y preserves the
order on each orbit, [(Y*0)(Dy)]IN S (which lieis in the tongue) i1s in front position with respect to [Y1/2(D)] NS on each

flow line of Y. This claim holds true when s > 5 is very close to 5 and it remains true up to 1 by the flow rule. Therefore,

[(YSp)(D;)INSS is still beyond [Y/2(D)]N S in the tongue, and hence, it cannot meet 1. O

2.5. The character function

This function is a natural continuous function x : S — R that takes positive and negative values on each connected
component of Sg [4, Theorem 1.1]. For a pseudo-gradient Y € Sg, the value x (Y) only depends on the 1-jet of the holonomy
h of Y along the unique homoclinic orbit ¢y from a zero of Y to itself in the homotopy class g. The construction and
properties of x (Y) are given in [4, Section 2]. Denote by Sg+ (resp. Sg‘) the non-empty open set in Sg where x > 0 (resp.
X < 0). When crossing Sg transversely, the change of the differential in the Morse-Novikov complex is different according
to the crossing: it can be positive or negative, through S; or Sg* . A positive crossing through Sg implies a change by
multiplication with the infinite series 1+ g+ g% +---.

In our setting, the considered pseudo-gradient is X%/z and the involved homoclinic orbit £ is the orbit of X;/z, which
leaves the box B at a~ and enters B at at. We wish X(Xﬁ/z) > 0. By the construction, the character reads x(Xﬁ/z) =
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rwy +w_ with A > 0 and w+ € [—1, 4+1]. Each term* in this formula depends on § only. The term w_ is positive by the
choice of y(%) (which fixes the decomposition of A~ =68~ Ug- %) and by taking a~ € §7. The term w is not estimated,
but the factor A may be made as small as desired by the choice of the holonomy of Y along y ([0, %]) once y(0) = p(a™)
and y(%) =at are fixed. And this choice is free. As a consequence, by [4, Theorem 3.6], we have:

3%ig=0,
() X! 2 3 X, 2 o3
p=>0+g+g +g +--)@0p=0+g+g +g +--)q.

Some comment about (x) is necessary here. In the theorem that is referred to, (x) is stated only for the germ of (X})s
at s = % with truncation of the incidence coefficients. The support of a representative of the germ depends on the order
of the truncation, the higher the order of truncation the smaller the domain of the representative. Here, we are in a very
particular situation: by Lemma 1, the self-slide is isolated. As a consequence, the truncation in question is not needed. This
finishes the proof of our theorem.
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