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ARTICLE INFO ABSTRACT

Article history: We define a family KV&"™D of Kashiwara-Vergne problems associated with compact
Received 2 December 2016 connected oriented 2-manifolds of genus g with n+ 1 boundary components. The problem
:\C/Zielz::elg ig“[:] ch?tl))eercngir 2016 KV©3 is the classical Kashiwara-Vergne problem from Lie theory. We show the existence
of solutions to KVt for arbitrary g and n. The key point is the solution to KV(-D
Presented by Michéle Vergne based on the results by B. Enriquez on elliptic associators. Our construction is motivated
by applications to the formality problem for the Goldman-Turaev Lie bialgebra g®&"+1. In
more detail, we show that every solution to KV&"*1 induces a Lie bialgebra isomorphism
between g®&"+D and its associated graded grg®"*1. For g =0, a similar result was
obtained by G. Massuyeau using the Kontsevich integral. For g > 1, n =0, our results imply
that the obstruction to surjectivity of the Johnson homomorphism provided by the Turaev

cobracket is equivalent to the Enomoto-Satoh obstruction.
© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

RESUME

Nous définissons une famille KV&"D de problémes de Kashiwara-Vergne associés
aux variétés compactes, connexes et orientées de dimension 2, de genre g avec n + 1
composantes du bord. Le probléme KV est un probléme classique de la théorie de Lie.
Nous montrons I'existence de solutions de KV pour tous g et n. Le point crucial est
la résolution de KV(I-D, qui est basée sur les résultats de B. Enriquez sur les associateurs
elliptiques. Notre construction est motivée par la question de formalité de la bigebre de
Lie de Goldman-Turaev g‘®@"t1. Nous montrons que chaque solution de KV&"D induit
un isomorphisme de bigébres de Lie entre g(®"+1 et sa graduée associée gr g®"+t". Dans
le cas ott g =0, un résultat similaire a été obtenu par G. Massuyeau en utilisant I'intégrale
de Kontsevich. Dans le cas de g > 1, n = 0 nos résultats impliquent que I'obstacle a
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la surjectivité de 'homomorphisme de Johnson définie par le co-crochet de Turaev est
équivalent a I'obstacle de Enomoto-Satoh.
© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. The Goldman-Turaev Lie bialgebra

Let ¥ = Xg ny1 be an oriented surface of genus g with n+4 1 boundary components. We fix a framing (that is, a trivial-
ization of the tangent bundle) of ¥ and choose a base point * € 9X. We denote by m = (X, %) the fundamental group of
% and define gD = Q[S!, 1= Qn/[Qn, Qn] to be the vector space spanned by homotopy classes of free loops. When
no confusion arises, we shorten the notation to g.

The vector space g®"+D carries a canonical Lie bialgebra structure defined in terms of intersections of loops. The
Lie bracket on g@"*tD is called the Goldman bracket [4] and is defined as follows. Let o and B8 be loops on ¥ whose
intersections are transverse double points. Then, the Lie bracket [, 8] is given by

[, B1= ) epaxyp,

peanp

where ¢, € {£1} is the local intersection number of « and g at p, and « *, g is the homotopy class of the concatenation
of the loops o and g based at p (see Fig. 1). The Lie cobracket on g®"*D is called the Turaev cobracket [13] and is defined
as follows. Let ¥ be a loop on X. By a suitable homotopy, we can deform y to an immersion with transverse double points
whose rotation number with respect to the framing of ¥ is zero. For each self-intersection p of y, one can divide y into
two branches y, and y;;, where the pair of the tangent vectors of y, and y, forms a positive basis for T, E. Then, the Lie
cobracket §(y) is given by

S=) ¥y ®Vy —Vp®Yp,
p

where the sum is taken over all the self-intersections of y (see Fig. 2).
The group algebra Qr carries a canonical filtration with the following property. Choose a set of generators «;, B, yj € T
withi=1,...,g, j=1,...,n such that

g n
[ Jtei. 8] [ vi= o,
i=1 j=1

where yp is the homotopy class of the boundary component that contains *. Then, the elements (o; — 1), (8i — 1) € Qn
are of filtration degree 1 and (y; — 1) € Qr have filtration degree 2. This filtration on © induces a two-step filtration on
H=H;(Z,Q) with HD = H and H® the kernel of the intersection pairing. The associated graded of Qr with respect to
this filtration is the complete Hopf algebra given by gr@r = T(grH) =U(L(grH)), where T(gr H) is the completed tensor
algebra of the graded vector space gr H and U(L(gr H)) is the completed universal enveloping algebra of the free Lie algebra

Fig. 1. Example of the Goldman bracket. In this figure, [a, Bl = 0o *p B — a *q B.
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Fig. 2. Example of the Turaev cobracket. In this figure, §(y) = Vz} ® )/3 - ypz ® y;.

@Q




A. Alekseev et al. / C. R. Acad. Sci. Paris, Ser. 355 (2017) 123-127 125

Let §&"*D be the completion of g™+, The completed associated graded vector space grg can be canonically identified
with the space of formal series in cyclic tensor powers of the graded vector space gr H = H/H® @ H®. A choice of a basis
in w induces a basis in grH : x;, y;,zj withi=1,..., g, j=1,...n, where x;, y; are of degree 1 and z; are of degree 2. The
graded vector space grg carries a canonical Lie bialgebra structure induced by the Goldman-Turaev Lie bialgebra structure
on g. It turns out that both the Lie bracket and Lie cobracket on grg are of degree (—2).

Let M(XZ) be the mapping class group of the surface X fixing the boundary 0% pointwise. There are a subset M(X)° C
M(Z) and an embedding t : M(X)° — §&"+D such that any Dehn twist is in M(X)°, M(Zg.1) includes the Torelli group
and the graded quotient of 7 is the classical Johnson homomorphism [7]. In [6], the second and third authors proved that
01 =0:M(Z)° — g®3. This is one of the motivations to study the graded version of the Goldman-Turaev Lie bialgebra
and the corresponding formality problem.

Definition 1. A group-like expansion is an isomorphism 6 :@t — gr@c of complete filtered Hopf algebras with the property
gro =1d.

It is easy to see that group-like expansions exist. For instance, every choice of a basis in © described above induces a
group-like expansion 9P defined by its values on generators:

0@ =¥, 07 (B) =¥, 6%P(y) =¥,

In fact, group-like expansions are a torsor under the group of automorphisms of the complete Hopf algebra gr@t =T(grH)
that induce the identity on the associated graded. That is, every group-like expansion is of the form 6 = F o 6°*P for some
F € Aut(L(gr H)). Furthermore, every group-like expansion defines an isomorphism of filtered vector spaces g — grg that
induces the identity on the associated graded map.

Definition 2. A group-like expansion 6 is called homomorphic if it induces an isomorphism of Lie bialgebras g — grg.

It is easy to check that expansions 6°*P are not homomorphic. The existence of homomorphic expansions is one of
the main results of this paper. Our strategy is to reformulate the problem in terms of properties of the automorphism
F € Aut(L(gr H)). This leads us to a generalization of the Kashiwara-Vergne problem in the theory of free Lie algebras.

2. The Kashiwara-Vergne problem in higher genus

Denote by L@&nth) — L(grH) the completed free Lie algebra in the generators x;, y;, z; with degx; = degy; =1,
degzj = 2. Define the completed graded Lie algebra of tangential derivations (in the sense of [1]):

tder &™) = (u e Dert (L") | u(z;) = [z}, u;] for some u;j € L&D},
This Lie algebra integrates to a pro-unipotent group
TAut®"V = (F € Aut™ (L&) | F(zj) = Fj_lszj for some Fj € exp(L&" 1)}

Also following [1], let tr®&™*D denote the vector space of series in cyclic words in the x;, y; and zj’s and tr the natural

projection from associative words to cyclic words. The space tr&"*+1 carries an action of tder®"*! coming from a natural
action of Dert (L&), Recall the definition of the map dy, : L&V — U (LE"*D) given by the formula

X1, X +€E, -+ Xg, Y1, ,yg,zl,--~zn):o(+ead(8xioz)§+O(62) foro e L&D

and the same definition for y; and z;. One defines the non-commutative divergence map div : tder®"*D — tr(&n+1D a5
follows:

g n
U Y (O (W) + By, (VD)) + Y tr(Zjd; (1),

i—1 j=1

where u; is chosen such that it has no linear terms in z;. In the case of n =0, the divergence coincides with the Enomoto-
Satoh obstruction [2] for the surjectivity of the Johnson homomorphism.

Proposition 3. The map div is a Lie algebra 1-cocycle on tder®™*D with values in tr&"*+D_ It integrates to a group 1-cocycle
j: TAut@&m D s grlenth),

Let r(s) be the power series log(ﬁ) € Q[[s]], and let r = Z}g:] tr(r(x;) +1(y;)) € tr&"+1_ Below we define a new family
of Kashiwara-Vergne problems associated with a surface of genus g with n + 1 boundary components.
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Definition 4 (KV Problem of type (g,n + 1)). Find an element F e TAut®"+D such that

g n g n

FO Ixi yil+ ) zj) =log([ [(e¥e¥ie e V) [ [e?) =: & (KvIEmD)
i=1 j=1 i=1 j=1

j(F) = Z trh(z;) —trh(¢) —r for some Duflo function h € Q[[s]]. (KVIIE&+D)

i=1

Let SolKV(&™D denote the set of solutions to the KV problem of type (g,n+ 1). Note that KV(®? is the classical KV
problem [5] in the formulation of [1]. The following theorem is the first main result of this note.

Theorem 5. Let F € SolKV&™ 1D Then, the group-like expansion F~! o 6%*P is homomorphic. Moreover, if F € TAut®@ "t satisfies
(KVI€+Dy then F~1 0 9°*P js homomorphic if and only if F € SolKv(&n+D,

This result holds true for the framing adapted to the set of generators «;, B, yj € ®. A framing on ¥ can be specified
by the values of its rotation number function on simple closed curves that are freely homotopic to «;, B, y;. The adapted
framing takes value 0 on «;, f;, and —1 on y;. Other framings require more detailed discussion. Our proof uses the theory
of van den Bergh double brackets [14], their moment maps [10] and their relation to the Goldman bracket [9].

3. Solving Kv(&-"+D
Our second main result is the following theorem.
Theorem 6. For all g > 0, n > 0, SOlKV& ™D £ g,

Together, Theorem 5 and Theorem 6 imply the existence of homomorphic expansions for any g and n (for g =0, an
independent proof was given by G. Massuyeau [8]). Among other things, it follows that the obstruction to surjectivity of the
Johnson homomorphism provided by the Turaev cobracket is equivalent to the Enomoto-Satoh obstruction.

In what follows, we sketch a proof of this statement. Let us denote the variables appearing in the definition of
tder &1 FE2MFMAD By ol -yl z} and x2, y?, z? respectively and define the following map

P tder©®3) s tder(&1+8&2.m+n+1)
(ui, uz) — (wk > (W, ug (b1, ¢2)])  with wk e [, y¥, Z’j-}, k=12,

where
1= [x.y1+> 2. d2=) .y} 1+) 2.
i j i j

This map is a Lie algebra homomorphism. It lifts to a group homomorphism TAut©-3) — TAut(®1+82.:m+12+1 (3150 denoted
by P). Denote by t € tder®? the tangential derivation ¢ : z; — [z1, z2], Z2 — [22, z1]. Recall that for F € SolKV%3, there is a
family of solutions F, = Fexp(At) for A € Q.

Proposition 7. Let F1 € SolKVE& M+ F) e Solkv(&2m2+D | F e SolKV(©-3) such that their Duflo functions coincide, hy = hy = h. If
ny=ny;=0o0r gy =0o0r gy =0, then there is A € Q such that

F:= (F; x F2) o P(F;) € SolKV(&1+gn+m+1)

and the corresponding Duflo function h=hi=hy=h.

Proposition 7 reduces the proof of Theorem 6 to the cases KV©3 and KV(-D. By [1], the problem KV©3? does admit

solutions. The remaining case is thus (g,n+ 1) = (1, 1). Let TAutg?j;z c TAut®3 denote the subgroup, which preserves

Z1 — 73 up to quadratic terms. One defines the following group homomorphism TAutg?’fiz — TAut™D:

X1 —1 %1
F Fell. { > Fi(Yn, y2)” eMRa(yny2) Y1 =eMye ™ and v = —y1.

el > Fa(yr, ¥r2) " 'eV1 Fa (Y1, ¥2),

eadx1 1
a

Furthermore, let ¢ € TAut®" be an automorphism defined by ¢ (x1) =x1, p(¥1) = 0 .



A. Alekseev et al. / C. R. Acad. Sci. Paris, Ser. 355 (2017) 123-127 127

Proposition 8. Let F € SolKV©-3), then there is a unique A € Q, such that (Fe*")®" o ¢ e Solkv(h D,

The proof of Proposition 8 is based on the results of [3]. Together with Proposition 7, it settles in the positive the
existence issue for solutions to Kashiwara-Vergne problems KV&™D We now turn to the uniqueness problem. Recall the
notation ¢ =Y ;[x;, yil + Zj zZj.

Definition 9. The Kashiwara-Vergne Lie algebra o@D is defined as

tro @D = (y e tder®™ V| u(¢) = 0, div(u) = Ztrh(zj) — trh(¢) for some h € Q[[s]1}.
J

Note that there are other definitions of Kashiwara-Vergne Lie algebras in the literature, see [11,12] for an alternative
definition of ¢ro™>D based on the theory of moulds and [15] for a graph theoretic definition for arbitrary manifolds. At this
point, we do not know what is the relation of these approaches to our considerations.

The pro-nilpotent Lie algebra tco&"*+1 integrates to a group KRVE™D, which acts freely and transitively on the set of
solutions t(zltge Kashiwara-Vergne problem KV&™D G : F > FG. Of particular interest are the group KRV("D and the Lie
algebra tro'™ "

troD = (u e tder™V =dertL(x, y); u([x, y]) =0, div(u) = —trh([x, y])}.

The following result gives partial information on its structure:
Proposition 10. There is an injective Lie homomorphism of the Grothendieck-Teichmiiller Lie algebra gtt; into ¢vo‘l:D,

Proposition 11. The elements 8, € Der™L(x, y),n =1, ... uniquely defined by conditions 8>, ([x, y]) = 0, S3n(X) = ad,z(” (y) belong
to exp™D),

In [3], it is conjectured that grt; together with §,,’s form a generating set for the elliptic Grothendieck-Teichmiiller Lie
algebra grt,y. In view of Propositions 10 and 11, we conjecture that gtte, injects in tvo:D,
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