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RESUME

Motivés par un travail précédent de Zheng et du second auteur, nous étudions les
constantes de pincement des variétés kahlériennes compactes avec courbure sectionnelle
holomorphe positive. En particulier, nous prouvons un théoréme de I'écart sur des variétés
kédhlériennes de courbure sectionnelle holomorphe avec pincement presque un demi. La
preuve s’appuie sur le travail de Petersen et de Tao sur les variétés riemanniennes avec
une courbure sectionnelle presque }l-pincée.

© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. The theorem

Let (M, J, g) be a complex manifold with a Kédhler metric g, one can define the holomorphic sectional curvature (H) of
any J-invariant real 2-plane ©n = Span{X, JX} by
R(X, JX, JX,X)
X114

It is the Riemannian sectional curvature restricted on any J-invariant real 2-plane (p. 165, [18]). In terms of complex
coordinates, it is equivalent to write

H(m) =
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R(V,V,V,V)
H) = =
V1]
where V=X —/—1JX e TMO(M).
In this note, we study the pinching constants of compact Kdhler manifolds with positive holomorphic sectional curvature
(H > 0). The goal is to prove the following rigidity result on a compact Kdhler manifold with the almost-one-half pinching.

Theorem 1.1. For any integer n > 2, there exists a positive constant € (n) such that any compact Kihler manifold with % —e(nm)<H<1
of dimension n is biholomorphic to any of the following:

(i) CP,
(ii) CP*¥ x CP" ¥,
(iii) an irreducible rank-2 compact Hermitian symmetric space of dimension n.

Before we discuss the proof, let us review some background on compact Kédhler manifolds with H > 0. The condition
H > 0 is less understood and seems mysterious. For example, H > 0 does not imply positive Ricci curvature, though it leads
to positive scalar curvature. Essentially, one has to work on a fourth-order tensor from the viewpoint of linear algebra, while
usually the stronger notion of holomorphic bisectional curvature leads to bilinear forms.

Naturally, one may wonder if there is a characterization of such an interesting class of Kdhler manifolds. In particular,
Yau ([30] and [31]) asked if the positivity of holomorphic sectional curvature can be used to characterize the rationality
of algebraic manifolds. For example, is such a manifold a rational variety? There is much progress on Kdhler surfaces with
H > 0. In 1975, Hitchin [17] proved that any compact Kahler surface with H > 0 must be a rational surface, and conversely
he constructed examples of such metrics on any Hirzebruch surface M; y = P(H*®1 cpt)- It remains an interesting question
to find out if Kdhler metrics with H > 0 exist on other rational surfaces.

In higher dimensions, much less is known on H > 0, except recent important works of Heier-Wong (see [16] for ex-
ample). One of their results states that any projective manifold that admits a Kdhler metric with H > 0 must be rationally
connected. It could be possible that any compact Kdhler manifold with H > 0 is in fact projective, again it is an open ques-
tion.* We also remark that some generalization of Hitchin’s construction of Kahler metrics of H > 0 in higher dimensions
has been obtained in [2].

If Yau's conjecture is true, then how do we study complexities of rational varieties that admit Kdhler metrics with
H > 0? A naive thought is that the global and local holomorphic pinching constants of H should give a stratification among
all such rational varieties. Here the local holomorphic pinching constant of a Kdhler manifold (M, J, g) of H > 0 is the
maximum of all A € (0, 1] such that 0 < AH(w) < H(rn) for any J-invariant real 2-planes n, v C T,(M) at any p € M, while
the global holomorphic pinching constant is the maximum of all A € (0, 1] such that there exists a positive constant C so
that AC < H(p,m) < C holds for any p € M and any J-invariant real 2-plane © C T,(M). Obviously, the global holomorphic
pinching constant is no larger than the local one, and there are examples of Kdhler metrics with different global and local
holomorphic pinching constants on Hirzebruch manifolds ([29]).

In a previous work of Zheng and the second-named author [29], we observed the following result, which follows from
some pinching equality on H > 0 due to Berger [3] and from recent works on nonnegative orthogonal bisectional curvature
([6], [9], [12], and [28]).

Proposition 1.2 ([29]). Let (M", g) be a compact Kihler manifold with 0 < A < H < 1 in the local sense for some constant A, then the
following holds:

(1) ifa > % then M" is bibolomorphic to CP";
(2) ifr= % then M" satisfies one of the following
(i) M™ is biholomorphic to CP";
(ii) M™ is holomorphically isometric to CP*¥ x CP"* with a product metric of Fubini-Study metrics; moreover, each factor must
have the same constant H;
(iili) M"™ is holomorphically isometric to an irreducible compact Hermitian symmeric space of rank 2 with its canonical Kdhler-
Einstein metric.

Let us remark that in the case that Kihler manifold in Proposition 1.2 is projective and endowed with the induced metric
from the Fubini-Study metric of the ambient projective space, a complete characterization of such a projective manifold and
the corresponding embedding has been proved by Ros [25].

4 After an earlier version of this preprint was submitted for consideration for publication in June 2017, X. Yang (arXiv:1708.06713) made important
progress on these questions and proved that any compact Kahler manifold with H > 0 is projective and rationally connected.
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Comparing with Proposition 1.2, we may view Theorem 1.1 as a rigidity result on compact Kédhler manifolds with almost-
one-half-pinched H > 0. For example, Hirzebruch manifolds can not admit Kidhler metrics whose global pinching constants
are arbitrarily close to .

It is very interesting to find the next threshold for holomorphic pinching constants and some characterization of Kihler
manifolds with such a threshold pinching constant. Before making any reasonable speculation, it is helpful to understand
examples on such holomorphic constants of some canonical Kdhler metrics. In this regard, the Kdhler-Einstein metric on a
irreducible compact Hermitian symmetric space has its holomorphic pinching constant exactly the reciprocal of its rank ([8]).
The Kdhler-Einstein metrics on many simply-connected compact homogeneous Kdhler manifolds (Kdhler C-spaces) also have
H > 0, and it seems very tedious to work with the corresponding Lie algebras carefully to determine these holomorphic
pinching constants except in lower dimensions. It was observed in [29] that the flag 3-manifold, the only Kédhler C-space
in dimension 3 that is not Hermitian symmetric, has }l—holomorphic pinching for its canonical Kdhler-Einstein metric. Note
that Alvarez-Chaturvedi-Heier [1] studied pinching constants of Hitchin’s examples of Kdhler metrics with H > 0 on a
Hirzebruch surface. However, it remains unknown what is the best pinching constant among all Kdhler metrics with H > 0
on such a surface. We refer the interested reader to [1] and [29] for more discussions.

2. The proof

The proof is motivated by the work of Petersen-Tao [23] on Riemannian manifolds with almost-quarter-pinched sectional
curvature.

Assume that, for some complex dimension n > 2, there exists a sequence of compact Kdhler manifolds (Mg, Ji, gk)
(k > 1) whose holomorphic sectional curvature satisfies % — 417< < H(My, gx) <1, and none of (Mg, Ji) is biholomorphic to
any of the three listed in the conclusion of Theorem 1.1. In the following steps, c(n1), maybe different from line to line, are

all constants that only depend on n.

Step 1: (a uniform lower bound for the maximal existence time of the Kédhler-Ricci flow)
It is well known ([18] for example) that bounds on holomorphic sectional curvature lead to bounds on Riemannian
sectional curvature and the full curvature tensor. In particular, for any unit orthogonal vectors X and Y, we have:

AL A (R T S R 180)
NG 7 7 7 |

From the works of Hamilton and Shi ([13], [14], and [26], and Cor 7.7 in [11] for an exposition of these results on
compact manifolds), we conclude that, for any k > 1, there exists a constant T(n) > 0 such that the Kahler-Ricci flow
(Mg, Jk, gk(t)) with the initial metric g, is well defined on the time interval [0, T(n)] for any k > 1. Moreover, we have
[Rm(Mj, gk(t))|g) < c(n) for some constant c(n) and all t € [0, T(n)] and k > 1.

1
Sec(X,Y)=R(X,Y,Y, X) =3 [BH(

Step 2: (an improved curvature bound on a smaller time interval)
This step is due to Ilmanen, Shi, and Rong (Proposition 2.5 in [24]). Namely, there exists constants §(n) < T(n) and c(n)
such that for any t € [0, §(n)],

min  Sec(My, gk(t), p, V) — c(m)t < Sec(My, gk(t), p, P)
p.VCTp(My)

< max Sec(M, gk(t), p, V) +c(mt.
p,VCTp(My)
It is direct to see that a similar estimate holds for holomorphic sectional curvature. Indeed, there exist §(n) and c(n)
such that for any t € [0, §(n)]

% —c()t < H(My, gk(t)) <1+c(n)t.

Step 3: (an injective radius bound on g (tp) for some fixed tg € [0, §])

We observe that Klingenberg's injectivity radius estimates on even-dimensional Riemannian manifolds with positive
sectional curvature (Theorem 5.9 in [7] or p. 178 of [22] for example) can be adapted to show that there exists some
constant §1(n) such that for any t € [0, 81 ()] inj(My, gk(t)) > c(n) for some constant c(n) > 0. Indeed, it will follow from
the claim below.

Claim 2.1. Let (M", g) be a compact Kdhler manifold with positive holomorphic sectional curvature H > § > 0 and Sec < K where the
constant K > 0, then the injectivity radius inj(M", g) > c(K) for some constant c(K).

The proof of the above claim goes along as the proof of Theorem 5.9 in [7], except that we need to use the variational
vector field as Jy/(t) where y (t) is a closed geodesic. This is where we use H > 0. In fact, such a kind of estimate has been
proved in [10] under the assumption of positive bisectional curvature.
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Step 4: (a lower bound on orthogonal bisectional curvatures of (M, gi(t))
This step is motivated by Peterson-Tao [23], who derived a similar lower bound estimate for isotropic curvatures of
almost-quarter-pinched Riemannian manifolds along a Ricci flow.

Claim 2.2. There exists some constant §,(n) such that, for any t € [0, 8, (n)], the orthogonal bisectional curvature of (M, g(t)) has a
lower bound — +e“™* for some constant c(n) > 0.

Proof of Claim 2.2. Note that Berger’s inequality [3] (see also Lemma 2.5 in [29] for an exposition) implies the orthogonal
bisectional curvature of (M, gx(0)) is bounded from below by —ﬁ. Now the proof is based on a maximum principle
developed in [14]. In the setup of orthogonal bisectional curvature, it is proved in an unpublished work of Cao-Hamilton
[6] dating back to 1992 (the details were written up as Theorem 5.2.14 in [5]), Gu-Zhang [12], and Wilking [28] that the
nonnegativity of orthogonal bisectional curvature is preserved along the Kdhler-Ricci flow. For the sake of convenience, we
simply write (M, J, g(t)), where t € [0, T (n)], instead of the sequence (M, Ji, gk(t)).

Following [14], one may use Uhlenbeck’s trick. Consider a fixed complex vector bundle E — M isomorphic to TM — M;
with a suitable choice of bundle isomorphims ¢; : E — TM, one obtains a fixed metric ¢fg(t) on E. Now choose an unitary
frame {eq} on T1:O(E) that corresponds to an evolving unitary frame on TM via (, let Ra&ﬁB denote R(17g(t), ex, €a, g8, €p),
the evolution equation of bisectional curvature reads ([12] for example):

0
3¢ Raapp = Dz Rogpp + Y RaauvRgz,5 — IRagpvl” + IRyg,51%)- (1)
[RY

Now assume that m(t) = miny, ycr10 R(U, U, V,V), and assume that m(tg) = RaaﬂE for some tp and some point p € M.
Considering the first and the second variations of Roapp and following the proof of Proposition 2.1 in [12] and the curvature
bounds in Step 1, we conclude from (1) that %h:to > c(n)m(tp) whenever m(tg) < 0. Therefore there exists some time
interval [0, 8(n)] either m(t) > 0 or w <cn)(—m(t)) if m(t) < 0. Recall m(0) > —%, in either case we end up with
m(t) > — et for all t € [0, 82(n)]. O

Step 5: (a contradiction after taking the limit of (My, Jk, gk(t)))
Let us consider (Mg, Ji, 8k(t)) where t € (0, §2(n)] be a sequence of Kidhler-Ricci flow; from previous steps, we conclude
that there exist 83(n) and c(n) such that

(i) [Rm|g, ) (Mg, gk(t)) <c(n) for and k> 1 and t € [0, 3(n)].
(ii) inj(My, gk (to)) > g for some to € [0, 53(m)].
(iii) Ric(My, g (to)) > ﬁ for any k, this follows from Step 2 and 4.

It follows from Hamilton’s compactness theorem of Ricci flows [15] that (Mg, Ji, gkx(t)) converges to a compact limiting
Kahler-Ricci flow (Mo, Joo, 80o(t)) where t € (0,8,(n)]. It follows from Step 4 that ge.(t) has nonnegative orthogonal
bisectional curvature and H(g~(t)) > 0 for any 0 <t < tg. Note that all My and M, are simply connected ([27]); it follows
from [9], [12], and [28] that (Mo, g0 (tp)) must be of the following form.

(CP*, gh,) x - x (CPX, g ) > (N1 hy) -« (NKr ). )

Where each of ((C]P’k",gki) has nonnegative bisectional curvature and each of (N’f,hli) is a compact irreducible Hermitian
symmetric spaces of rank > 2 with its canonical Kihler-Einstein metric. Now consider a time t; < tg close to t = 0; it
follows from Step 2 that g (t1) is close to %—holomorphic pinching and also has the same decomposition as in (2). Indeed
the decomposition (2) is reduced to exactly the list in the conclusion of Proposition 1.2. To see it, one may also apply the
formula of pinching constants of a product of metrics with H > 0 ([1]). However, (M, Ji) is not biholomorphic to any
of the three listed in the conclusion of Theorem 1.1. Now we have a sequence of Kdhler manifolds (Moo, & Jx, ¢f 8k (t1))
converging to (Moo, Joo, E0(t1)), Where ¢y : Moo — M), are the diffeomorphisms from Hamilton’s compactness theorem.
The desired contradiction would be found if we can show that (Mo, ¢} Ji) is biholomorphic to (Mwo, Joo) When k is large
enough.

Indeed, this will follow from Kuranishi’s construction of the Kuranishi family (see [20], [21], and an exposition of these
results on pp. 165-173 of [19]). Consider a complex manifold (X, J) endowed with a fixed Hermitian metric g, the space of
almost-complex structures has a natural structure of a Fréchet manifold. Any complex structure J’ sufficiently close to J in
the sense of the Fréchet topology is identified as some T':%X-valued (0, 1) form on X that solves a Maurer—Cartan equation.
Considering the action of the diffeomorphism group of X on the space of complex structures, Kuranishi constructed a
family of solutions to such an equation whose parameters lie in the finite-dimensional space H!(X, ®x), where @y is the
sheaf of holomorphic vector fields on X. In more details, Kuranishi showed the existence of the Kuranishi family, which
is a holomorphic submersion & : (X, X) — (B, 0), where ©=1(0) = (X, J) and B is an analytic subset in H!(X, ®x) =C™
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with m = dim H'(X, ®x). For our purpose here, it suffices to note that it was remarked in [21] (p. 154) that any complex
structure ]’ sufficiently close to J can be realized as some n~!(b’) where b’ € B in the Kuranishi family.

Now we consider the Kuranishi family associated with (Moo, Joo, 8c0)- For k large enough, ¢ Ji is exactly sufficiently
close to J in the Fréchet topology mentioned above, therefore these (M, ¢; Jx) could be parameterized by points in
BC H'(My, ®m,, ). However, since any compact Hermitian symmetric space has H' (Mg, ©m,,) =0 (Bott [4]), this forces
B = {0} and (M, ¢y Jx) to be isomorphic to (Moo, Joo). This finishes the proof of Theorem 1.1.

3. The remark

Note that Proposition 1.2 works in the case of the local one-half pinching, therefore it seems natural to ask:
Question 3.1. Does Theorem 1.1 hold if we replace the global almost-one-half pinching to the local one?

Another optimistic hope is that H > 0 is preserved along Kdhler-Ricci flow as long as the initial metric has a suit-
able large holomorphic pinching constant. We refer the interested reader to [29] for more discussions. In particular, some
conjectures on compact Kahler surfaces and 3-folds with large holomorphic pinching constants were proposed in [29].

Acknowledgements

We would like to thank an anonymous referee for many valuable and constructive comments on an earlier version of
this preprint. Bo Yang is grateful to Fangyang Zheng for his interests and helpful comments.

References

[1] A. Alvarez, A. Chaturvedi, G. Heier, Optimal pinching for the holomorphic sectional curvature of Hitchin's metrics on Hirzebruch surfaces, Contemp.
Math. 654 (2015) 133-142.
[2] A. Alvarez, G. Heier, F. Zheng, On projectivized vector bundles and positive holomorphic sectional curvature, arXiv:1606.08347.
[3] M. Berger, Pincement riemannien et pincement holomorphe, Ann. Sc. Norm. Super. Pisa (3) 14 (1960) 151-159, Ann. Sc. Norm. Super. Pisa (3) 16
(1962) 297, Correction d'un article antérieur.
[4] R. Bott, Homogeneous vector bundles, Ann. of Math. (2) 66 (1957) 203-248.
[5] H.-D. Cao, The Kahler-Ricci Flow on Fano Manifolds, Lecture Notes in Mathematics, vol. 2086, Springer, 2013, pp. 239-297.
[6] H.-D. Cao, R.S. Hamilton, unpublished work, 1992.
[7] J. Cheeger, D.G. Ebin, Comparison Theorems in Riemannian Geometry, Revised reprint of the 1975 original, AMS Chelsea Publishing, Providence, RI,
USA, 2008.
[8] B-y. Chen, Extrinsic spheres in Kdhler manifolds, II, Mich. Math. J. 24 (1) (1977) 97-102.
[9] X.X. Chen, On Kdhler manifolds with positive orthogonal bisectional curvature, Adv. Math. 215 (2) (2007) 427-445.
[10] X.X. Chen, G. Tian, Ricci flow on Kdhler-Einstein surfaces, Invent. Math. 147 (3) (2002) 487-544.
[11] B. Chow, D. Knopf, The Ricci Flow: An Introduction, Mathematical Surveys and Monographs, vol. 110, American Mathematical Society, 2004.
[12] H. Gu, Z. Zhang, An extension of Mok’s theorem on the generalized Frankel conjecture, Sci. China Math. 53 (5) (2010) 1253-1264.
[13] R.S. Hamilton, Three-manifolds with positive Ricci curvature, J. Differ. Geom. 17 (2) (1982) 255-306.
[14] R.S. Hamilton, Four-manifolds with positive curvature operator, J. Differ. Geom. 24 (2) (1986) 153-179.
[15] R.S. Hamilton, A compactness property for solutions of the Ricci flow, Amer. J. Math. 117 (3) (1995) 545-572.
[16] G. Heier, B. Wong, On projective Kdhler manifolds of partially positive curvature and rational connectedness, arXiv:1509.02149.
[17] N. Hitchin, On the curvature of rational surfaces, in: Differential Geometry, in: Proc. Sympos. Pure Math., vol. XXVII, Part 2, American Mathematical
Society, Providence, RI, USA, 1975, pp. 65-80.
[18] S. Kobayashi, K. Nomizu, Foundations of Differential Geometry. Vol. II, Reprint of the 1969 original, John Wiley & Sons, Inc., New York, 1996.
[19] J. Morrow, K. Kodaira, Complex Manifolds, Reprint of the 1971 edition with errata, AMS Chelsea Publishing, Providence, RI, USA, 2006.
[20] M. Kuranishi, On the locally complete families of complex analytic structures, Ann. of Math. (2) 75 (1962) 536-577.
[21] M. Kuranishi, New proof for the existence of locally complete families of complex structures, in: Proc. Conf. Complex Analysis, Springer, 1965,
pp. 142-154.
[22] P. Petersen, Riemannian Geometry, second edition, Graduate Texts in Mathematics, vol. 171, Springer, New York, 2006.
[23] P. Petersen, T. Tao, Classification of almost quarter-pinched manifolds, Proc. Amer. Math. Soc. 137 (7) (2009) 2437-2440.
[24] X. Rong, On the fundamental groups of manifolds of positive sectional curvature, Ann. of Math. (2) 143 (2) (1996) 397-411.
[25] A. Ros, A characterization of seven compact Kaehler submanifolds by holomorphic pinching, Ann. of Math. (2) 121 (2) (1985) 377-382.
[26] W.-X. Shi, Deforming the metric on complete Riemannian manifolds, ]. Differ. Geom. 30 (1) (1989) 223-301.
[27] Y. Tsukamoto, On Kdhlerian manifolds with positive holomorphic sectional curvature, Proc. Jpn. Acad. 33 (1957) 333-335.
[28] B. Wilking, A Lie algebraic approach to Ricci flow invariant curvature conditions and Harnack inequalities, ]J. Reine Angew. Math. 679 (2013) 223-247.
[29] B. Yang, F. Zheng, Hirzebruch manifolds and positive holomorphic sectional curvature, arXiv:1611.06571.
[30] S.-T. Yau, A review of complex differential geometry, in: Several complex variables and complex geometry, Part 2, Santa Cruz, CA, 1989, in: Proc.
Sympos. Pure Math., vol. 52, Part 2, American Mathematical Society, 1991, pp. 619-625.
[31] S.-T. Yau, Open Problems in Geometry, Proc. Sympos. Pure Math., vol. 54, Part 1, American Mathematical Society, 1993, pp. 1-28.


http://refhub.elsevier.com/S1631-073X(17)30234-0/bib414348s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib414348s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib41485As1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib42657267657231393630s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib42657267657231393630s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib426F7474s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib43616Fs1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4345s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4345s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4368656E31393737s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4368656E58s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4368656E5469616Es1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib43686F774B6E6F7066s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib47755A68616E67s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4831s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4832s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4833s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4865696572576F6E6732303135s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4869746368696Es1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4869746368696Es1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4B4Es1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4B6F6461697261s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4B7531s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4B7532s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib4B7532s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib506574657273656Es1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib5054s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib526F6E67s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib526F73s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib536869s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib5473756B616D6F746Fs1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib57696C6B696E67s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib595As1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib59617531s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib59617531s1
http://refhub.elsevier.com/S1631-073X(17)30234-0/bib59617532s1

	A note on the almost-one-half holomorphic pinching
	1 The theorem
	2 The proof
	3 The remark
	Acknowledgements
	References


