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RESUME

On montre qu'il existe des espaces de Banach X, Y, un réseau & de X et une application
lipschitzienne f: & — Y telle qu'aucune extension F : X — Y de f n’est uniformément
continue.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

A metric space (X, dy) is said to embed uniformly into a metric space (Y, dy) if there exists an injection f : X — Y such
that both f and f~! are uniformly continuous. (X, dy) is said [5] to embed coarsely into (Y,dy) if there exists f: X — Y
and nondecreasing functions «, 8 : [0,00) — [0,00) with lim;— o (t) = oo such that a(dx(x,y)) < dy(fx), f(¥)) <
B(dx(x,y)) for every x, y € X. While making no attempt to survey the very large literature on these topics, we only indicate
here that in addition to their intrinsic geometric interest, uniform and coarse embeddings have important applications in
areas ranging from functional analysis [4] to group theory and topology [17] and theoretical computer science [2].

In the context of embeddings of Banach spaces, the literature suggests that uniform and coarse embeddings are closely
related, despite dealing with infinitesimal and large-scale structures, respectively. Specifically, by [1,6,15] a Banach space X
embeds uniformly into a Hilbert space if and only if it embeds coarsely into a Hilbert space. Also, certain obstructions work
equally well [7,11,9] for ruling out both uniform and coarse embeddings of Banach spaces. Despite this, it remains unknown
whether or not the existence of a coarse embedding of a Banach space X into a Banach space Y implies that X also embeds
uniformly into Y. The analogous question with the roles of coarse and uniform embeddings interchanged is open as well.
The only available negative result in this context treats uniform and coarse equivalences rather than embeddings: Kalton [8]
proved the existence of two Banach spaces X, Y that are coarsely equivalent, but not uniformly equivalent.

A recent work of Rosendal [16] yields progress towards the above questions. It implies that if X and Y are Banach spaces
such that X embeds uniformly into Y, then X also embeds coarsely into £,(Y) for every p > 1. As for the deduction of
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uniform embeddability from coarse embeddability, Rosendal’s work [16] implies that if X and Y are Banach spaces with the
property that for every 1-net & of X, every Lipschitz function f: ./ — Y admits an extension F : X — Y that is uniformly
continuous, then the existence of a coarse embedding of X into Y implies that X embeds uniformly into £,(Y) for every
p > 1. Rosendal therefore asked [16] whether or not every pair of Banach spaces X, Y has this (seemingly weak) extension
property. Here we show that this is not the case.

Theorem 1. There exist two Banach spaces (X, || - ||x) and (Y, || - |ly), a 1-net N of X and a Lipschitz function f : N — Y such that
every F : X — Y that extends f is not uniformly continuous. Moreover, any F : X — Y that is uniformly continuous satisfies

sup [[F(x) — f(X)lly = oo. (1)
XeN

It remains an interesting open question to understand those pairs of Banach spaces X, Y for which Rosendal’s question
has a positive answer, i.e., to prove theorems asserting the existence of a uniformly continuous extension of any Y-valued
Lipschitz function that is defined on a 1-net & of X. If the initial function f: & — Y is assumed to be Holder with suffi-
ciently small exponent rather than Lipschitz (which is a more stringent requirement since the minimum positive distance in
M is at least 1), then such an extension result holds true provided that Y is superreflexive. This follows from deep work of
Ball [3] (see [12] for the precise statement that we need here). Indeed, if Y is superreflexive, then by the work of Pisier [14]
we know that Y admits an equivalent norm whose modulus of uniform convexity has power-type q for some q € [2, c0).
Therefore, by [3,12], Y has metric Markov cotype q. Since any metric raised to the power 1/q has Markov type q, it follows
from [3,12] that every 1/q-Hdlder function from a subset of X into Y can be extended to a 1/g-Hélder function defined on
all X. The role of superreflexivity here is only through the finiteness of the metric Markov cotype of Y, so by [12] similar
statements hold true when Y is a g-barycentric metric space (in particular, if Y is a Hadamard space, then this holds true
with g = 2). These considerations, however, do not address Rosendal’s question, where the initial function f : & — Y is only
assumed to be Lipschitz. At the same time, an inspection of the proof below reveals that in Theorem 1 we can ensure for
every « € (0,1) that f is w-Holder, so in general the uniformly continuous extension problem for Hoélder functions on nets
in Banach spaces has a negative answer.

2. Proof of Theorem 1

The proof below is a variant of the argument in Section 5 of [13], which itself uses an averaging idea that is inspired by
Lemma 6 in [10].
For p > 2 let My : £, — £, be the Mazur map, i.e,, for every xe £, and jeN,
def z
Mp(x); = |xj|P?sign(x;).

Since p > 2, it is elementary to check that every u, v € R satisfy
2. 2 . 14 2 2
|u|?sign(u) — [v|?sign(v)| <2P~%|lu —v|*.

Consequently, for every x, y € £ we have
2

1-2 ? 2
IMp(x) = MpWllp <27 Pllx=yll; <2lx=yll5 . (2)

Denote

xdéf(ézz) and Y"éf(ézp) . 3)
p=2 o p=2 *©

Fix a 1-net M of ¢; and denote N = ]_[20:2 M. Then (by the definition of X) & is a 1-net of X. Define f: &N — Y by
setting for every (xp)g":2 € X,
oo+ def o)
f((xp)p=2) = (Mp(xp))p=2-

Since the minimum distance in N is at least 1, it follows from (2) (and the definitions of X and Y) that f is 2-Lipschitz.
Suppose for the purpose of obtaining a contradiction that there exists F : X — Y that is uniformly continuous and
satisfies

& sup [IF() — £ 0)lly < oo. (4)

Let w : [0, 0c0) — [0, 00) be the modulus of uniform continuity of F. Thus w is nondecreasing and lims_, o w(s) = 0. Write

F= (Fp)ffzz, where for every integer p > 2 the mapping Fj, : £, — £, also has a modulus of continuity that is bounded from
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above by w (by the definitions of X and Y). By (4) and the definition of f, for every y € M, we have |[Fp(y) —Mp(¥)lp <7.
Hence, since M is a 1-net,

sup [|[Fp(x) = MpX)|lp < SUPJ}SJ{{(IIF;;(X) — FpWllp +IIFp(y) = MpWllp + [IMp(y) — Mp()llp)

xely
) 2
< sup mf o(lx=yl2)+y+2ly —xl; ) <o) +y+2. (5)
xely YE
In what follows, for every n € N, we let ] : Z" — £, be the canonical embedding, i.e., Jn(X1,...,%) = (X1,...,%2,0,...).
Also, we let Qp : £p — E” be the canonical pl‘O_leCtIOI‘l i.e., Qn((xj) 2= (x1, ...,Xn). Given n € N, we identify a permutation
7 € Sy with its assoc1ated permutation matrix, i.e., TX = (Xz-1(1y, ..., X;-1(;) for every x € R". Similarly, we identify ¢ €
{—1, 1}" with the corresponding diagonal matrix, i.e., ex = (&1x1, ..., anxn) for every x e R".

Fix two integers p,n € N with p > 2. Define G}, ) — &y by

def

vxedh, GloE o Z > (em)'QuoFyo Ja(emx). (6)

meSy ee{—1,1)

Then, because {exr : (¢,7) € {—1,1}" x S,} forms a group of linear operators on R", we have Gg(anx) =¢em G’; (x) for every
(e,m) e {—1,1})" x Sy and x € £3. Since 7w (t14) =t14 for every t e R, AC{1,...,n} and 7 € S, that satisifes 7 (A) = A, it
follows that there exist «(t, A), B(t, A) € R such that G?,(tlA) =oa(t, A)1a+B(t, A)1j1,. ny~a. Since (14 =11, n)~a)(t1a) =
t14, it follows that B(t, A) = —B(t, A), thus G';(tl,q) = «(t, A)14. Finally, since for every A,B C {1,...,n} of the same
cardinality there exists w € S, with m (t14) =t1p, we conclude that «/(t, A) depends only on the cardinality of A. In other
words, there exists a sequence {ozk(t)},'::0 C R such that

VAC({1,...,n}, VteR, Gg(tlA)=()l|A|(t)1A. (7)

Since QnoMp o Jn(emx) =emQuoMpo Ju(x) for every x € £5 and (g, 1) € {—1,1}" x Sy,

sup G5 — Qno My o Ja(w]|, < sup \

> Y Em e By My)o fatemx)|

A nn!
xely 2'n weSy eef{—1,1)
(5)
<wd)+y+2.
In particular, for every ke {1,...,n—1} and t € (0, c0) we have

_”G (tln k+1, ..., )_QnOMpojn (ﬂn k+1, ..., })||p<w(1)+7+2-

and

G) ((Apr.y) — 11, k}H =[G} (1) = QuoMp o Jno ()|, S@(D) +v+2.

1
tp (2k)P = ‘ tp (1{117k+1 """" ny — 1{1 ..... k})”p
2
||G (tVp—is1,.my) — GZ (1, » T ”G (Y n—k+1,...m)) — tP Vg1, ) ,
+HGP ((1k) — P 1 k}Hp
”G (tl (n—k+1,..., }) — Gp (t1{1 ,,,,, k})”p +2w(1) +2y+4. (8)

At the same time, since GZ is obtained by averaging compositions of Qo Fjo J,: €5 — E’; with isometries (of both the
source space and the target space), the modulus of uniform continuity of G'Z, is bounded from above by w. Hence,

1G5 (EVns1...my) — G (1., k)||

2 ||Oél<(f)( n—k+1,...ny — 11, )H Iak(f)l(Zk)P —k» e ® (1, — 12,0 1<+1})||p
Dr 1G5 (E1q1....ky) — G (12, i1y ” kﬁa)(ﬁt).

In combination with (8), this yields the following estimate, which holds for every p,k € N with p > 2 and t € (0, c0).
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2 1 1
t? 2k)? <k?Pw(v/2t) 4+ 20(1) + 2y + 4. (9)

1
Suppose that 0 <t < e and choose

_’710 (L>—‘>2 and k= (M)Zl%(#)
e B w(v/2t)

1 1
These choices ensure that k» w(v/2t) > 2w(1) + 2y +4 and (2t%)7 > 1, so (9) implies that
1
1
(2t°) b S l
2 2e

Thus liminf;_,g w(s) > 0, a contradiction. O

w(V2t) >

Remark 2. In order to obtain an example of separable Banach spaces (X', || - ||x/) and (Y’, || - ||y») that satisfy the conclusion
of Theorem 1, replace the ¢, products in (3) by cg products, i.e., define

X’d—Ef(éE ) and Y’dﬁf(ék )
= N 2 0 = U ?)e

If the initial 1-net M C £, is chosen so that 0 € M, then the set N’ e xn ]'[;O=2 M is a 1-net in X’ and the above proof of
Theorem 1 goes through in this modified setting without any other change.
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