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Article history: Minkowski's question-mark function is a singular homeomorphism of the unit interval
Received 1 July 2014 that maps the set of quadratic surds into the rationals. This function has deserved
Accepted after revision 31 August 2015 the attention of several authors since the beginning of the twentieth century. Using
Presented by Etienne Ghys different representations of real numbers by infinite sequences of integers, called «-Liiroth

expansions, we obtain different instances of the standard shift map on infinite symbols,
all of them topologically conjugated to the Gauss Map. In this note we prove that each of
these conjugations share properties with Minkowski’s question-mark function: all of them
are singular homeomorphisms of the interval, and in the “rational” cases, they map the set
of quadratic surds into the set of rational numbers. In this sense, this family is a natural
generalisation of Minkowski’s question-mark function.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

RESUME

La fonction point d’interrogation de Minkowski est un homéomorphisme singulier de
I'intervalle unité tel que I'image des irrationnels quadratiques est contenue dans les
rationnels. Cette fonction a attiré l'attention de plusieurs auteurs depuis le début du
XX siécle. En utilisant différents développements des nombres réels avec des séquences
infinies de nombres entiers, appelées développements «-Liiroth, on obtient différentes
instances de l'opérateur de décalage sur I'espace des mots sur une infinité de symboles,
tous topologiquement conjugués a I'application de Gauss. Dans cette note, nous prouvons
que toutes ces conjugaisons ont des propriétés en commun avec la fonction point
d’interrogation : elles sont toutes des homéomorphismes singuliers de l'intervalle et, dans
les cas «rationnels », I'image des irrationnels quadratiques est contenue dans les rationnels.
En ce sens, cette famille est une généralisation naturelle de la fonction point d’interrogation
de Minkowski.
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A quadratic surd is an irrational solution of a quadratic polynomial with integer coefficients. Denote by A, the set of
quadratic surds in the unit interval Z := [0, 1] C R, and denote by Q the set of rational numbers contained in Z. Minkowski,
in [8], defined a function which is a one-to-one correspondence between the set A UQ and the set Q. This function is
called Minkowski's question-mark function, and is denoted by ? : 7 — 7.

On the other hand, the function ? is a singular function, that is, its derivative exists and ?’(x) =0 for Lebesgue almost
every x € Z. Functions like Cantor maps, sometimes called devil staircases, are singular maps if they are defined using a
Lebesgue measure zero Cantor set on the interval; however, these functions are constant on each connected component of
the complement of such a Cantor set. The function ? is strictly increasing and singular, so it is often called a slippery devil
staircase.

Minkowski’s question-mark function is defined using Farey fractions and mediants: set ?(0/1) =0, ?(1/1) =1 and define
it in the following way: if p/q and p’/q’ are consecutive Farey rationals of order n > 1, set:

) (p + p/) _ 2p/9+2(0'/9)
\q+q 2 ’
After Minkowski, several generalisations have been constructed, beginning with Denjoy and Salem; see [3,4,10]. Much more
recently, Kessebohmer, Munday and Stratmann in [5], and Munday in [9], study this map from the point of view of dynam-
ical systems, and of the relation with the generalised Liiroth expansion of numbers. In this note, we exploit further this
relation to obtain a family of functions which are generalisations of Minkowski’s question-mark function.

Let us recall the continued fraction expression of a number. Given x € Z, the continued fraction expansion of x is a
sequence of positive integers cf (x) := [ay, az, ...] € NN such that:

1
X = 7.1
ar + ay+--
For rational numbers, this sequence is finite and is not unique. In fact, [aq,...,a,] = [a1,...,a, — 1, 1]. Conversely, if x €
7\ Q, then cf (x) is infinite and unique. Given x € Z such that cf (x) = [aq, az, ...], the formula given in [10] is:
1 1
2(x) = (1)

201—1 - za1+a2—1 + 2a1+a2+a3—1 -

Notice that for rational points x € QQ, the function ?(x) is well defined and its value is rational, since the formula involves
only a finite number of terms.

Generalised «-Liiroth expansions are representations of real numbers by a sequence of integers, depending on a partition
of the interval. They where studied in [1] and they are a generalisation of the classical Liiroth expansion of [7]. In this
note, we will restrict our attention to the class of «-Liiroth expansions that were introduced in [5] (see also [9]). Each
of these representations depends on a countable partition of Z defined by a sequence with the following properties: let
o = {tj}j>1 CZI be a strictly decreasing sequence such that t; =1, and t; — 0 when j — oo. This sequence defines a
partition of Z by non-trivial intervals:

{tjs1.t11j =1} (2)

of length t; —tj;1 > 0. In this way, for any x € Z, there is a sequence of positive integers Liiry (x) := (an)n>1 (finite or
infinite) such that:

] n—1
x=tg, + Yy (=1 []te; — ta;41) ta,. (3)
n=2 j=1

In this way, Liiry (x) is called the a-Liiroth expansion of x with respect to the given partition «. This expression can be
found in [5] and [9]. Moreover, except for a countable set in Z, this expression is unique. It is not difficult to see that the
formula in (1), can be derived from (3), setting t, =2~®=1 for n > 1. On the other hand, if we set t, = 1/n, we obtain the
standard alternating Liiroth expansion of x.

We will show that, for any sequence «, there is a singular homeomorphism of the interval ?y : Z — Z. Moreover, if
o C Q, then ?,, maps quadratic surds into the set of rational numbers. In other words, to define ?y(x) for x € Z, one needs
to compute the continued fraction expression of x. The real number that has this sequence of integers as its generalised
o-Liiroth expansion is ?4(x). The purpose of this note is to prove the following theorem, which states that these maps are
generalisations of Minkowski’s question-mark function.

Main Theorem. Let « be a sequence as in (2). The function:

oo n—1
2 () i=te, + (=D [ (ta; — ta;41) ta,.
n=2 j=1

where cf (x) = [a1, az, .. .], is a singular homeomorphism of Z. Moreover, if o C Q, then ?¢ (A2) C Q.
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The proof of the fact that these functions are singular is a consequence of the fact that ergodic invariant measures for
dynamical system either coincide or are mutually singular.

1. Proof of results

Let ¥ := NN be the set of infinite sequences of positive integers with the product topology. Let o : & — % be the shift
map, that is o ((ay,az,...)) = (az,as,...). On the other hand, consider the Gauss map G : Z — Z defined by:

=
G)y=-—|-|,
X X

for x #0, and G(0) =0. It is a well-known fact that the set A corresponds to the set of pre-periodic points of G, Per(G) :=
{y €Z|3n,m eN, such that G"™(x) = G"(x)}. Furthermore, the Gauss map is a dynamical factor of o. In fact, the inverse
map cf ' : £ — 7 is a continuous and surjective map that satisfies o o cf ' =cf~! o G. If we set the partition y of Z, given
by In=((n+1)~1,n~1], for n > 1, we have that if cf (x) = (a1, az, ...), then G¥(x) € Iq,, for any k > 1. That is, the continued
fraction expression of a point x describes the itinerary x under the iterations of G, with respect to the partition y.

The following class of maps, introduced in [5], are also factors of the shift map o.

Definition 1.1. Given a sequence « as in (2), an «-Liiroth map is a piecewise linear map Ly : Z — Z defined by Ly (0) =0
and:

ti—x . ,
La(X)z{’—, ifxeltjza.t], jeN. (4)
tj—tjt

For these maps, the «-Liiroth expansion of x codifies the itinerary of the orbit of x, under the iterations of L., with
respect to the partition «. In fact, we have that Liir, o 0 = Ly o Liiryg. Precisely, if Liiry () := (ay,az,...) then Lg(x) €
(tay+1, tq, ], for any k > 1. Moreover, if & C Q, then the set of pre-periodic points is Q.

1.1. Invariant measures

Denote by A the Lebesgue measure on Z. The Gauss measure, given by ucg(A) := @ /A 1%, for any Borel set A C Z,
is the unique invariant measure for G that is absolutely continuous with respect to A. On the other hand, the Lebesgue
measure is the unique ergodic invariant measure that is absolutely continuous with respect to A, for any «-Liiroth map, for
any given sequence «. The following lemma, whose proof we omit, is a consequence of a stronger statement that can be
found in [5]. The uniqueness of this measure can also be obtained from the Folklore Theorem of existence and uniqueness
of absolutely continuous invariant measures for Markov maps; see [2].

Lemma 1.2. If T is a generalised linear «-Liiroth map, then A, the Lebesgue measure, is the unique T-invariant and ergodic measure
that is absolutely continuous with respect to the Lebesgue measure.

Now we are in a position to state and prove the following theorem, which proves the Main Theorem.

Theorem 1.3. Given a partition « as above, the map ?,, : Z — T is a increasing homeomorphism such that ? is singular and that
Lyo?q =?¢ o G. Moreover, ifa C Q then ?4(Ay) C Q.

Proof. Let v be a partition as above. If we define ?, := Li]r;l ocf :Z — Z, then clearly Lyo?y, =? o G, and hence is a
topological conjugation between G and L. Notice that ?/,(x) exists for A-a.e. x € Z, since the function ?, is increasing.
Moreover, if « C Q then ?,(Ay) =Per(Ly) C Q, since ?, is a conjugation.

To prove that ?, is singular, we need to show that there is a Borel set B such that A(B) =0 and A(?4(B)) =1; see
Theorem 3.72 of [6], for instance. For that, consider the pull-back measure .y (B) := A(?(B)), for any Borel set B on Z. The
measure /Ly is invariant and ergodic for G. This follows from the fact that A is an invariant ergodic measure for L.

So, we have two ergodic measures for G. Therefore, either wy, = g or they are singular to each other. If py = g, we
have that for any Borel set B:

1 dx

dx= | 7' 0)dx= —— | ——.
/ X /“(X)X log2) 14x
B

2 (B) B

Therefore, ?;1 (x) = 1/(log 2(1 + x)), for r-a.e. x € Z. Observe that the right-hand side is a decreasing function on x, and
that ?,, 1(x) is increasing. This is a contradiction. Then, ¢ and g are mutually singular. Hence, there exists a measurable
set B C T such that A(B) =0 and A(?4(B)) =1, and we are done. O



946 A. Arroyo / C. R. Acad. Sci. Paris, Ser. 1 353 (2015) 943-946

Acknowledgements

The author is grateful to Carlos Cabrera (UCIM-UNAM) and Sara Munday (University of York) for many helpful discussions
on this subject. This work was partially supported by CONACYT-167594, México.

References

[1] J. Barrionuevo, R.M. Burton, K. Dajani, C. Kraaikamp, Ergodic properties of generalized Liiroth series, Acta Arith. 74 (4) (1996) 311-327.

[2] R. Bowen, Invariant measures for Markov maps of the interval, Commun. Math. Phys. 69 (1) (1979) 1-17, with an afterword by Roy L. Adler and
additional comments by Caroline Series.

[3] A. Denjoy, Sur une fonction de Minkowski, C. R. Acad. Sci. Paris 194 (1932) 44-46.

[4] A. Denjoy, Sur une fonction réelle de Minkowski, J. Math. Pures Appl. 17 (1938) 105-151.

[5] M. Kessebohmer, S. Munday, B.O. Stratmann, Strong renewal theorems and Lyapunov spectra for «-Farey and «-Liiroth systems, Ergod. Theory Dyn.
Syst. 32 (3) (2012) 989-1017.

[6] G. Leoni, A First Course in Sobolev Spaces, Graduate Studies in Mathematics, vol. 105, American Mathematical Society, Providence, RI, USA, 2009.

[7] J. Liiroth, Uber eine eindeutige Entwickelung von Zahlen in eine unendliche Reihe, Math. Ann. 21 (3) (1883) 411-423.

[8] H. Minkowski, Geometrie der Zahlen, Gesammelte Abhandlungen, vol. 2, Chelsea, New York, 1967, p. 1911 (reprinted).

[9] S. Munday, On the derivative of the «-Farey-Minkowski function, Discrete Contin. Dyn. Syst. 34 (2) (2014) 709-732.

[10] R. Salem, On some singular monotonic functions which are strictly increasing, Trans. Amer. Math. Soc. 53 (1943) 427-439.


http://refhub.elsevier.com/S1631-073X(15)00221-6/bib42617272696F6E7565766F3936s1
http://refhub.elsevier.com/S1631-073X(15)00221-6/bib426F77656E3739s1
http://refhub.elsevier.com/S1631-073X(15)00221-6/bib426F77656E3739s1
http://refhub.elsevier.com/S1631-073X(15)00221-6/bib44656E6A6F793332s1
http://refhub.elsevier.com/S1631-073X(15)00221-6/bib44656E6A6F793338s1
http://refhub.elsevier.com/S1631-073X(15)00221-6/bib4B65737365626F686D65724D756E64617953747261746D616E6E3132s1
http://refhub.elsevier.com/S1631-073X(15)00221-6/bib4B65737365626F686D65724D756E64617953747261746D616E6E3132s1
http://refhub.elsevier.com/S1631-073X(15)00221-6/bib47696F76616E6E693039s1
http://refhub.elsevier.com/S1631-073X(15)00221-6/bib4C75726F74683833s1
http://refhub.elsevier.com/S1631-073X(15)00221-6/bib4D696E6B6F77736B693131s1
http://refhub.elsevier.com/S1631-073X(15)00221-6/bib4D756E6461793134s1
http://refhub.elsevier.com/S1631-073X(15)00221-6/bib53616C656D3433s1

	Generalised Lüroth expansions and a family of Minkowski's question-mark functions
	1 Proof of results
	1.1 Invariant measures

	Acknowledgements
	References


