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RESUME

Dans cet article, nous proposons une autre méthode pour calculer les valeurs de la fonction
z8ta multiple aux entiers négatifs a I'aide de la formule de Raabe et des nombres de
Bernoulli.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

0. Introduction and notations

The multiple Zeta values due to D. Zagier are defined by ¢ (s1,...,Sk) = 20<n1<-~<nk ﬁ for positive integers s;
.

(i=1,...,k) and s, > 2. These values have a certain connection with topology and physics, and algebraic relations among
them are extensively studied (see [14,15] and [4]). Euler evaluated several special cases of double zeta values. Further, he
showed a very interesting formula which is at the origin of the sum formula in [5]. At present, a number of relations among
multiple zeta values is known, for instance the sum formula [5,8], Hoffman’s relation [10], and Ohno’s relation [13]. On the
other hand, Atkinson [3] investigated the analytic properties of the double zeta function and gave the analytic continuation
of £2(s1,52) to consider the mean square of the Riemann zeta function on the critical line. Atkinson’s essential tool is
the Euler-Maclaurin summation formula and the Poisson summation formula. The general meromorphic continuation of
Zx(s1,...,Sk) was given by Zhao [16] using distribution theory and independently by Akiyama, Egami and Tanigawa [1] by
means of the Euler-Maclaurin summation formula. Further, Matsumoto [12] showed the meromorphic continuation of a
more general multiple zeta function by means of the Mellin-Barnes integral.

In this paper, we are interested in similar expressions for the multiple zeta values at non-positive integers. This issue has
been discussed by various authors (see [11,9], and [1]) who all use the Euler-Maclaurin formula to deduce multiple values
at non-positive integers from the corresponding iterated integrals. The Euler-Maclaurin formula expresses the discrete sum
in terms of the integral and an interpolating function. Here, instead we use the Raabe formula [7], which expresses the
integral in terms of the sum.
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In what follows, for any elements X = (x1,...,X;) and y= (¥1,..., yn) of C", we write ||X|| =+/|X1]2 + -+ + |xn|2, |X| =
|%1|4+---+|xn| and (X,y) =X1y1+---+xnyn the standard scalar product. We denote the canonical basis of R" by (€, ....€,),
s=(s1, ..., 5;) denote a vector in C’, and we write s =g + it, where ¢ = (01, ..., 0y) and T = (17, ..., T;) are the real (resp.
imaginary) components of s (i.e g; = R(s;) and t; = J(s;) for all i).

The notation f(X, y,x) <y g(x) (uniformly at x € X and A € A) stands for the existence of A= A(y) > 0, which depends
neither on x nor A, but could depend on the parameter vector y, such that:

|[f(h,y,x)| <Ag(y) foranyxe Xandanyhe A. (0.1)

1. Main results

n

1
Lets=(sq,...,Sp) € C", we denote the multiple zeta function by Z(s _— 1.1
S=(51,..,5n) P VZE)= ) ]_[(mﬁL g (11)
meN* j=1
1
and the corresponding integral function by Y (s) = —dx. 1.2
ponding integ yY(s) = f ]_[(X]Jr o (1.2)

(1,400 =1
For the meromorphic continuation of the integral (1.2) and the series (1.1), we refer the reader to the work of Akiyama [1].
We first give well-known elementary result for the integral function.

Lemma 1.1. Let N = (N1, ..., Ny) be a point of N".

(1) The point (s = —N) is a polar divisor for the function Y (s) if and only if there exists a k = (ka, ..., ky) € N*~1 such that

(sn—l)(sn-i—sn_]—2+I<n)...(Zs,-—n+Zk,-> ]‘[(Zs,—n+1—1+ > /<1>_ : (13)
i=1 i=2

j=1 i=j+1

(2) If s = —N) is not a polar divisor for the integral function, then the value of this function at this point exists and is given by

TN =Yk
(217j +n .;:j’ Z ]+1<)(_-1)n

Y(=N)= - (14)
gerz(u) ]11 oy si—n+ 2o k) Qo Ni+n—j+1 =30 ki)
with
n n
T(N) := {lg:(kz,...,kn)eN”_l: 0<kj<> Ni+n—j+1- Y k,v2<j<nt. (15)
i=j i=j+1

We give now a similar result for the multiple zeta function.

Theorem 1. Let N = (N1, ..., Ny) a point of N", if the point (s = —N) is not a polar divisor for the integral function Y (s), then the
value of the multiple zeta function Z(s) at the point (s = —N) exists and is given by

Z(-N)
. (-1)"A(=N)B,

= 2 [

k=(ky,....kn)€T (N) v=(v1....vn)eN" j= 2(21 1N'+H_Zl Zk’)(Zl JNl+n Z' J+1k)

vjs<kj v25j§n;v1§(z’i1=1 N,»+n—2?=2 (1 6)

with

ACN) = (Zl 1N,+n—21 2k1>11[<2?=jN,~+n—j+1 —Z?szki) <kj>

kj V]'

n n
and T(N):= :lg:(kz,...,kn)eN"_1:O§l<j§ZN,-+n—j+1— > ki, V2§j§n]
i=j i=j+1

and By = ]_['}:] B,,j where Bv]. is the v j-th Bernoulli number.
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Proof of Theorem 1 in the case n = 1. In this part, we give the proof of our main result for n =1 as a warm up for the
proof for larger n. We have

1
(=) =20 (17)
n>0
+00
Fora € Ry we set Yq(s) = / (x+a) " dx (1.8)
! +
o0
1 —s+1
which for 5i(s) > 1 reads Y,(s) = / x+a)dx= %. (1.9)
1
A+ -1 T /N+1
Thus, forall N e N: Yq(—N) = — = . 1.10
us, forall N e N: Ya(=N) N+1 N+1l; k)¢ (110)
1 M N
Then, Pr ition 4.2 of Section 4 sh that {(—N) =Z(—N) = —— B 111
en, Proposition of Section 4 shows that ¢ (—N) (—N) N+1Z( K > k ( )

k=0
where By is the k-th Bernoulli number, which ends the proof of Theorem 1 for n =1.

N-1

N+1
Now, we recall the elementary result: (N + 1)By = — Z < : > By. (112)
k=0
. . . Bn+1
Finally, we obtain the known result: {(—N) = Z(—N) = — N+l a (1.13)
2. Proof of Lemma 1.1
n
Let the integral function: Y (s) = / l_[ (X1 4+ x) i dx. (2.1)
(1,400 =1

We use the following change of variables: y; =x1 +---+x — (i—1) (2.2)
forall1 <i <n, which givesx; =yjandx; =y; — yj_1 + 1 (2.3)
forall 2<i<n.

Since X = (X1, ..., o) € [1,4o0[", thisgivesy e Vy={y eR": 1<y <y, <--- < yn} (2.4)

n
and, we find Y (s) = / H (yi+i—1"%dy. (2.5)
voi=1
! n—1 +oo
This integral can be rewritten as follows: Y (s) = / 1_[ (yi+i—17% ( / (Yn+n—1)""n dyn)dy1...dyn_1 (2.6)
Vi1 i=1 Yn-1
+00 _ 1

- - (Yn—1+n—2)"5t1 1 sn+

th —1)Sndy, = 1
wi / (Yn+n ) Yn 51 Vo14tn—2

Yn-1
541\ (g +n —2)~snt1—kn
-y ( Sn+ ) Yn-1+n-2) ifand only if 9i(s,) — 1> 0. 2.7)
Py kn sp—1

Inductively on n, we find:

() (i ) ER s

Y(s) = (2.8)
k(kz,‘%n:)d\”“] (Sn —1(Sn+Sp—1—2+ kn)...(Z?:1 si—n+ Z?:z ki)
n n
ifandonly ifforall1 <i<n-—1, S)’t(Zsi) —n+j—1 +Zk,~ >0 (2.9)
i=1 i=2
and R(sy) — 1> 0. (210)

Therefore, for any point N = (Nq,..., Ny) e N!
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1) the point (s = —N) is a polar divisor for the function Y (s) if there exists a k = (ka, ..., k) € N*~1 such that

n n
(Sn— 1)(Sn + Sn1 — 2 +I<n)...(Zs,- —n+Zk,~> ]_[ (Zs, —n4+j-1+ Z k) (2.11)
i=1 i=2 j=1 i=j+1
2) if (s=—N) is not a polar divisor, we get
n .
Np+1 Z?:zNi +n— Z?=3ki _ 1—[ Z?sz,' +n—j+1- Z?=]+1 ki _o (212)
kn k2 - kj
if and only if there exists a k= (ka, ..., kn) € N"~! and 2 < j <n, such that kj > S iNidAn—j+1-30 ki
Let
n n
T(N) := {lg= (kz,.kn) eEN"1:0<kj <Y Ni+n—j+1- Y ki, v2 §j§n] (213)
i=j i=j+1
which is finite, then
" (Z?:j Ni+”—ll'<f1—Z?=j+1 ki)(_l)n
Y(—N) = ’ - . (2.14)
k;@)jll Qoimysi—n4+ i k) Qo Ni+n—j+1 =37 4 ki)
3. An intermediate estimate
For a= (a1, ...,as) e RY and s = (s1, ..., sp) € C", we define the function:
n
Yq(s) = / H()q+~~-+xi+a1+-~~+ai)_s"d5. (3.1)
[1.4oo[? =1
We prove the following useful result.
Proposition 3.1. Let N = (N1, ..., N) a point of N", then we have for a € R*:
Ya(=N)
3 > Tl e L
= n n n . n
k. )T (N) V(v v =2 Qimi Ni+n =33 o k)Q i Ni+n—j+1=35 ;1 ki)
vjs<kj V2<j<n; v1<(z N‘*"*ZLZ k;) (3 2)
with
n .
A=) — S Ni+n—=Y1 ki 1—[ S iNitn— 1= ki (kj (3.3)
- Vi k; vj
j=2
and
n n
T(N) := [1_<: (kg k) EN'1 0 <kj <) Ni+n—j+1— > ki, ¥2<j sn}. (3.4)
i=j i=j+1
Proof. Let a € RY}, such that for all x = (x1, ..., X;) € [1,+o0[" and for all 1 <i<n
1+a;
+a <1, (35)
X1+ ... +Xi1+a1+...+ai—1
n
we have: Yq(s) = f 1_[(X1 +oodxitay+ -+ a;) 75 dx. (3.6)

(1,400 =1

This integral can be written as follows:
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n—1 +o00
Ya(s) = / l_[()q+~~+x,-+a1+-~-+ai)_5"</ (X1 + -+ xn +a1+-~+an)_5"dxn)dx1...dxn_1. (3.7)
1

[1, 4001 =1

Since for NM(sp) > 1, we have:
+00

/ (“ +X +(l +. )—Sn (‘Cl -+X +(l +. 1 an)
n 1 +a d}, n—1 1 +a 1 S, 1
1

sp—1

condition (3.5) yields
+o00

kn sp—1

kneN

n

n
Ifforit<j<n-1, (Zﬂt(sﬂ—n—f—j—l#— Z k,-) >0

i=j i=j+1
then inductively we find:
- n _Z?sti—kn—j—l—l—Z?:iji)
Ya(s) =
a(s) lﬁ:(kz,,%)ewll ]11 ( kj
(1+aphi(1+ap~ Zimrsitn-Xizk
s k) (TSt 1+ S k)

ki .
But, for all 2 < j < n we have: (l—i—aj)kf: Z ( ]>a}/’

_ —sn+ 1Y (1+ap)kn et
f(x1+--~+xn+a1+~~+an) Sn dxy = Z( " )%(M+~-~+xn_1+a1+m+an_1) snt1—kn_
1

VjeN Vj
Vi n n
and (1 + ap)- S sitn-Xha ki _ ) (— Yhasi+tn— Y ki ) a"
vieN Vi
vis(= X0y si+n=30 5 k)
which yields
n A(s)a¥‘a‘./f
Yﬂ(é) = Z Z l_[ n n 7n ! ; n
k=(ks.. o) NP1 R —" =2 (Zi=] Si—n+4 Z,‘=2 ki)(z,‘=j si—n+j—1+ Zi=j+1 ki)

viskj V2<jsmivi<(= X0 sitn=Y0, ki)

_Z?=15i+n—2?=2ki)ﬁ(—Z?zjsi—i-n—j—i-l —2?=j+1/<,-> (kj)
j=2

with A(s) = ( v, K v;
Setting s = —N = — (N1, ..., N;) € N" yields (3.2) and ends the proof of Proposition 3.1. O
4. Proof of Theorem 1

The proof relies on the Raabe formula [7], which expresses the integral in terms of the sum.
Proposition 4.1.

(1) Raabe formula:

forall's € C", outside the possible polar divisors of Y (s), we have: Y (s) = / Zi(s) dt

te[0,1]"
< 1
where: 209 = 2, || iy v o

meN* j=1

and dt is the Lebesgue measure on R".

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(313)

(3.14)

(3.15)

(4.1)

(2) For a fixed point N = (N1, ..., Ny) in N", the maps a+—> Ya(—N) and a > Za(—N) are polynomials ina = (a1, ..., ay) € R'}..
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Proof.

(1) Let s € C" be chosen in such a way that the integral function and the multiple zeta function are absolutely convergent.
Thus, for te R}, we have:

n
/ Zdt= [ > J[@+-+ti+m+-4m)~idte
[0,1]" [0,1]n meN7 i=1
n
= > / [T+ +ti+mi+-+m)~Sidt
m=(mq,..., mp)eN? ?:1 [mym;+1] i=1

n
= / H(X1+-~-+X¢')_s"d§=Y(§)-
[1,+oo[? =1

This last equality, which is verified for all s € C", follows by analytic continuation outside the polar divisors.
(2) Follows from (3.2) combined with the Raabe formula. O

Lemma 4.1. (See [6].)
Let P and Q to be two polynomials in n variables linked by P(a) = / Q@+vtdt. (4.2)
te[0,1]
n
Write out P(a) = P(ay, ....an) = »_h [ [a;’ (4.3)

where hy € Cand L= (L1, ..., Ly) € N" ranges over a finite set of multi-index. Then
n
Q@=Q@,...an) =Y h.][Br (@) (4.4)

where the By, (a;) are the Bernoulli polynomials [2].
Conversely, if Q is given by (4.4), then the relations (4.2) and (4.3) yield equivalent formulas for the polynomial P.

Proposition 4.2. If we write out the polynomial Ya(—N) as a sum of monomials, Ya(—N) = ZL CLaL with ak = H, 1 a "and Cyp =
L(\N) eC.

Then Z(—N) = Y, CLBL where By = [ [}, By, is a product of Bernoulli numbers.

More generally, fora = (a1, ..., an) € R, we have: Z;(—N) = Y CLBL(@) where BL(a) = [[i_; BL, (@) is a product of Bernoulli
numbers.

Proof. It follows from the above lemma, with P(a) =Y4(—N) and Q (a) = Z4(—N). O
4.1. Proof of Theorem 1

Relation (3.2) shows that for all a € RT,

Ya(=N)
5 > 1_[ (=D"A(-N)ay"a;’
- R o ik L Ni+n—=Y1, ki)(z,'-l:j Ni+n—j+1— Z?=j+1 ki)
K; vjskj v2sjsmvi (DL Nj+n=21 5 kp) (4.5)
with
n .
ACN) = YL Ni+n—Y1 ki 1—[ Z?:jN,-—i—n—J—i—l > i1k k;j (46)
- V1 k; vj

j=2

and
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n n
T(N):i={k=(ks,..kn) eN"1: 0<kj <> Ni+n—j+1— > k., V2<j<n (4.7)
i=j i=j+1
n .
Setting a* =]’ 1_[ a]v.’ (4.8)
j=2
this gives
n
(=1D"A(=N)a*
Yo(=N) = - .
’ g:(kz,.%:)emn—l zz(vlg\;n)eN” g (it Ni+n = Y k) Q0L Ni+n— j 1= 3 ki) (4.9)
vjskj vasjsmvyi<(ZL ) Nitn=30L, kp)
It follows from Proposition 4.2 that
n
(=D"A(=N)By
Z(-N) = 2P
K:(kz,.w%)eN”*l 1:(V1§H)EN" j=l_[2 (ZLl Ni4n-— ZLZ lci)(ZL] Ni+n—j+1- Z?=]+1 ki) (4.10)
vjskj v2sjsmvy (XL Nitn-XL, ki)
with By = ]—I'}:1 By, and By, is the v;-th Bernoulli number, which ends the proof of Theorem 1.
5. Double zeta values
In this part, we give an application of our main result for n = 2. We have:
1 1
o= ), wm= ) maee
np>n>0 172 (npyens2 1 V1 T2
Thus, for all a = (a1, az) € R2
+00 +00
Yq(s) = Ya(s1,52) = [ / (%1 +a1) 7 (x1 4+ x2 + a1 +az) "52dx1dx;.
1 1
Proposition 3.1 gives for N = (N1, Ny) € N2
Na+1 Ny+Na+2—k  k (N2+1> (N1+N2+2—’<> ( k )a¥1a52
Vi V2
Yqi(=N) = 51
o1 = Z IDDY (N1 +Nz+2—k)(N2+1) G-
=0 v1=0 vy=0
Proposition 4.1 shows that
No4+1 Ni+Np+2—k  k (Nz+1) (N1+"’VZ+2"<) (vk ) By, By,
1 2
Z(-=N)=Z(—N1,—Na) = 5.2
2oL LT Wame i 2
vi=0 vy=0
with By, and By, are the vq-th and vq-th Bernoulli numbers (successively).
We give some values in the table below.
N =(N1,N2) Z(-N) N=(N1,N2) Z(—-N) N =(N1,N2) Z(—N)
(0,0) 3 (1,0) = (2,0) =L
0,1) 13 () g .1 340
0,2) 2 (1,2) 70 2.,2) =i
©0.3) 20 (1,3) = 2.3) &
-1 1 29
(0, 4) 210 (1 ) 4) 504 (2, 4) 37800
1 1 -1
©,5) 353 (1,5) 504 2,5) 780
-1 1 1
(3,0 ﬁ% (4,0 2? (5,0 Wz‘sz
G 10030 4, 1) 504 6.1 30240
(3,2) 504 4,2) 15120 (5,2) 350
1 -1 109
3.3 50400 4,3) 480 (5,3) 133056
-1 -1 1
(37 4) 480 (47 4) 1?6320 (5s 4) 264 2
—557 7
(3,5) el 4,5) 64 (5,5) 181621440
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