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L'article traite d’'un probléme d’explosion des solutions d’équations paraboliques non
linéaires sous forme de divergence, avec des conditions aux limites non linéaires. On
obtient une estimation d’'une borne inférieure du temps d’explosion des solutions dans
le cas d’'un domaine borné 2 CR", n > 3.
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1. Introduction

In this paper, we obtain a lower bound for the blow-up time of solutions to the following problem:

n
Uy = Z(a’j(x)uxi)xj—f(u), xe 2, t>0,
i j=1
noo (M
Z a’ (uyvj = gu), Xx€cd2, t>0,
ij=1
u(x,0)=ug(x) >0, xe s,

where 2 CR", n>3, is a convex bounded domain with smooth boundary, v is the outward normal vector to 32, ug(x) is
the initial value and (a” (x))nxn is a differentiable positive definite matrix. Moreover, we assume that the functions f and g
are nonnegative and satisfy:
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fznt?, g <yr?!, =0,

where p>1,q>1 and y; and y, are some positive constants.

Many papers in the literature are devoted to the bounds for the blow-up time in nonlinear parabolic problems, we refer
the interested reader to [1,4,6-9] and the references therein.

In [5], the authors investigated the existence of global and blow-up solutions to problem (1). It was shown that if
p>q>1and 2q < p + 1, the nonnegative solutions to problem (1) does not blow-up in finite time. Moreover, they showed
that under some reasonable conditions on f and g blow-up occurs. In addition, a lower bound for the blow-up time of
solutions was obtained when £ € R? is a bounded star shaped domain.

In this paper, we consider the case 2q > p + 1, and obtain a lower bound for the blow-up time in a smooth bounded
convex domain 2 CR" n>3.

In the next section, we will find a lower bound for the blow-up time, when the blow-up occurs.

2. Alower bound for the blow-up time

In this section we seek a lower bound for the blow-up time T in some appropriate measure. The idea of the proof of the
following theorem came from [1].

Theorem 2.1. Let u(x, t) be the nonnegative classical solution to problem (1) in a smooth bounded convex domain 2 C R", n > 3.
Moreover, we assume that the nonnegative functions f and g satisfy

foznt?,  g@ <y, 20, (2)

where p > 1,q > 1and 2q > p + 1 and y; and y, are some positive constants. Define

d(t) = / u?k dx, (3)
2

where k > max{2(n — 2)(q — 1), % — 1, 1} is a parameter. If u(x, t) blows up at finite time T, then T is bounded from below by

+o0

dé

T (4)
ky +k1& + ke& 308

@ (0)

where k1, ky and kg are positive constants that will be determined later.

Proof. Since (a(x));xn is a positive definite matrix, then there exists # > 0 such that for all € R",

n
> di@min; = om*. (5)
i,j=1
Now, we compute:
do
— = 2k/u2k—1ut dx

dt
2

n

= 2/</ k-1 ( > (aij(x)uxi)xj - f(u)> dx

o ij=1
n .o
= —2k(2k — 1) / u2k—2< Z a”(x)uxl.uxj> dx + Zk/ u=Tg(u)ds — Zk/ w1 fu)dx
2 =1 a0 2

< —2k(2k—1)9/u2’<—2|w|2dx+2k/uz’Hg(u)ds—2k/u2’<—1f(u)dx
2 82 2

22k — 1)6
—%/‘Vukfdx—i-Zkyz/uz”q’] ds—Zk)/lfquer’l dx, (6)
2 Yo 2

/N

where we have used (5) and (2) in the last inequalities. By integrating the following identity over £2,

V- (xu?* Ty = nu T 4 2k 4 q — Du* 2 (x. V),
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we obtain:
/uzmqq ds< [ ueraax 4 M/uz"*q’zwmdx,
Lo Lo
22 Q Q
where
po = min(x.v) > 0, d = max |x|.
92 )

Note that pg is positive since §2 is assumed to be convex. Next, applying the Young inequality for (7) twice yields:

1 1 2 (@2k+q—1)%d?

/u2k+q71 ds < _fuzk axr () 4 (2k+q-1) fu2k+2q,2 et /|Vuk|2dx,
2 2\\ po pE€r 2k?

FYe) 2 2 2

where €7 is a positive constant to be determined later. Substituting (8) into (6), we get:

do 212k — 1)60
—<<— @k—1) +yzel)/|Vuk|2dx+ky2/u2kdx
2 2

dt k k
2 2,02
2k —1)d
+k)/z(<£> + %) / u?k+24-2 4x — 2ky, / u?k Pl dx.
Lo PoE€1 J

Now, by using the Holder and Young inequalities, respectively, we get:
my
k(2n—3) k(2n—3)
/u2k+2q’2dx< |.Q|m1</u @=2) dx) <m1|9|+m2/u @2 dx,
Q Q

where

_(n—2)(2k+2q—2) m _(n—2)(2k+2q—2)
k(2n —3) ’ 2= k(2n — 3) '
Combining (10) with (9) gives:

do 212k — 1)0
é(— k=1 —|—yzél)/|Vu"|2dx+ky2/u2kdx
2 2

mp =

dr k k

2 242
2k —1)4d k@n—3)
+k)/2<<£> +%)m2/u m=2) dx
Lo P €1 J

2 242

2k4+q—1)°d

+kyz<(—n ) 4 Gt D q2 ) )ml|.Q| — 2kyy /u”‘“’*] dx.
£0 Po€1 A

We now make use of Schwarz's inequality to the third term on the right-hand side of (11) as follows:

1 1 3 1

ne 2 - 2 i on 3

/uk((iz?) dx < </u2kdx) (/ugzkvgfz” dx) < </u2k dx) (/(uk) -2 dx) )
2 2 2 2 2

By using the Sobolev inequality in [2, Corollary [X.14, p. 168] or in [3, Corollary 9.14, p. 284], for n > 3, we get:

—n__ —n__ —n__ —n__
11 s, < ()7 [u |35 500, < c(IVet ) + 115 a))-

where cs is a constant depending on 2 and n and:

1 3
= 22(c5)2, forn=3,
(cs) WD , forn>3.

By inserting (13) in (12), we obtain:

733

(7)

(8)

(9)

(11)

(12)
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3 n
k(2n—3) )
=2 2k k|| 2=2) k 2(n 2)
—2
[u't >dx<c(/u dx) (V|32 + | 7
2 2

3 n
) 4(n—2) 2(” 2)
:c(/uz"dx> (/]Vu"\zdx) (f dex)
2 2 2

Now, we can use the Young inequality to get:

4(n—2) (3 8) 33(n7§) 22(n—%)
k(2n-3) C 3n-8 n— n—. ne n—
[t ans O funa) e [l [0
Q 4n—-2)"" Vg Q Q

where ¢€; is a positive constant to be determined later. By using the Hélder inequality, we can have:

p—1

2k+p—1 -1 2k i

fu TPldx > |27 x /u dx .
2 2

Next, we can apply the Young inequality to the third term on the right-hand side of (15) to conclude:

P ( )*mfg =2 1+E
(n—2) €3) ™ n— €3 2k
/qu dx < /qu dx + = [qu dx ,
ms mgy
2 2 2

where
e — 2(n —2)(6k(n —2) — 2k +p —1)(3n — 8))
3= Bn-8)2k2n—-3)—-2n—-2)2k+p—-1))’
Mo — 2(n—2)(6kn —2) —Bn—8)2k+p — 1))

2k(6(n —2)2 — (2n —3)(3n — 8))

and €3 is a positive constant to be determined later. Combining (15), (16) and (17) with (11), we get:

d(p - - n—. 2n—3
o <k @ — 2ky1|.Q|*pzT1 o1 +ky +k3¢733(n7§) + ky@ 202 +I<5/|Vuk|2dx
Q
kae - k _m3 3(n-2
<k + ( 2kpl@~E + = 3>¢1+% +ha+ <k3 +te) m4>q>—3(n—s) +I<5/|Vu"|2dx,
may 3
where
k1 = kya,
2k +q — 1)2d?
ks —kyz[< ) + #]mnm,
£0 /00 1
4(n—2)
(2k+q—1)2%d*27(Bn—8) c 3-8
ks = ky,m; + 7
,00 '00 € 4(n —2) 38
2
2k 1)%d?
ka —kyz[< ) + u]mzc,
L0 p061
2k 4 q — 1)d? ne €1 22k—1)6
ks—[kl/z(( >+( -1 )mz} 2 na_ X )0
Lo ,0061 4(n—2) k k
By choosing €1 > 0 small enough, we can choose €; > 0 such that ks = 0. We also choose €3 > 0 such that:
2kyym -
€3 = M o 1B
ka

Hence, we can write:

) 3(n—2)
ar <ky+ k1@ +ked 3-8,

(14)

(17)

(18)
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where
k _m3
ke = k3 + —(€4) ™.
ms3

Then
do
3(n—2)
ky + k1 ® + ke 35

Integrating of (19) from 0 to t, we obtain:

<1. (19)

e (t)

dé
3(n-2)
kz + k1§ + ke& 318

@ (0)
Passing to the limit as t — T, we get:

+0o0

dé
3-2)
ka + k1§ + ke 38

<
@ (0)

Thus, the proof is complete. O
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