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Article history: In this Note we study the existence of the Lelong-Demailly number of a negative
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colleague Hatem Bettaher. Dans cette Note, on étudie I'existence du nombre de Lelong-Demailly d’'un courant négatif

plurisousharmonique relativement a une fonction positive plurisousharmonique sur un
ouvert de C" puis on donne quelques estimations des nombres de Lelong-Demailly des
courants positifs ou négatifs plurisousharmoniques.
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Version francaise abrégée

L'existence des nombres de Lelong des courants positifs a été résolu par P. Lelong dans les années 1950 pour le cas des
courants fermés, puis ce résultat a été étendu par Skoda au cas des courants positifs plurisousharmoniques. En revanche, il
existe des courants négatifs plurisousharmoniques qui n'admettent pas de nombres de Lelong, on peut voir par exemple que
log(|z2]%)[z1 = 0] est un exemple de courant négatif plurisousharmonique de bidimension (1,1) sur la boule unité de C2
qui n’admet pas de nombre de Lelong en 0.

Le principal objectif de cette note est de traiter le probléeme de I'existence des nombres de Lelong généralisés introduits
par Demailly [1,2] d’'un courant négatif plurisousharmonique T de bidimension (p, p) sur un ouvert £2 de C"; pour cela on
note PSH(T, §2) I'ensemble des fonctions ¢ positives plurisousharmoniques semi-exhaustives dont le logarithme log¢ est
plurisousharmonique sur £2, et telles que le produit extérieur T A (dd“@)P soit bien défini. Le nombre de Lelong-Demailly de
T relativement a un poids ¢ tel que ¢ € PSH(T, £2) est v(T, ¢) :=lim,_ o+ V(T, @, 1), olt v(T, @, .) est la fonction définie par

1 c \P
vrpni= = [ 1A
{p<r}
Le résultat principal de cette Note est :

Théoréme 1. Soient T un courant négatif plurisousharmonique de bidimension (p, p) sur $2 et ¢ € PSH(T, £2). Si la fonction t >
M est intégrable au voisinage de 0, alors le nombre de Lelong-Demailly v(T, ¢) du courant T relativement a ¢ existe.
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1. Introduction

The existence of Lelong numbers of positive currents was proved by P. Lelong in the 1950’s in the case of closed currents,
then this result was extended by H. Skoda to the case of positive plurisubharmonic currents. However, there are negative
plurisubharmonic currents which do not admit Lelong numbers, for example —(—log(|z2|%))€[z1 = 0] is a negative plurisub-
harmonic current of bidimension (1, 1) on the unit ball of C2, which admits no Lelong number at 0 for all 0 <€ < 1.

The main purpose of the first part of this Note is to study the existence of generalized Lelong numbers, introduced by
Demailly [1,2], in the case of negative plurisubharmonic currents of bidimension (p, p) on an open set 2 of C". In the
second part, we give some proprieties of the Lelong-Demailly numbers of positive or negative plurisubharmonic currents.
In particular, we prove that the Lelong-Demailly numbers do not depend to the system of coordinates. To this aim, we
consider a non-negative plurisubharmonic function ¢ on £2 such that log¢ is plurisubharmonic on {¢ > 0} and for every
r>0, rp >r1 >0, we set

By(n):={z€2; p2) <r},  By(r1,12):={z€2; 11 <@2) <12} =By(r2) \ By(r1),
By :=dd¢p = %85@, oy :=ddloge onf{p > 0}.

We assume that ¢ is semi-exhaustive, i.e. there exists R = R(¢) > 0 such that B,(R) is relatively compact in £2. If S is
a positive (or negative) current of bidimension (p, p) on the set £2 then we denote by PSH(S, §2) the set of non-negative
semi-exhaustive plurisubharmonic functions ¢ such that log¢ is also plurisubharmonic on £2 and the exterior product
S A (ddp)P is well defined. Finally, we denote by Zs(¢) := {k > 0; <p" € PSH(S, £2)} for every ¢ € PSH(S, £2); in particular,
if ¢ is C? then Zs(¢) D [2, +oo[ for every current S.

The Lelong-Demailly number of S relatively to the weight ¢ is v(S,¢) := lim,_ o+ v(S, ¢, 1) where v(S, ¢,-) is the
function defined on 10, R(p)[ by v(S,¢,1) := rlp f3¢(r) SA [55. The classical Lelong number is given by the choice ¢(z) =

@o(2) = |z

Example 1. Let S¢(z1, 22) = (|z2|%€ — 1)[z1 = 0] where € > 0. Then S is a negative plurisubharmonic current of bidimension
(1,1) on the unit ball B of C2, ¢g € PSH(S¢, B) and Zs, (90) = Zages, (o) =10, 4-o00[.

Proof. A simple computation proves that Se A dd(pf) = ’;—2(|22|25 — D|z22*Vidzy A dZy A [z = 0] and dd°S. =
;—2|22|2(€‘1)idzz AdZy Alz1 = 0], hence Se AddS(¢k) is well defined for all k > 0. Therefore, Zs, (¢0) = Zgges, (¢0) = 10, +0ol.
re/k 1

One can check easily that v(Se, (pg, r)= 21(2(6—_H< — ) and v(ddSe, o, 1) = 2er€, hence v(Se, gog) =-2k. O

2. Main result

In the following, we will use a Lelong-Jensen formula proved by Demailly [1]. In [3], Toujani used an analogue of this
formula to prove the existence of the directional Lelong-Demailly numbers of positive plurisubharmonic currents.

Lemma 1. (See [1] or [3].) Let S be a positive or negative plurisubharmonic current of bidimension (p, p) on £2 and ¢ € PSH(S, £2).
Then, forall0 <r; <12 < R(p),

v(S,¢,12) —v(S,,11)

1 1
== / SABy— / SAB)
ry r

By (r2) Tp, )
) r
= snal+ [(&—2)ae [ aarsapr+ (5 - 1) [ae [ dacsnpr (1)
= ¢ P Py I B
By (r1.12) M 27 By 127 B

According to Lemma 1, if S is positive plurisubharmonic then v(S, ¢,-) is a non-negative increasing function on ]0, R(¢)[,
so V(S, @) :=lim,_ o+ V(S, @, 1) exists.

It is well known that if S is a positive plurisubharmonic current, then for every ¢ € PSH(S, §2) the function t —
is integrable in the neighborhood of 0. Throughout this Note, for every negative plurisubharmonic current T on 2, we say
that a function ¢ € PSH(T, £2) satisfies condition (C) if the function t — M is integrable on a neighborhood of 0. In
particular, if ¢ satisfies condition (C), we must have v(dd‘T, ¢) = 0.

Now we state the main result concerning the case of negative plurisubharmonic currents.

v(ddS,p,t)
t

Theorem 1. Let T be a negative plurisubharmonic current of bidimension (p, p) on §2 and ¢ € PSH(T, £2) satisfying condition (C).
Then, the Lelong—-Demailly number v(T, @) of the current T relatively to ¢ exists.
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Proof. For every 0 <r < R(p), we set

r r
_1 p 1 c p—1 dt Cc p—1
f(r)_r—p / TAﬂ(p—i—r—p/dt/ddTAﬁ(p —/t—p/ddT/\ﬁq) .
0

By(r) By(t) 0 By(t)
Thanks to condition (C), the function f is well defined and non-positive on ]0, R(¢)[. Indeed,

r

p c
f(r):v(T,¢’r)+/<t__]>Mdt<0
rp t
0

because the function v(ddT, ¢, .) is non-negative on ]0, R(¢)][.
For 0 <r1 <1y < R(p) we set A(r1,12) := f(r2) — f(r1). The current T is negative plurisubharmonic, thus Lemma 1 gives

r2
1
A(r1,12) =v(T, @,12) —v(T, 9,11) + —p/tp_lv(ddCT,(p, t)dt
I

20

L5} )
1 1 v(dd°T, @, t)
_r_p/tp u(ddCT,(p,t)dtJr/fdt
19 i
_ / T ne? <0, (2)
By (r1,12)

Therefore, f is a non-positive decreasing function on ]0, R(¢)[, and this implies the existence of the limit ¢ :=lim,_ o+ f(r).
The hypothesis of integrability of v(dd“T, ¢, t)/t and the fact that (tP/rP — 1) is uniformly bounded give

r

p c
lim (f_p_l)Mdt:o_
-

r—0t t
Therefore, o =lim,_, g+ f(r) =lim,_ o+ V(T, @, 1) =v(T, ). O

Remark 1. If T is a positive (resp. negative) plurisubharmonic current of bidimension (p, p) on £2 and ¢ € PSH(T, £2) (resp.
satisfying condition (C)) then the extension T A a£ of T A ag’; by 0 over the compact set {¢ = 0} exists and we have

[ ThBE = -varp.
By (r)

Indeed, it suffices to use Lemma 1 to prove that qu;(e T A ,Bf,f is uniformly bounded and then tend € to O to prove the
equality of the remark.
A natural question arises: does the existence of the Lelong-Demailly number of the negative plurisubharmonic current

—~

T implies the existence of T A ag? So condition (C) will be necessary in Theorem 1.

In the following proposition, we give some properties of Lelong-Demailly numbers in both cases of negative or positive
plurisubharmonic currents:

Proposition 1. Let T be a positive or negative plurisubharmonic current of bidimension (p, p) on §2 and ¢ € PSH(T, §2). Then

v(dd°T, ¢,t)

,
U(T,(pkyrk):kp |:u(T,<p,r)+/ ;
0

tP tkp
(r_P B er) dt |, VkeZr(p), vreo,R(p)|. (3)

In particular, if T is negative, then v(T, @) exists if and only if for all k € Tt (¢), v(T, @) exists.
Furthermore, in both cases (with the assumption that v(T, @) exists if T is negative) we have

v(T, (p") =kPu(T, ).
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The previous equality is due to Demailly in the case of closed positive currents.

Proof. Let € > 0 be sufficiently small. By replacing ¢ with @ = ¢ + € and ¥ := ¢k with ¥ = goL‘, when T is negative
(respectively positive), equality (2) (resp. equality (1)) gives for 0 <1y <€ <1 < R(p)

r r
1 dd°T, @, t
V(T @e.1) = f T/\age - r—p/‘tp_H)(ddCT’ <ﬂs,t) dt+/%dt (4)

Bye (€,7) € €

and
Tk Tk
1 _ v(dd°T, e, t)
v(T,lﬁe,r")= / TAoef;/e —er/t” ]v(ddCT7W67t)df+/‘%dt

By, (ek,rk) ek ek
ko[ g (dd°T, e, 5
k v Ve, S
= nge—r?p]kp " (dd°T, Ye, s )ds—i—k/%ds
B¢E(E’<,Tk) € €

r r
p dd‘T
=kP / T Ao, —Tp/skp_lv(ddCT,(pe,S)ds—i-kp/wds
r

s
By (€,1) € €
17 [ V(ddT
t
=kp<v(T,<p€,r)+r—p/tp_lv(ddCT,we,t)dt—/Wdt)
€ €
kPl [ v(dde )
4 kp—1 c p [V T, @e,S
_er/s v(dd°T, ge. s) ds +k /fds
€ €
r
V(dd°T, @e,t) (tP tkP
_ 1P
=k (v(T,gog,r)—i-f ; i) de). (5)
€

Here we have used successively equality (4) with v instead of ¢ in the first equality, then the change of variable t = s,
next the fact that v(dd°T, v, s) = kP~ 1v(dd T, @e, s) (equality proved by Demailly in the case of closed positive currents),
and finally equality (4).

When € — 0, equality (5) implies equality (3).

Thanks to equality (3), for every r € 10, R(p)[, we have

r

1 c tP 1 tkp 1
V(T 0.1 = v(T, ¢ ) = /(dd”’f)( p_rTa)dt
0
The current dd°T is positive and closed, hence v(dd‘T, ¢,-) is a non-negative increasing function and v(ddT, ¢) = 0. We

consider two disjoint cases:

o First casek > 1.

r

. tp—1 tkp—1 . tp—1 tkp—] . k—1
0< / (ddT(pt)( T )d v(dd°T, ¢, 1) /( _HT>dt:V(dd T,p.r) o

0 0

Then
k—1
kp
e Second case k < 1. A similar calculation shows that we have

v(dd°T, ¢, 1) <v(T,@,1) — lv(Tgo ) <o.

<v(T, @, 1) — —U(T o*, %) < v(ddT, @, ).

In the two cases, both terms (of the right hand and the left hand) have the same limit 0 when r — 0T, This completes the
proof of the proposition. O
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3. Applications

The following corollaries are immediate consequences of Theorem 1 and/or Proposition 1:

Corollary 1. Let T be a negative plurisubharmonic current of bidimension (p, p) on £2 and ¢ € PSH(T, £2). If there exists k € It (¢p)

. c 1/k
such that the function t — M

to @ exists.

is integrable on a neighborhood of 0, then the Lelong-Demailly number v(T, @) of T relatively

Proof. We can prove this corollary in two different ways:

e First way. Thanks to Proposition 1, to prove that v(T, ¢) exists, it suffices to show that V(T, ¢¥) exists; for this we
observe that

VAT, ¢k, 0 _ v@dT, ¢ () o vddT, g, 07
t B t B t

is integrable on a neighborhood of 0 (hypothesis). Hence, thanks to Theorem 1, v(T, ¢¥) exists.
v(dd°T,p,t'7%)
t

c
Y(@d'T.9.0 tT’W) . Hence,

e Second way. We remark that the integrability of is equivalent to the integrability of
thanks to Theorem 1, v(T, @) exists. In fact if we take t = s* we obtain

o

6
cT 1/k cT
/v(dd .t )dt=k/v(dd ,w,S)ds.
t s
0

0

O

Corollary 2. Let T be a negative plurisubharmonic current of bidimension (p, p) on £2 and ¢ € PSH(T, §2) such that Zr(¢) is non-
bounded (this is always the case if ¢ is C2). Then for every r € 10, R(¢)[ one has v(T, ¢, 1) < — for v(ddT, @, t) ti—;l dt. In particular,
v(T, @, 1)< —#v(ddcT, s, 1) Vs> 1.

Proof. Thanks to Proposition 1, for every k € Zr(¢), we have
r
_ 1 koky _
uk) = o v(T, ", 1) =v(T,p,1) +
0

dd°T, @, t) (P tkP
M( )dt_

N

The function u is non-positive and increasing on Zt(¢), so
1 1 [ dd° oy
im ulk)=v(T,p,r)+ | v T,p,t)—dt <0.
k—+o0,keZt (¢) ( ) ( ¢ ) ./ ( ¢ ) rP
0
If s=1 the inequality is clear. For s > 1 we have
r r
tp1 tp-1 1—s7P r
u(T,<p,r)<—/u(ddfr,go,t)r—pdtg—/u(ddCT,go,t)r—pdrg— ) v(ddCT,<p, E)' O
0 r/s

Theorem 2. Let T be a positive or negative plurisubharmonic current of bidimension (p, p) on 2 and ¢, ¥ € PSH(T, £2) such that

liminf 28 ¥ @ -
¢(2)—0 log ¢ (2)

where Z7 () contains a neighborhood ¥ (£) of €. One has

o U(T,¥) > £Pv(T, ) if T is positive.
o U(T, ) < LPv(T, o) if T is negative (with the assumption that v satisfies condition (C)).

In particular, iflog vy (z) ~ £log ¢ (2) for ¢ (z) € ¥ (0) then v(T, ) = £Pv(T, @).
This type of theorem is called a “comparison theorem”; such a statement has been proved by Demailly in the case of

positive closed currents. Furthermore, one can deduce the invariance of the Lelong-Demailly numbers under changes of
coordinate systems.
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Proof. One can replace ¥ by y* with 1 <k € Zr(¥), in order to assume that
. logy(2)
—— >/
¢@—0 logp(2)
As a consequence

¥ (2)
i =0.
9(2—0 @(2)*

For € > 0 small sufficiently, we set ¥, := 1 + €@’ ( )«:V(O)ego‘z. Thanks to the dominated convergence theorem,
@(2)e

fim - TApl =2 T ABY
eLn})r_p /\'B%_T_p /\'B‘/’.
Ye<r y<r

e Firstassume T > 0. As the function v(T, ¥,-) is increasing then

T, ¥, _1 TABY >l € TABE =1 ! TABP
v e =5 /\'B%/pl—rpopp A'Bwf_plg]oﬁ A Bu,
Y, <r Ye<p epl<p
1
i P _ ¢
2/513”);, / TABL,=v(T.¢)

€pl<p

because W, ~ €@’ and T A (dd°(y +€¢®))P > T A (edd®(¢%))P. If € — 0, we obtain v(T, v, 1) > v(T, ). Hence, if r — 0,

V(T ¥) > v(T, ¢h).
e Now, assume T < 0. Thanks to Theorem 1, equality (2) gives

.
W(T, We, 1)+ vEdT, Ve 0) (7 1)dt <v(T,¥) = lim L TABP
s ¥, t D X s Fe _p%0,0p W
0 Ye<p
and a similar calculation proves that

r

v(T, Y, 1) +/

0

v(dd°T, W, t) (tp

¢
; r—p—l)dtgv(T,q)).

So if € — 0 we obtain

r

wxmn+/ﬂﬂ1iﬁ(f
0

12
. rp—l)drgv(T,go).

When r — 0, the last inequality gives v(T, ) < v(T, @%).

In the particular case log v (z) ~ £log ¢(z), for every € > 0, there exists 7 > 0 so that if |@(z)| < 1, then ¢(z)!1+€ < ¥ (2) <
©(2)!1=9 and for € small enough, £(1 +¢€), £(1 —€) € ¥ (£) C Zr(¢). Therefore we can apply the previous inequalities to
obtain £ (1 +€)Pv(T, ) < v(T, ) <LP(1—e€)PV(T, @) (resp. £P(1 —€)Pv(T, ) < v(T,¥) <LP(1+€)Pv(T, ¢)) in the case
T >0 (resp. T < 0). Hence, when € — 0, we obtain v(T, ¥) =£Pv(T,¢). O
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