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RESUME

On propose des tests d’ajustement du type chi carré pour des modéles paramétriques y
compris les modéles de la vie accélerée, de Cox, de risques proportionnels généralisés,
de transformations et d'autres. Le choix de limites des intervales de groupement comme
fonctions des données est considéré.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Nous considérons des tests du type chi carré pour I'hypothése générale composite Hy disante que des fonctions de survie
Si,i=1,...,n, de n objets sont des fonctions spécifiées S;(t, ) de temps t est de paramétre de dimension finie 6. Des tests
pour les modéles de la vie accélerée, de Cox, de risques proportionnels généralisés, de transformations et d’autres sont des
cas particuliers. Des données censurées a droite sont considérées.

Les tests sont basés sur le vecteur des différences entre les nombres des décés observés et les nombres des déces prédits
par le modéle paramétrique dans les intervales de groupement. Les techniques des processus de comptage sont utilisées
pour obtenir la loi limite de difference entre le processus des décés observés et le processus de décés prédits par le modéle
paramétrique. La statistique du test est une somme de deux formes quadratiques et sa loi limite et chi deux. Le choix de
limites des intervales de groupement comme fonctions des données est considéré.

1. Introduction

Suppose that n independent objects are observed. Let us consider the hypothesis Hy stating that the survival functions
of these objects S;, i=1,...,n, are specified functions S;(t, ) of time t and finite-dimensional parameter § € ® C R®.
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The hypothesis Hg can be also formulated in terms of the hazard functions A;(t, 0) = —Slf(t, 0)/Si(t,6) or the cumulative
hazard functions A;(t, ) = fot Ai(u, 6)du.

Let us consider examples of such hypotheses (see [1,4,6,5,11]):

(1) Composite hypothesis Hg: S;j(t) = S(t,0), where S(t,0) is the survival function of a specified parametric class of
survival distributions, for example, a class of Weibull, loglogistic, lognormal, Gompertz distributions. The distribution is the
same for any object.

(2) Parametric accelerated failure time (AFT) model: S;(t) = Sg(f(;e*ﬂTzf(“) du; y), where zj(t) = (1, zi1 (t), ..., zim ()T is
a vector of possibly time dependent covariates, 8 = (8o, ..., fm)” is a vector of unknown regression parameters, the function
So does not depend on z; and belongs to a specified class of survival functions: So(t,y), ¥ = ()/1,...,yq)T eGCRIIf
explanatory variables are constant over time then the parametric AFT model has the form S;(t) = So(e‘f’Tth; Y).

(3) Parametric proportional hazards (Cox) model: A;(t) = eﬂTZi(f)A(t, y), where A(t, y) is a hazard function of specified
parametric form.

(4) Parametric generalized proportional hazards models (including parametric frailty and linear transformations models):
h(A;(t),y) = fot eﬁTzf(“)A(u, v)du, where the function h(x, ) and the hazard function A(t, v) have specified forms. In par-
ticular, if h(x, ) = [(1 + %)Y —11/y, h(x, ¥) =[1 —e~Y*]/y, and h(x, y) = x+ yx?/2, we have respectively generalizations
of positive stable, gamma, and inverse gaussian frailty models with explanatory variables.

(5) Models with cross effects of survival functions: 1;(t) = g(z;, B, ¥, A(t, v)), where the cumulative hazard A(t, v) has
a specified form and the function g(z;, B, v, x) has one of the following forms:

T
BT zi+xe? Fi

T,. T,. *VTZi_]
g(zi, By, x) =eP A1 4 BTV 2y] . 8@, By, = - —
14 eB+V)lzifexe’ 5 _ 1]

In complete data case well-known modification of the classical chi-squared tests is the Nikulin-Rao-Robson statistic
which is based on the differences between two estimators of the probabilities to fall into grouping intervals: one estimator
is based on the empirical distribution function, other - on the maximum likelihood estimators of unknown parameters of
the tested model using initial non-grouped data (Nikulin [17], Rao and Robson [19], Greenwood and Nikulin [9], LeCam,
Mahan, Singh [14]). Goodness-of-fit tests for linear regression have been studied by Mukantseva [16], Pierce and Kopecky
[18], Loynes [15], Koul [13].

Habib and Thomas [10], Hollander and Pefia [12] considered natural modifications of the NRR statistic to the case of
censored data. These tests are also based on the differences between two estimators of the probabilities to fall into grouping
intervals: one is based on the Kaplan-Meier estimator of the cumulative distribution function, other - on the maximum
likelihood estimators of unknown parameters of the tested model using initial non-grouped censored data.

The idea of comparing observed and expected numbers of failures in time intervals is dew to Akritas [2] and was
developed by Hjort [11]. In censored data case Hjort [11] considered goodness-of-fit for parametric Cox models, Gray and
Pierce [8], Akritas and Torbeyns [3] - for linear regression models.

We give chi-squared type goodness-of-fit tests for general hypothesis Hg. Choice of random grouping intervals as data
functions is considered.

2. The idea of chi-squared test construction

We shall give chi-squared tests for the hypothesis Hy from right censored (X1, 61, z1), ..., (Xn, én, zn), where X; = T; AC;,
8i = Iy1,<c;)» Ti being failure times, C; - censoring times, and z; = (1, z;1, . . .,zim)T - the covariates (this third component
is absent in the case of the first example).

Set Ni(t) = 1ix,<t.s=1)- Yi(t) =1ix; 30, N(O = Y iy Ni(t), Y(0) = Yy Yi(o).

Suppose that the processes Nj, Y;, z; are observed finite time 7 and censoring is non-informative and the multiplicative
intensities model is verified: the compensators of the counting processes N; with respect to the history of the observed
processes are [ Y;A;du.

Divide the interval [0, 7] into k smaller intervals I; = (aj_1,a;]. ap =0, ay =7, and denote by Uj = N(a;) — N(a;_1) the
number of observed failures in the j-th interval, j=1,2,... k.

What is “expected” number of observed failures in the interval I; under a specified AFT model? Under Hg and reg-
ularity conditions the equality EN;(t) = Efo[ Ai(u,0)Yi(u)du holds. It suggests that we can “expect” to observe e; =
Z?:] f,j Xi(u, §)Y;(u) du failures in the interval Ij; here 6 is the ML estimator of # under Ho.

So a test can be based on the vector

1 .
Z:(Z1,...,Z,<)T, Zi=—=WUj—ej), j=1,...,k

Jn

of differences between the numbers of observed and “expected” failures in the intervals I, ..., Ii.
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3. Asymptotic properties of the test statistics

To investigate the properties of the statistic Z we need properties of the stochastic process

t
1 n .
Hy(t) = NG (N(t) - Z/x,-(u,e)yi(u)du)

i=17p

To obtain these properties we use the properties of the ML estimators which are well known:

Conditions A. § > 6, J=i(600) L Nim(0,1(60)), —1i00) > i(60), and (8 — 60) = i~ (60) J£(60) +0p (1), where

£(0) = Z/ % In2;(u, 0) {dN;(u) — Y;()Ar;(u, 0) du}

i=1

is the score function.

Conditions A for consistency and asymptotic normality of the ML estimator 6 hold, for example, if conditions VI.1.1 given
in Andersen et al. [4], Billingsley [7] hold. Set

SO0 =Y viwnee, sV =3 10N D; 0 ),
i=1 i=1

n 2
0%InA;(t,0)
S0 =Y Yil)—— 7 i(t,0).

i=1
Conditions B. There exist a neighborhood 6 of 6y and continuous bounded on 6 x [0, t] functions

asOt. 0 32O, 0
s, )’ 5(2)(1"0): (¢, 0)

(] 1) _
s (L, 0), st 0)=
(t,0) (t,0) Py: 592

)

such that for j=0,1,2

sup

te[0,7],0€0 |

1. . p
-5V, 0) —sV(t,6) H S0 asn— oo.
Conditions B imply that uniformly for ¢ € [0, 7]

n £ n t
1Z/ki(u,90)Yi(u)du L aw). 1Z/ii(u,eo)y,~(u)du L.
n n

i=1 i=1p

where A and C are finite quantities.
Theorem 3.1. Under Conditions A and B the following convergence holds:

H,-% H onDI0,1]:

here H is zero mean Gaussian martingale such that for all 0 <s <t
cov(H(s), H() = A(s) = CT ()11 (B0)C(®),

D[0, ] is the space of cadlag functions with Skorokhod metric.

5/

Fori=1,...,s; j,j/=1,...,k set
Vj=H(aj) —H(aj-1), vjy=cov(Vj,Vy),  Aj=A(a;)— A1),
Cij = Ci(aj) — Ci(@j-1), Ci=(Cyj- s G T, V =[vjjlkxk C =[Cijlsxk»

and denote by A a k x k diagonal matrix with the diagonal elements Aq,..., Ag.
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Theorem 3.2. Under Conditions A and B
74 Y ~NWO,V) asn— oo,

where V.= A — CTi~1(6p)C.

Set G=i—CA~1CT. The formula V- =A"1+ A~1cTG~CA~" implies that we need to inverse only diagonal k x k matrix
A and find the general inverse of the s x s matrix G.

Theorem 3.3. Under Conditions A and B the following estimators of Aj, Cj, I(6p) and V are consistent:

Aj=Uj/n, Z/ InA;i(u, 0) dN;(u),

i=1 []

and

L1 8lnA(u 0) /dlna;(u, 0)\" e
l:E;/ ( ale >dN,-(u), V=A-CTli"'¢C.

4. Chi-squared goodness-of-fit test

Theorems 1 an

mply that a test for the hypothesis Ho can be based on the statistic Y2 = ZTV~Z, where V~ =
AT AIETGCAT, G

nd 2
A1 G T—CA-1CT. This statistic can be written in the form

k 2
Uj—ej)
Y2 = —_— ,
> T
j=1
where

Ui= Y & ej= Y [Ao@AXiP)—Ao@j-1: 7)),  Q=w'Gw,

i: XiEIj i X,’>ﬂj,1
k
W=CATz=Wi,..., W9, G=I[8nlsxs, &r=ir—)  CyCrjA7",
j=1
.1 s 1s . alnAi(Xi, ) £aInri(Xi, 6)\"
Ci=- Si— lnA Xi, 0 i=-Ys ,
g n,Z : (Xi.6). n,z’ 30 36 )
i Xjelj i=1
k
W,:Zc,jAfzj, LI=1,...,s.
j=1

The limit distribution of the statistic Y2 is chi-squared with r = rank(V ~) = Tr(V V) degrees of freedom. If the matrix G is
non-degenerate then r =k.

Test for the hypothesis Hy. The hypothesis is rejected with approximate significance level « if Y2 > onz ().

Note that for all examples (1)-(5) the rank r =k — 1 in the case of exponential, Weibull, Gompertz baseline distributions,
and also for distribution with hyperbolic baseline hazard function, r = k for lognormal, loglogistic baseline distributions. In
the case of composite hypothesis of example (1) and exponential distribution the second quadratic form in the expression
of the test statistic is equal to zero.

5. Choice of random grouping intervals

Let us consider choice of the limits of grouping intervals as random data functions. To take intervals of equal length may
be not good solution. For example, if in accelerated life testing the AFT model is used and failure times of several groups
tested under different stresses are observed then failures of different groups are concentrated around different means and
if we take intervals of equal length then some empty or almost empty intervals are probable and the limit theorems cannot
be applied. Moreover, under right censoring failure times of many units with long life are not observed and it can be other
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cause of empty intervals of equal length. Our method of choice of intervals with equal “expected numbers of failures” takes
into account censoring via Y;.
Define

n T

n .
Bo=) [ M@ O¥i@du=Y A0, Ej= 2B j=l..k
=17 i=1

So we seek @; to have equal numbers of expected failures (not necessary integer) in all intervals. So a; verify the equalities

g@y==Eej, g :Z/Ai(ﬂ 0)Y;(u)du.

i=1

Denote by X(1) < -+ < X(n) the ordered sample from Xj, ..., X,. Note that the function

n n n i—1
g@ =Y AXina,0)=> 1> Aqp@ )+ AKX, 0) |1ixy.x01@
i=1 i=1LI=i =1

is continuous and increasing on [0, T]; here X0y =0, and we understand 210:1 ¢ =0. Set

n i
bi = Z A(l)(X(i),é)+ZA(1)(X(1),é)-
I=i+1 =1

If Ej € [bi—1, bj] then d; is the unique solution of the equation

n i—1
ZA(I)(aj’ é) + ZA([)(X([), é) = Ej.
I=i =1

We have 0 <@ <@y < --- <@, = 7. Under this choice of the intervals e; = Ey/k for any j.

Theorem 5.1. Under Conditions A and B and random choice of the endpoints of grouping intervals the limit distribution of the statistic
Y2 is chi-squared with r degrees of freedom.
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