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RESUME

Dans cette Note, nous définissons une nouvelle quantité que nous appelons courbure C-
projective de Weyl. Nous montrons que pour une variété de Finsler de dimension n > 3
ayant une courbure de drapeaux de type scalaire, on a H=0 si et seulement si W =o.

© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

There are several important non-Riemannian quantities such as the Cartan torsion C, the Berwald curvature B, the
mean Berwald curvature E and the Landsberg curvature L, etc. They all vanish for Riemannian metrics, hence they are
said to be non-Riemannian [3]. In [1], Akbar-Zadeh introduces the non-Riemannian quantity H which is obtained from the
mean Berwald curvature by the covariant horizontal differentiation along geodesics [2]. This is a positively homogeneous
scalar function of degree zero on the slit tangent bundle, and recently has been studied by X. Mo for a Finsler metric and
established a natural relation among H and the flag curvature [4]. Akbar-Zadeh proved that for a Finsler metric of scalar flag
curvature with dimension n > 3, the flag curvature is constant if and only if H=0 [1]. Is there another Finslerian quantity
which characterizes Finsler metrics of constant flag curvature?

In this paper, we define a new quantity for Finsler metrics and call it W -curvature. We show that the W -curvature is a
projective invariant and another candidate for characterizing Finsler metrics of constant flag curvature. More precisely, we
prove the following:

Theorem 1. Let (M, F) be a Finsler manifold of scalar flag curvature with dimension n > 3. Then H = 0 if and only if W =o.
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2. C-projective Weyl curvature

Let F be a Finsler metric on a manifold M. The geodesics of F are characterized locally by the equation ¢+ 2Gl(c)
For a vector v' vertical and horizontal covariant derlvatlve with respect to Berwald connection are given by v' k= 8kv

|I< —dkv + Gl]kV] where d, = 9y — G™ kam, o = 3xk' ak =3y k' G k= 3kGl and G! jk= 3]G k-

Let ¢ : F" — F" be a diffeomorphism. We call ¢ a projective mapping if there exists a positive homogeneous scalar
function P(x,y) of degree one satisfying G! = G + Py'. In this case, P is called the projective factor. Under a projective
transformation with projective factor P, the Riemannian curvature tensor of Berwald connection changes as follows by
Rihjl< = K"hjk—i—yiéh Qjk +5;1 Qjk +5;éh Qk —5,’;éh Qj, where Q; =d;P—PP; and Q;; = éi Qj— éj Q;. A projective transformation
with projective factor P is said to be C-projective if Q;; = 0.

Let X be a projective vector field on a Finsler manifold (M, F). Let the vector field X in a local coordinate (x') on M be
written in the form X = X'(x)3;. Then the complete lift of X is denoted by X and locally defined by X = X'3; + y/d;X'3;.
Suppose that £ stands for Lie derivative with respect to the complete lift of X. Then we have

£3G'=Py',  £3GY =8P +y' Py, LGy =8P+ 8P+ Y Py,

£5(G"jk,:6ij1+8,’;le+8,"ij+y"ijl, (1)

£3K' g = 85(Pige = Prp) + 8/ P e — 8P + ¥'9; (P — Pip)- (2)
Since Q;j = P;jj — Pj;, we have

£3K iy = 85Que+ 8/ Pjyc — 8Py + ¥'9; Quk. (3)
We have 3Py = P jxji — PG’ ju- Contracting i and k in (3), yields .£5K i = Pyjj —nPj+ Pjysy*. Consequently L3V UK =
—(n+1)Pjsy°. Hence Pjysy® = —#L(X)(yrall(jr) and

1. 1

£5< Kjl—‘rmy 81Kjr :P”j—nPj”, £ K[] y 8]K[r :P]'”—TIP”]'. (4)

Using (4) one can obtain

1 1
Pii=1—3£x {KU 17 "3iKir +nKji + —y alKJT} ®)

If Q;j =0, then (3) reduces to £5<Kj.k, = 8{ Py — (S . Pji- Eliminating P jy from this equation and using (5), we are led to the
following tensor:
i

3 - noo,. .
-2 Kj + my @K jr — 9jKir) (6)

~ . Si - n . .
lekl = K,jkl —1 _ln2 {Kjk + - lyr(akKjr — 8ijr)} +
where K :=nKj 4 Kij + "9 Kk Since yJ/y 8K, =0, if we put Wiy := Wijklyfyl, then we have

Wi =K

1 . .

— {¥' Kok — 8, Koo} (7)
For y € TXMO, the C-projective Weyl curvature Wy TxM — TxM is defined by Wy(u (9 = Wi (y)u"a, According to the way
we construct W, it is easy to see that W is C- projective invariant tensor. A Finsler metric F is called C-projective Weyl metric
if its C-projective Weyl-curvature vanishes.

3. Proof of Theorem 1

Lemma 2. Let F be a C-projective Weyl metric. Then F is a Weyl metric.

Proof. By assumption, we have K' _lnz {y'Kok — 81 Koo} = 0, which contracting it with y; implies that F2Ko, — yiKoo = 0.

Hence Ko, = F~2yKgo. Plugging this equation into the first equation, we get (1 —n?)Ki} = f(oohf{, which means that F is a
Weyl metric. O

Lemma 3. Let F be a Weyl metric of flag curvature A. Then C-projective Weyl curvature is given by W' 1 5F 2yik, Where Ay := .

Proof. By assumption, the Riemannian curvature of Berwald connection is in the following form:
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K'jkl = )\((Sigﬂ — (S;gjk) + )»jF((S;(Fl - 3'1Fk) + §F2(hlkkﬂ — hll)»jk)
1 . . : 1 . : .
+ g)»lF(28lij - 28']'Fk - gjkﬁ’) - gF)»k(Z(Slle - 281jF1 - gﬂﬁ’) (8)
where A;j = d;A;. Hence, we have
K'y = AFhi, (9)
n—-2 -
Kji=@m—1)(gj+ FFj) + T(sz,-, +2FFjh),  Koo=xr(m—DF?, Koo =xr(n*—1)F?,
2n—1 , n-2 ,
I<,<0:k(n—l)FFk+TF M I(ok:A(n—l)FFk+TF Mk
- 1
Kok = (n* — 1)<AFF,< + ngxk) (10)
Plugging (9) and (10) into (7), we get the result. O
Lemma 4. Let (M, F) be a C-projective Weyl manifold with dimension n > 3. Then F is of constant flag curvature.

Proof. By Lemma 2 and Lemma 3, we have Wi = %Fzyikk. From assumption, we get A, = 0. It means that F is of isotropic

flag curvature. The result follows by Schur’s Lemma. 0O
Now, let us consider the case F being of constant flag curvature.
Lemma 5. If F is of constant flag curvature K = A, then it is a C-projective Weyl metric.

Proof. If F is of constant flag curvature A, then (8) reduces to equation I(ijkl = A(gﬁS}; — gjkéli). Hence Kji = A(1 —m)gji,
I~<jk =A1- nz)gﬂ. Plugging this equation into (6) yields Wij,(l =0. O

Proof of Theorem 1. By Lemma 4, Lemma 5 and Akbar-Zadeh’s Theorem, proof is complete. O
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