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1. Introduction

In this Note, we use the notation of [1]: Let p be a prime number, K be a complete discrete valuation field of mixed

characteristic (0, p). Let ki be the residue field of K and assume [k :kf(] = ph < oo. Fix lifts t1,...,t, € K of a p-basis of
kg and fix a compatible system {¢;n} (resp. {tfﬁn}) of p-power roots of unity (resp. t;). Put Koo = K(p<, tfﬁm, ey tﬁiw)

and Cp =K. Let Gk =Gy i, Gk, = Gi/i o I' =G/
Let g=Qp x Q'I’, be the (h 4 1)-dimensional p-adic Lie algebra where Q, acts on Q’; by the scalar multiplication. Let
¢=(1,0), uj=(0,e;) eg for 1 < j<h, where e; € Q’; is the jth fundamental vector. Then we have

[, jl=pj, [j, e 1=0 (1
for 1 < j,k <h. Let x be the cyclotomic character and for 1< j <h, let sj:g— Zp(1) be the 1-cocycle defined by
g(tﬁ.’_n)/tf_n = ;;{;(9 for n e N.

The isomorphism I' = U x Zp(l)h; Y (x(¥),s1(¥),...,sp(y)) for some open subgroup U < Z; induces an isomor-
phism Lie(I") = g of p-adic Lie algebras. In the following, we identify Lie(I") = g by this isomorphism. Note that the usual
logarithm map log : I — g satisfies

log(y) =log(x (1))@ +s1(¥)pk1 + -+ Sp(¥) in

foryer.

Recall Brinon’s generalization of Sen’s theory [1]. For a topological field B with a continuous action of a topological
group G, denote by ReppG the category of finite dimensional B-vector spaces with continuous, semi-linear G-action. Then
there exist canonical equivalences

Repc,Gk — Repg I'; V> V<, Repg I' — Repy I'; V> V',
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which are quasi-inverse to V — C, ®r,. V and V — Eoo Rk, V. For V e RepchK, define Dsen (V) as the differential

representation, whose dimension over K, is equal to that of V over C,, associated to (VGxoo)f Note that, for v € V, there
exists Iy <o I" such that

Y (v) = exp(log(y))(v) (2)

for y € Iy.
In [2], Colmez defined a ring of periods Bse, and reconstructed the functor Dse, by using this ring in the case h = 0. The
aim of this paper is to extend his results to the case h > 0.

2. Construction of Bsep,

ForneN, let Kn = K(upn, tfﬁn, e t,‘l’in) and Gk, = Gg . We say that an abelian group A has a G, -structure if A has
an increasing filtration {An}nen, consisting of subgroups of A, such that A =|JA, and that A, has a filtration-compatible
G, -action. In this case, let ACkx = [ JASX".

We construct a ring Bsen, with a G, -structure as follows: As a ring, Bsep is the ring of formal power series of (h + 1)-

variables Xo, ..., Xp with coefficients in C, converging on {(Xo,...,Xs) € C’;“HXO\,..., |Xn| < €} for some € € R.g.
For neN, let BY, be the subring consisting of power series converging on the polydisc {X = (Xo,...,Xp) € (C’I'J“ |
|Xol,....|Xnl < Ip"[}. Then G, acts on BY,,, semi-linearly on the coefficients, by

g(Xo) = Xo +1log x (9). (3)

g8(Xj) = ——=(Xj+sj(®) (4)

J X(g)( T )
for 1 < j < h. These data give Bsen a G, -structure. Finally, let 9, ..., 9, € Derfco:t(IEBSen) be the continuous differential
operators of Bse, defined by
0
do=——, 5
°= T 9Xo (5)
1 d
9j = (6)

~exp(Xo) 9X;

for 1< j<h. For Ve RepCPGK, endow Bsep ®c, V with the G -structure induced by that of Bse, and the action of Gk
on V.

Lemma. (Cf. [2, Théoréme 2(i)].)

(i) Foralln e N, (B, ) kn = (Frac BE, )% = K, and (Bsen) k> = K.
(ii) Let g, = Koo ®q, 8- Then (Bsen ®c, V) K~ is a gk, -representation and we have dimg, (Bsen ®c, V)*~ < dimc, V.

Proof. (i) Let x € (B, ). Since g(x) =x for g € Gy, x has coefficients in Kuo. Let Ity = Gk /k,» Ki = K (ppee, tffw, s

Sen
tf_;)o, tf "t tr ") and let t, : Koo — Km be the continuous map characterized by tm(x) = lim,_ K : K171 Tri, k., (%) for

X € K. (The continuity of the trace follows from the decomposition into the composition of normalized trace maps

Koo = Kt — . = KL — Kpn,

which are continuous by [1, §2, after Lemme 3].) For g € I, with m > n, by substituting X =0 in g(x) = x and taking
g~! of both sides, we have x(@m(g)) = g (x(0)), where an : I'n — Z™"; g > (log x (8), 51(8)/ X (&), - -, Sn(8)/ X (8))- By
taking the trace of both sides, we have tp,(x)(am(g)) = tm(x)(0), hence tp(x) is a constant since the image of a;; contains a
polydisc. Note that for a € Koo, tm(a) =0 for all sufficiently large m implies that a =0 by approximating a by a sequence in
{Ki}i>m. Therefore x is a constant, that is, x € (C,(_,;K" =Kj.

Let z=x/y € (Frac Bgen)GKn \ {0} with x, y € B, \ {0}. We have only to prove y € (B, )* for sufficiently large m: This

implies that z € (BYL, )®%m = Kp, by (i) and then z € Kokm/n — g,
We may assume that x, y are prime to each other. (Note that Bf, is isomorphic to a Tate algebra, in particular, it is a
UFD.) For g € Gi,, we have g(x)/g(y) =x/y. Hence we have g(y) =ngy with ng e (B, )*.
Now suppose y(0) = 0. Then, just as in the above argument, by substituting X =0 in g(y) =gy and taking g1 of both
sides, we see that y vanishes on some polydisc in Z’Z,“. This implies that y =0, which is a contradiction. Hence we have

¥(0) #0 and it is easy to see that y € (BZ. )* for sufficiently large m.

Sen
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(i) Since we have [dg, 3;] = 9;,[9j, 3] =0 for 1 < j, k < h by (5), (6), and these operators commute with the action of

Gk, on BZ, ®c, V, the first assertion follows. The latter assertion follows from the injectivity of the comparison map

G
an(V) : Bl ®k, (Bl ®c, V)" — Bl ®c, V

Suppose that «,(V) is not injective. Let d be the smallest integer such that there exist linearly independent elements
er,....eq € (B, ®c, V)G B, ®c, V over Ky, which are linearly dependent over B.,. Choose a non-trivial relation
> Ale, =0 with A; € E%gen \ {0}. Then, by assumption, g(x;/A1) = A;/Aq for all g € Gk,. Hence A;/A1 € K by (i), which is a
contradiction with the linear independence of the e;’s over K,. O

Theorem. (Cf. [2, Théoréme 2(ii)].) There exists a functorial isomorphism Dsen(V) — (Bsen ®c, V)Ckeo of finite dimensional Ik~
representations.

Proof. Let f :Dsen(V) — Bsen ®c, V be the injective Koo-linear map defined by

F(V) = exp(—X1/41 — - - — Xn/tn) exp(—Xo@) (V)
XMoxM ... xMh
= Z (_1)n0+.,.+nh W ® ,U,ql . Mzhwno ).
(ng,...,np)eN+1 0! h!

We will prove that this induces the desired isomorphism. Since we have fo@ =0dgo f, fou;j =90 f for 1< j<h
by (1), (5), (6), f is a morphism of gk, -representations. To prove that f is an isomorphism, since we have dimg_, (Bsen ®c,
V)Gkeo < dimg, V = dimg,, Dsen(V) by Lemma (ii), we have only to prove that, for v € Dsen(V), we have f(v) € B ®c,
V)Ckn for sufficiently large n.

Recall that we have relations

gop=(p—s1Qm1— - —sp(@un)og. 7
gopj=x(gHjog (8)
for ge I' and 1 < j < h. (The proof is similar to that of [1, Proposition 7].) '
Obviously, the action of Gg on Im(f) factors through I'. Let 0 = GK Kt and IV =
oo/ Aty heees h

G p—0  p—oo p—oo p-oo fOr 1< j<h. These subgroups topologically generate I". In the following, we prove that
Koo/K(ppoo bty onsli_q Wfig oty )

for v € Dsen(V), for 0< j<hand y € I'J sufficiently close to 1, one has y(f(v) = f).
For y € I'°N T, we have

1
y(fwv) = exp(—ﬁ 1 XY = = ) Xp - X()’)Mh) (exp(—Xo@)(v)) (by (4),(8))

=exp(—X1u1 — -+ — Xp/tn) exp(—(Xo +log x () @)y (v)  (by (3).(7))
=exp(—X1p1 — -+ — Xpun)exp(—(Xo + 1og x (¥)) @) exp(log x (¥)¢) (v)  (by (2))
= f(v).

For yeFjﬂFv, 1 < j < h, we have

Y(fv) =exp(=Xip1 — - — (Xj+5j(¥))pj — -+ — Xnitn) v (exp(—Xog)(v))  (by (4),(8))

=exp(—X1p1 — -+ — Xppn) exp(—s; () j) exp(—Xo(@ — sj(¥)uj))y (v)  (by (1),(3).(7))
=exp(—X1p1 — -+~ — Xpun) exp(—s;j ()i j) exp(—Xo (@ — sj(¥)ej)) exp(sj () ;) (v)  (by (2))
=exp(—X1p1 — -+ — Xppn) exp(—s;j ()1 j) exp(s;j ()t j) exp(—Xop)(v)  (by (1))
=f(v). O
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