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Abstract

We are interested in the discretization of a time-dependent pollution problem modeling the mass transfer of contaminant in
porous media, by the implicit Euler scheme in time and vertex-centered finite volumes in space. The error estimator consists of
two types of computable error indicators, the first one being linked to the time discretization and the second one to the space
discretization. To cite this article: R. Aboulaich et al., C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Estimation a posteriori pour un problème de pollution unidimensionnel en milieu poreux. On s’intéresse à la discrétisation
d’un problème de pollution instationnaire, modélisant le transfert de masse d’un polluant en milieu poreux, par un schéma d’Euler
implicite en temps et par volumes finis centrés sur les nœuds en espace. L’estimateur d’erreur a posteriori développé ici est constitué
de deux indicateurs d’erreur, le premier lié à la discrétisation temporelle, le second à la discrétisation spatiale. Pour citer cet
article : R. Aboulaich et al., C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version française abrégée

Dans cette Note, nous nous intéressons à la discrétisation d’un problème parabolique intégro-différentiel (P ) mo-
délisant le transfert de masse d’un polluant en milieu poreux [2,14], par un schéma d’Euler implicite en temps et par
un schéma volumes finis centré sur les nœuds en espace (P )nh. Nous proposons une estimation d’erreur a posteriori
de type résidu. Celle-ci est composée de deux indicateurs, l’un lié à la discrétisation temporelle ηn

t (5), l’autre lié à
la discrétisation spatiale ηn,Vi

(12). Le terme intégral est approché par une formule de quadrature, supposée d’ordre
assez élevée, de telle sorte que l’erreur d’intégration numérique soit négligée par rapport à l’erreur d’approxima-
tion.
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Nous démontrons la borne supérieure globale et la borne inférieure locale pour chaque indicateur d’erreur (voir
section 3).

1. Introduction

The finite volumes method (FVM) is a well-adapted method for the discretization of various types of partial dif-
ferential equations and is extensively used in several engineering fields, see [10]. The mathematical analysis of the
method has started only recently. In the context of finite element methods (FEM), an impressive amount of works has
been done concerning the theory of a posteriori estimates and mesh adaptivity for a large class of equations; see, for
instance [16]. Whereas, for FVM, the situation has not yet been as thoroughly explored, up to now only a few such
results had been obtained, see for instance [5,12,19] and references therein. Plenty of work has been done concerning
the a posteriori analysis of parabolic type problems. Part of it (see for instance [9,11]) deals only with time scheme
adaptivity. However, the authors in [8] deal only with the space discretization and provide appropriate error indicators
for it. Another concept consists in establishing a full time and space variational formulation of the continuous problem
and using a discontinuous Galerkin method for the discretization with respect to all variables, see for instance [18].
In this Note, we follow a different approach, according to an idea of [7], which consists in introducing two different
types of error indicators, both of them of residual type, one for the time discretization and one for the space discretiza-
tion, and uncoupling as far as possible, the estimates of the time and space errors. It must be noted that both kinds of
indicators only depend on the fully discrete solution and the data, so that computing them is easy and not expensive.
In this paper we give a posteriori error estimates for the following integro-differential parabolic problem. For T > 0,
and g, f ∈ L2(I ), and u0 ∈ H 1(I ): u0(1) = g(0) given functions, find u verifying:

(P )

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂tu + Au = f + ν

t∫
0

u(s)ds in QT = (−1,1) × (0, T ),

∂xu(−1, t) = 0, u(1, t) = g(t) in (0, T ),

u(x,0) = u0(x) in I = (−1,1),

(1)

where Au = −D ∂2u

∂x2 + ∂(vu)
∂x

+ (1 − ν)u, v ∈ C2(Ī ) is the transport velocity, D > 0 is the diffusion coefficient and ν

is nonnegative constant. For the formulation of this problem see [4,6,14]. Let δ be the function: δ(x) = 1
D

∫ x

0 v(s)ds.
One sets, L2(I, δ) = {φ : I → R measurable,

∫
I
φ2(x)e−δ(x) dx < +∞}, (φ/ψ) = ∫

I
φ(x)ψ(x)e−δ(x) dx, ∀(φ,ψ) ∈

(L2(I, δ))2 and ‖φ‖2
L2(I,δ)

= (φ/φ) its associated norm. We need spaces H 1
ΓD

(I ) = {φ ∈ H 1(I );φ(1) = 0};
W(resp. W0) = {φ ∈ L2(0, T ;H 1(I )) (resp. L2(0, T ;H 1

ΓD
(I ))); d

dt
φ ∈ L2(0, T ;L2(I ))}. One defines the func-

tion θ of class C1(Ī ) by: θ(x) = (1 − ν + d
dx

v(x)), ∀x ∈ Ī , and a(φ,ω) = D( d
dx

φ/ d
dx

ω) + (θφ/ω), ∀(φ,ω) ∈
H 1(I ) × H 1(I ).

Definition 1.1. A function u ∈ W is a weak solution of problem (P ) if u − g ∈ W0; u(0) = u0 in L2(I ) and verifies
for all t ∈ (0, T ) the variational equation:

(
∂

∂t
u(t)/φ

)
+ a

(
u(t),φ

) = (f/φ) + ν

( t∫
0

u(s)ds/φ

)
, ∀φ ∈ H 1

ΓD
(I ).

The existence and uniqueness of solution of problem (P ) is proved in [6]. We assume that exists a nonnegative
constant β > 0 s.t. θ(x) � β , ∀x ∈ I , which rules out all dominant advection problems.

2. A finite volume discretization

In the present section we shall discretize the considered problem (P ) by implicit Euler scheme in time and vertex-
centered finite volume method in space. In what follows, the symbol ‖.‖ (resp. ‖.‖V , V ⊂ I ) denotes the norm
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‖.‖L2(I,δ) (resp. ‖.‖L2(V ,δ)), and C a constant, possibly different at any occurrence, but independent of the mesh-size.
Moreover, a � b means a � Cb. For each time t in (0, T ) and φ ∈ L2(0, t;H 1

ΓD
(Ω)), we introduce the norm:

�φ�(t) =
(∥∥φ(t)

∥∥2 +
t∫

0

∣∣∣∣∣∣φ(s)
∣∣∣∣∣∣2 ds

) 1
2

,
∣∣∣∣∣∣φ(s)

∣∣∣∣∣∣2 = D
∥∥φx(s)

∥∥2 + β
∥∥φ(s)

∥∥2
.

On choosing φ = u in Definition 1.1, integrating over (0, t), and applying the Gronwall’s lemma, lead to the following

stability estimate. There is a positive constant c0 s.t. �u�(t) � c0(‖u0‖2 + T
β
‖f ‖2)

1
2 . Let 0 = t0 < t1 < · · · < tN = T

be a partitioning of [0, T ] into variable time steps τn = tn − tn−1, n = 1, . . . ,N. We set στ = max2�n�N
τn

τn−1
and for

each φn, we introduce the norm: �φn� = (‖φn‖2 + τn|||φn|||2) 1
2 . Likewise, we have the following stability estimate

�
un

�
�

(∥∥un−1
∥∥2 + τn

β
‖f ‖2 + τnc1

) 1
2

, (2)

where c1 = 2LKT eLT , K = ‖u0‖2 + T
β
‖f ‖2 and L = νT . For each n, 0 � n � N, let (T n

h )h be a partition of I

into subintervals. V n
h is chosen as the set of M control volumes (or cells) Vi that constitute the dual of the mesh

(T n
h ), and such that Ī = ⋃

i=1,...,M Vi . Let Zh be the set of all the nodes of the (T n
h )h and let Z ◦

h be the subset
of the internal nodes, that is, Z ◦

h = Zh \ {−1,1}, and let Zh,N be the subset of the related nodes to the Neumann
condition, that is, Zh,N = Zh \ {Z ◦

h ∪ {1}}. We denote by Γ n
h the set of nodes γ of the dual decomposition V n

h . We
may construct another partition of I , denoted by Qn

h and formed by intervals Q defined by Q = Vi ∩ T . We also need
to define the set Ki

h = ⋃
K , formed by the intervals K having xVi

(the center of the control volume Vi ) as a bound
and γ as the second one. Next we define the spaces P1(T n

h ) := {vh ∈ C0(Ī ): vh|T ∈ P1; ∀T ∈ T n
h }, and P0(V n

h ) :=
{wh ∈ L2(Ī ): wh|Vi ∈ P0; i = 1, . . . ,M}, where Pl is the set of polynomial functions of degree � l. We denote
by hT (resp. hi ) the length of T ∈ T n

h (resp. Vi ∈ V n
h ) and, for a node z which is shared between T1 and T2, hz is

the minimum of hT1 and hT2 . Setting Vh,0 = Vh ∩ HΓD
(I) = {vh ∈ P1(T n

h ) and vh(1) = 0}, and denoting by un
h the

approximation of the exact solution un in Vh,0, namely un
h = ∑M−1

i=1 un
i ψi(x) with ψi is the shape function associated

with node xi . Let us now consider the following finite volumes approximation of (P ):

(P )nh

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Find (un
h − gn)0�n�N ∈ (Vh,0)

N+1 such that: u0
h = Πhu0 in Ω, and∫

Vi

un
h − un−1

h

τn

+ D
[
Fn

h,i+ 1
2
− Fn

h,i− 1
2

] +
∫
Vi

vh

∂un
h

∂x
dx +

∫
Vi

θhu
n
h dx =

∫
Vi

f dx + ν

∫
Vi

Iun
h(x)dx

for all i = 1, . . . ,M, n = 1, . . . ,N,

where Πh is the L2-projection on Vh,0.
The numerical diffusion flux function Fn

h,i+ 1
2

is chosen such that we have the local conservativity. In order

to calculate this numerical diffusion flux, we define the primal partition of I by: (T n
h )h>0 : {xi}i=1,...,M with

Ii = [xi, xi+1] ∀i = 1, . . . ,M − 1 and h
i+ 1

2
= xi+1 − xi , and the corresponded dual partition by: (V n

h )h>0 with
Vi = [x

i− 1
2
, x

i+ 1
2
] ∀i = 2, . . . ,M − 1, V1 = [x1, x 3

2
] with x1 = x 1

2
and VM = [x

M− 1
2
, xM ] with xM = x

M+ 1
2
. There-

fore, Fn

h,i+ 1
2

= ∂un
h

∂x
(x

i+ 1
2
), which yields Fn

h,i+ 1
2

= un
i+1−un

i

h
i+ 1

2

. The approximation of v (resp. θ), vh (resp. θh), is a

piecewise polynomial of degree smaller than a fixed integer l and such that there exists a constant c(v) (resp. c(θ))

only depending on v (resp. θ) satisfying

‖v − vh‖L∞(I ) � c(v)hl+1 and ‖θ − θh‖L∞(I ) � c(θ)hl+1. (3)

The quantity Iun
h is a numerical approximation of the integral Iun and there exist two constants c(u) depending on u

and k > 1 a fixed constant such that∥∥Iun
h − Iun

∥∥
V

� c(u)τ khV . (4)
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Remark 1. The terms
∫
Vi

un
h−un−1

h

τn
dx,

∫
Vi

vh
∂un

h

∂x
dx and

∫
Vi

θhu
n
h dx can be approximated by hi

un
i −un−1

i

τn
, vi[un

h(xi+ 1
2
)−

un
h(xi− 1

2
)] = vi[un

i − un
i−1] for upwind scheme and hiθiu

n
i respectively where un

i = un
h(xi), vi = vh(xi) and θi =

θh(xi), the existence and uniqueness of a solution of this scheme is proved in [1].

3. A posteriori error analysis

3.1. A posteriori error analysis of the time discretization

By analogy to [7,11,13], for each n, 1 � n � N , we define the time error indicators

ηn
t =

(
τn

3

) 1
2 (

D
1
2
∥∥∂x

(
un

h − un−1
h

)∥∥ + β
1
2
∥∥un

h − un−1
h

∥∥)
. (5)

It can be observed that, once the discrete solution (un
h)0�n�N is known, the previous error indicators are very easy to

compute.

Proposition 3.1. The following time upper error estimate holds, for 1 � n � N,

�u − uτ �(tn) �
((

1 + σ
1
2
τ

)�uτ − uhτ �(tn) +
(

n∑
m=1

(
ηm

t

)2

) 1
2

+ cn(u0, f )( max
1�m�n

τm)

)
. (6)

Moreover, we have the following time lower error bound

ηn
t �

(∥∥∥∥∂(u − uτ )

∂t

∥∥∥∥
L2(tn−1,tn;L2(I,δ))

+ D
1
2
∥∥∂x(u − uτ )

∥∥
L2(tn−1,tn;L2(I,δ))

+ ‖u − uτ‖L2(tn−1,tn;L2(I,δ))

+ cn(u0, f )τn + �un − un
h� + σ

1
2
τ �un−1 − un−1

h �
)

, (7)

where the constant cn(u0, f ) is given by cn(u0, f ) = ν√
3
β− 1

2 t
1
2
n K

1
2 e

LT
2 .

Proof. For φ ∈ H 1
ΓD

(I ), we have

(
∂(u − uτ )

∂t
/φ

)
+ a(u − uτ ,φ) = −a

(
uτ − un,φ

) + ν

( t∫
tn

u(s)ds/φ

)
, (8)

taking φ = u − uτ , integrating over [tn−1, tn], sum up on the n, and applying the Hölder’s inequality, and owing to
the definitions of uτ , στ and ηm

t we can get the time upper error bound. By virtue of (5), taking φ = un − un−1 in (8),
integrating over (tn−1, tn), and applying the Hölder’s inequality, this yields the time lower error bound. �
3.2. A posteriori error analysis of the space discretization

We now introduce the usual nodal basis {φz}z∈Zh
for Vh, whence {φz}z∈Z ◦

h
is the nodal basis for Vh,0, and the

following quasi-interpolants given in [15], defined for a given ψ ∈ H 1(I ) by: Ihψ ∈ Vh as Ihψ := ∑
z∈Zh

∫
Ω φzψ∫
Ω φz

φz,

and Ih,0ψ ∈ Vh,0 as Ih,0ψ := ∑
z∈Z ◦

h

∫
Ω φzψ∫
Ω φz

φz. Let T ∈ T n
h and let ωT be the union of T and the one or two adjacent

elements. Let z ∈ Zh and let V be a control volume which z belongs to, using [17, Lemma 3.1], we derive∑
z∈Z ◦

h∩V

h−1
z (Ih,0ψ)2(z) � |ψ |21,ωV

. (9)
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Lemma 3.2. Let ψ be an element of H 1
ΓD

(I ) and ψh = Ih,0ψ , and let ψh be the mean value of ψh over the control
volume V , then one has the following estimates:∑

z∈Z ◦
h∩V

h−1
z (ψh − ψh)

2(z) � |ψ |21,ωV
, ‖ψh − ψh‖0,V � hV |ψ |1,ωV

, (10)

and

‖ψh − ψh‖0,V � hV |ψ |1,ωV
. (11)

In order to obtain an a posteriori estimate in each control volume Vi , let us define the following local spatial
indicators

η2
n,Vi

:= h2
i

∥∥Rn
h

∥∥2
Vi

+
∑

z∈Z ◦
h∩Vi

hz

(
D

[
∂un

h

∂x

]
(z)

)2

+
∑

z∈Zh,N∩Vi

hz

(
D

∣∣∣∣∂un
h

∂x
(z)

∣∣∣∣
)2

, (12)

where Rn
h = fh + νIun

h − un
h−un−1

h

τn
+ D

∂2un
h

∂x2 − vh
∂un

h

∂x
− θhu

n
h. We have the following upper bounds for the error:

Proposition 3.3. If u is the solution of problem (1) and uhτ is a continuous approximation, linear on time and on
space defined from the value (un

h)n, solution of problem (P )nh, then we have the following estimate:

�uτ − uhτ �(tn) �
(

n∑
m=1

τm

M∑
i=1

(
η2

m,Vi
+ h2

i ‖f − fh‖2
Vi

)) 1
2

+ ‖u0 − Πhu0‖ + c∗
n(u0, f )h(l+1)

+ cn(u)hτk+1 + h2τ Bn

(
un

h

)
, (13)

where c∗
n(u0, f ) = ‖u0‖ + t

1
2
n ‖f ‖ + t

1
2
n c

1
2
0 + τ

1
2

1 |||u0|||, cn(u) = c(u)t
1
2
n , and

Bn

(
un

h

) =
(

n∑
m=1

M∑
i=1

∥∥∥∥D
∂um

h

∂x

∥∥∥∥
2

0,∂Vi

+
∥∥∥∥∂um

h

∂x

∥∥∥∥
2

0,I

) 1
2

.

We have also the following lower bounds for the error:

Proposition 3.4. For f ∈ L2(I ) and u0 ∈ H 1(I ), we have the following local estimate:

ηn,Vi
� hi

∥∥∥∥∂(uτ − uhτ )

∂t

∥∥∥∥
0,Vi

+ ∥∥D
1
2 ∂x

(
un − un

h

)∥∥
0,Vi

+ hi‖f − fh‖0,Vi
+ hi

∥∥θ
1
2
(
un − un

h

)∥∥
0,Vi

+ hl+1cn

(
un

h

) + h2
i τ

kc(u), (14)

where cn(u
n
h) = c(v)‖ ∂un

h

∂x
‖0,Vi

+ c(θ)‖un
h‖0,Vi

.

For the proofs of the Propositions 3.2 and 3.3, we can see [3].

Remark 2. Some constants c(u) appearing in the upper and lower bounds depending on the exact solution u, but
pondering with coefficient of higher order. This is due to the numerical integration order.

We do not actually show an a posteriori estimator for the multidimensional case or the advection dominated case
(β < 0); this is of interest but lies outside the scope of this Note.
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