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Abstract

Let 2 Cc RY, N > 2, be a smooth bounded domain. It is shown that: (a) if p € L®(£2) and ess mfxe 0 p(x) > 1, then the
generalized Lebesgue space (Lp( )((2) Il p¢)) is smooth; (b) if p € C(£2) and p(x) > 1, for all x € £2, then the generalized
Sobolev space (W(} b )(SZ), Il I1,p() is smooth. In both situations, the formulae giving the Gateaux derivative of the norm,

corresponding to each of the above spaces, are given; (c) if p € C(£2) and p(x) > 2, for all x € £2, then (W(}‘p(')(ﬂ), 1, peoy) is
uniformly convex and smooth. To cite this article: G. Dinca, P. Matei, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Géométrie des espaces de Sobolev a coefficients variables : lissitude et convexité uniforme. Soit 2 C RN, N >2,
un domain borné et régulier. On demontre que : (a) si p € L°(£2) et essinfycgp px) > 1, alors I’espace de Lebesgue gé-
néralisé (Lp()(.Q) Il llpc)) est lisses (b) si p € C(£2) et p(x) > 1, pour tout x € §2, alors I’espace de Sobolev généralisé

(Wo’p( )(.Q), Il I, p()) est lisse. Dans les deux cas, les formules de la dérivée au sens de Géteaux de chaque norme des espaces

ci-dessus sont données ; (c) si p € C(£2) et p(x) > 2, pour tout x € £2, alors (W(}’p(')(.Q), Il I, p)) est uniformément convexe et
lisse. Pour citer cet article : G. Dinca, P. Matei, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Le résultat principal de cette Note est le théoréme suivant :

Théoreme 1. Soit 2 C RN, N > 2, un domaine borné et régulier.
(@) Sipe L°°(.Q) etp” > 1 alors (LPO(£2), Il | o)) est lisse. En tout u € LPO(2) \ {0}, la dérivée au sens de

Gateaux de la norme || || p(.) est donnée par :
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n(x)—1

fQ p(x) |u(x)|” p(:;gnM(X)h(x) dx

lleell’s.
(I ||;,(_)(u),h>: B0 ., pourtouth e LPO(£2).

Jua ()P
f_Q P(x) Hqu(x)-H d‘x
p()

(b) Si p € C(2) et p(x) > 1, pour tout x € 2, alors (Wy'") (), || 11, () est lisse. En tout u € Wy'") (2)\ {0},
la dérivée au sens de Gdteaux de la norme || ||1,p(.) est donnée par :

[Vu ()P -2vuvh
fQ p(x) ) d
Lp()

, pourtouth € Wol’p(')(.Q).

(I oy ), ) =

[Vu| P
fg p(x) PO dx
Lp()

(©Sipe C(R2) et p(x) =2, pour tout x € 2, alors (Wol’p(')(.Q), Il 11, p()) est uniformément convexe et lisse.

Les définitions des principales notions intervenant dans cet enoncé ainsi que les grandes lignes de la démonstration
sont données dans la version anglaise ci-dessous. Pour les détails, voir [2].

1. Basic definitions

Let 2 c RY, N > 2, be a bounded and smooth domain. We take Lebesgue measure in RY and denote by

LY (2)= Hu eL®(2)|1<p” :essigfu < pT =esssupu < 0of.
Q
For p € L3 ($2), the generalized Lebesgue space LPO)(£2) is defined by

Lp(‘)(.Q) = {u 22— R ‘ u measurable and pp () (1) = /|u(x)|p(x) dx < oo}
2

and it is endowed with the norm

. u
lullpoy = mf{k >0 ‘ pp(I)(X) :/
2

The generalized Sobolev space W70 (£2) is defined by

u(x) p(x)

A

dx < 1}, forall u € LPV(£2).

N 2
WwhrO(@) ={ue LPO(2) | |Vul e LPO ()},  |Vul* = Z(—)

i=1
and it is endowed with the norm

llull = [l oy + |||Vu|Hp(.), forallu e WHPO ().

We define W, (£2) as the closure of C°(£2) in (W70 (2), || ). If p € C(£2) and p(x) > 1 for any x € 2,
there is a constant ¢ > 0 such that (Poincaré’s inequality)

”u”p() <C|||Vl/l|||p(), forallu € WOI"D()(Q)

holds and, from this, we infer that ||| and ||u||1, () = [[|Vulll p() are equivalent norms on Wé’p(')(.@).
For the basic properties of the above spaces, cf. Edmunds and Rékosnik [3,4], Fan and Zhao [5], Kovacik and

Rékosnik [7]. In what follows, Wol’p (')(Q) will be considered as endowed with the norm || |1, () and we will often
write WP (22) instead of (Wy'? (), Il 11, p()-
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2. The main result
Theorem 1. Ler 2 C RY, N > 2, be a bounded and smooth domain.

(@) If p e L°(R2) and p~ > 1, then (LPY(2), || || p()) is smooth.
Atany u € LPO2), u # 0, the Gdteaux derivative of the norm || || p(.) is given by
x)—1
S PO ) dx
/ _ p(C) ©
(I, @), k)= e EIT . forallh € LPO(R). (1)
oPx PO
pC)
(b) If p € C(2) and p(x) > 1, for all x € 2, then (WP (2), | || (o)) is smooth.
0 p()

Atanyu € Wol’p(‘)(.Q), u # 0, the Gdteaux derivative of the norm || |1, p(.) is given by

[Vu ()P =2vuVh
Jo p0) = = d

lw“p”(i; . forallhe WyPP(92). )
f_q p(x) I ”p(x)+1
LpC)

(c) If p e C(£2) and p(x) =2, for all x € §2, then (Wol’p(')(.Q), Il | p¢) is uniformly convex and smooth.

(11 ) @), 1) =

Next, we give the idea of the proof (for more details, see [2]).

(a) The key tools in proving (a) is the classical implicit function theorem and a basic property of the convex modular
Pp()-
Indeed, we have to prove that, for a given ug € LP(')(.Q), uo # 0, and any h € LP(')(.Q), the function t € R,
t — |lug +thl| p(. is differentiable at # = 0. Let k > 1 be a fixed real number, D = (1, 1) x (%||uo||p(.), klluoll pcy)
and @ : D — R defined by

uo +th - luo(x) + th(x)|P®
A T AP()

D1, 1) = pp(.)< x—1. 3)

It may be shown that:

() ® eCl(D);

(b) @0, [luollp¢y) =0

© 570 lluoll () <O0.

Consequently, there exist neighborhoods U of 0 and V' of |lugl| () such that U x V. C D and a C !-mapping
A:U — V which satisfies: 1(0) = [lugll p.y, @ (¢, A(¢)) =0 for any r € U and

k)
() = —M, forall 7 € U. “)

2P
32 (1 0.(1))
Taking into account the definition of @ (see (3)), @ (¢, L(t)) = 0 for any ¢t € U rewrites as

th
,o,,(,><”‘)k:;) ) —1, forallreU. )
Since ||u|| p() = a > 0 if and only if ,op(.)(g) =1 (Fan and Zhao [5, Theorem 1.2]) we deduce from (5) that
A(t) = lug+th| py, foralltel. (6)
By combining (4) and (6) we derive, in particular, that A’(0) exists and
th] ey — . 2% (0, .
(0) = lim lluo +thllpey = lluollpey _ G (O lluollpe) o

=0 1 820, lluoll py)
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i.e. the norm || || () is Gateaux differentiable at u¢ and the Géteaux derivative of this norm at u is given by

920, lluoll p(y)

Lp@)
— , forallheW (£2), )
30, uoll () 0

(” ||/p(.)(u0), h) =

with @ given by (3).

Since a Banach space is smooth if and only if its norm is Gateaux differentiable (Diestel [1, chapter 2, §1,
Theorem 1]) we conclude on the smoothness of (LPO) (£2), 1l pe))-

In order to obtain formula (1) it is enough to compute explicitly the derivatives "ait) (0, lluoll p(y) and %i; O, lluoll pcy)
in (8).

The key point in so doing is to show that these derivatives may be computed by “differentiating under the integral

sign”, i.e. at any (t,1) € D, %(r, A) :fg[%(w)‘)ﬁ,%
computations the condition p~ > 1 is essentially involved (see [2] for necessary details).
. 1,p( .
(b) Since at any u € W,""(2), u # 04,100 ) (& Vil 010 () the functional W () = lull1py = 1Vallpc

may be written as a composed function ¥ (1) = Q(Pu) with

)]dx and a similar formula for %(r, A). In these

P:W,"0 (@) = LPO(Q),  Pu=|Vul,
0:LPO(2) >R,  Qv= vy,
the differentiation chain rule gives us
1,p(
(I 17 ey @), h)=(Q'(Pu), P'(u)h)= ]| ||/[,(_)(|Vu|), P'(w)h), forall h € W, PO(2).
Thus, by simple computation and using (1), formula (2) follows.

The following auxiliary results are needed for the proof of point (c):

Proposition 1. Let A(t) = o‘tl a(s)ds,t € R be an N function (cf. [8], p. 6) with @ non-decreasing on (0, 00). Let

X be a real vector space and T : X x X — R a bilinear symmetric and positive form. Then, for any f, g € X, one has:

i i PE)AFE)]

This result is due to Groger [6] (see also Langenbach [9, p. 153] and [2] for a simple proof).

Proposition 2. Let p € LS°(2). Then one has:

(a) For every & > 0 there exists a number 1(g) > 0 such that if u € LPO) (2) satisfies lull py = €, then ppy(u) = n;
(b) Foreveryn € (0, 1) there exists a number § € (0, 1) such that ifu € LPO(2) \ {0} satisfies pp()(u) < 1—n, then
lull poy <1-36.

Proof of point (b). (Point (a) may be proven by using the same type of arguments.)

Assuming the contrary, a number 7 € (0, 1) and a sequence (u;) C LPO(2) \ {0} such that p,()(u,) <1—n and
lunll > 1 — 1 would exist.

From p,()(u,) < 1 —n we derive (see [5, Theorem 1.3]) that |[u, |l p¢) < 1.

Thus, ||u,|| — 1 as n — oo.

Since ([5, Theorem 1.3]) ||un||ﬁ;r_) < pp)(Un) < ||un||§(i), it follows that p,()(u,) — 1, in contradiction with
Ppoyn) <1—n. O
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Proof of point (c) in Theorem 1. Let x € £2. Consider the N-function A(r) = |¢|P®). Since a(s) = p(x)s?®~! and
p(x) =2, it follows that “(S) is non-decreasing in (0, c0). Let T : W1 P )(.Q) X W1 pC )(.Q) — R be the bilinear form
defined by T(f,g)=(Vf )(x) (Vg)(x). Inequality (9) applies and we obtain:

(X):|

p(x)
e (2l o)

By integrating over §2 we get:

Pr(y (IVF1) + ppr (IVel) = 2[Pp<~)(‘v<¥> D + pp(.)<‘v<%> m (10)

Now, let ¢ € (0, 2] be given and let f, g € Wol’p(')(.Q) be such that

1 hper = NIV Al =1 (11)
lglh.per = [1Vgl] ., = 1. (12)
f—s €
1f = glipe =1V =l ., > ¢ & HV(TM > (13)

From (11) and (12) we deduce (cf. [5, Theorem 1.2]) that ,op()(|Vf|) =1, pp)(IVgl) =1 while from (13) and
Proposition 2(a) it follows that there exists n > 0 such that o, (|V( 2g )) = n (clearly, we may assume n < 1).

Consequently, from (10) it follows that p () (|V (52 I+g )]) < 1 — n and from Proposition 2(b) we deduce the existence
of a number § € (0, 1) such that |||V(f+g)|||p() 1 — 8 which rewrites as || f Elipoy<1=6. O
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