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Abstract

We study the problem of an elastic inclusion with high rigidity in a 3D domain. First we consider an inclusion with a plate-like
geometry and then in the more general framework of curvilinear coordinates, an inclusion with a shell-like geometry. We compare
our formal models to those obtained by Chapelle-Ferent and by Bessoud et al. To cite this article: A.-L. Bessoud et al., C. R. Acad.
Sci. Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Inclusions élastiques de grande rigidité de type plaque ou coque. On étudie le probleme d’une inclusion élastique de grande
rigidité dans un domaine 3D. Cette inclusion est d’abord vue comme un domaine géométrique de type plaque, puis plus générale-
ment comme un domaine géométrique de type coque. On compare les modeles obtenus formellement a ceux de Chapelle—Ferent
et de Bessoud et al. Pour citer cet article : A.-L. Bessoud et al., C. R. Acad. Sci. Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

L’étude d’une couche mince élastique insérée entre deux matériaux élastiques et possédant des propriétés d’un
ordre de grandeur différent de celles de ces deux matériaux, s’est largement développée a la suite des travaux de Pham
Huy-Sanchez [12], Brezis et al. [5] et Caillerie [6]. Plus récemment Chapelle—Ferent [7] ont étudié le comportement
limite dans le cas d’une inclusion de type coque d’épaisseur ¢ dans un domaine 3D, lorsque la rigidité de cette coque
est d’ordre slp avec p =1 ou p = 3. Dans un contexte géométrique et mécanique différent, Bessoud et al. [4] ont
étudié le comportement d’une couche 3D, d’épaisseur ¢ et de rigidité % Plus précisement cette couche mince est de la
forme : w x ]—¢, e[ ou w est une surface 2D projetable, et les matériaux sont linéairement élastiques et anisotropes. Le
probléme limite est un probleme de transmission de type Ventcel, entre deux corps linéairement élastiques anisotropes.
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serpilli@lmgc.univ-montp2.fr (M. Serpilli).
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Dans le cas isotrope, lorsque w, 1’énergie de surface associée a cette condition de transmission peut étre interprétée
comme une énergie membranaire de Kirchhoff-Love.

Ici deux situations sont considérées. Dans la section 2, on étudie la méme situation que [4] pour un maté-
riau isotrope dont la rigidité est d’ordre si,, avec p = 1 ou p = 3. Plus précisemment, dans 1’espace Euclidien
tridimensionnel €3 muni du repere Cartesien (O; ey, €5, e3), soient 21 and £2~ deux ouverts disjoints a bords
réguliers 027 et 927, Soit w = {327 N 3£27}° un domaine de R? de mesure bidimensionnelle non nulle et
soit y = (y,) un point générique de ®. La couche intermédiaire est insérée, en déplacant 27 (respectivement
£27) suivant e3 (respectivement —e3), d’'une quantité ¢ > 0, ol ¢ > 0 est un petit parametre réel positif. Soient
Q.= (xf:=x teey;x € NF), M :=w x |—¢, e[, et 2F:= 27FUNTEUR™E. La structure est fixée sur
Iy C (0828 \ I'"™®) et I'"?* := dw x ]—¢, e[ est un bord libre. Le probleme physique sur le domaine variable $2¢
s’écrit sous la forme variationnelle (2). On utilise alors une formulation a deux champs, de facon analogue a [7]. Afin
d’étudier le probleme limite, on transforme 1’ouvert variable en un ouvert fixe, grace au changement de variables usuel
(voir [11]).

Le premier terme du développement asymptotique du déplacement (U(e),u(e)) ou U(e) = U° + eU!' +
U+ ..., u(e) = ul + eu! + ¢2u? + - - - vérifie alors, dans le cas p =1 le probleme (3). L’énergie de surface
associée correspond au terme d’énergie membranaire de [4] et s’écrit :

1 40" pm m
E / Weog(u)e.”.(u) +4u et?l,ﬁ(u)em/3 (u) dy

w
Dans le cas p = 3, le probléme limite obtenu formellement a I’aide des développements asymptotiques s’écrit sous
la forme (4). L’énergie de surface associée a cette formulation est alors celle d’une plaque de Kirchhoff-Love en
flexion et est donnée par :

1 40" m
g WATM3ATM3 + 4//L 8aﬁu38aﬁu3 dy
w

Dans la section 3 on s’intéresse & une couche mince de type coque. Plus précisemment, soit § € C?(@; R?) une
application injective telle que les vecteurs ay(y) := 9,0 (y) forment la base covariante du plan tangent a la surface
§:=0(®) au point #(y). On considere le domaine de type coque de surface moyenne § := (@) et d’épaisseur 2¢,
dont la configuration de référence est I'image ©™¢ (£2"¢) C R? de £2"¢ par I’application @"-¢ : 2"-¢ — R> donnée
par :

0"°(x°) :=0(y) + x5a3(y), pourtoutx® = (y,x5) = (yi,y2,x5) € 2"°. (D)

On suppose de plus qu’il existe une immersion @ : 2¢ — R3 définie par :

& . @i’g sur S_Zi’g, +.,e +.6\ _ @& +,e
0" = {Gm,s sur §m,8’ ] (F ) =0 (F )’

ot @F¢ : 2%¢ — R3 sont des immersions sur 2% qui définissent les coordonnées curvilignes sur £2%¢. On consi-
dere le domaine de type coque de surface moyenne S := 0 (@) et d’épaisseur 2¢, ot 8 € C%(@; R?) est une injection
permettant de définir la base covariante du plan tangent de la surface S. On insére cette couche mince en translatant
d’une quantité égale 2 & dans la direction normale 3 S, 'image de 27 (resp. £27) par I'immersion définissant les
coordonnées curvilignes dans £2%¢. Le probleme physique sur le domaine variable £2° s’écrit sous la forme varia-
tionnelle (6).

Dans le cas p = 1, le premier terme du développement asymptotique du déplacement (U, u®) vérifie alors le
probleme (7). L’énergie de surface associée est celle d’une coque membranaire :

1
Ay (u,u) = Efa"‘ﬁ“)/m(u)yaﬁ(u)ﬁdy,

w
ol yup(u) sont les composantes covariantes du tenseur de changement de métrique.
Dans le cas p = 3, le probleme limite obtenu formellement a 1’aide des développements asymptotiques s’écrit sous
la forme (8). L’énergie de surface associée a cette formulation est alors celle d’une coque en flexion, donnée par :

1
g / a®PoT po (W) pap () +/a dy,

w



A.-L. Bessoud et al. / C. R. Acad. Sci. Paris, Ser. I 346 (2008) 697-702 699

oll pop (U) 1= dgpu3 — Ffﬁaaw — bopusz + b3 (dgus — ngur) + blg Oqur — I ug) + (aab;, + Fofabg — Fa‘%bé)ur,
sont les composantes covariantes du tenseur des variations de courbure.

L’existence d’une solution non identiquement nulle dépend a la fois de la nature hilbertiennne des espaces dans
lesquels sont définis les problemes (7) et (8) et de la coercivité des formes bilineaires associées aux énergies de
surface. Pour I’existence des solutions de problémes de coques en flexion, voir [2,3]. Pour I’existence des solutions
de problemes membranaires de coques, voir [9,10].

1. Introduction

After the pioneering works of Pham Huy—Sanchez [12], Brezis et al. [5] and Caillerie [6], the thin inclusion of a
third material between two other ones when the rigidity properties of the inclusion are highly contrasted with respect
to those of the surrounding material has been fully investigated. More recently, Chapelle—Ferent [7], in order to justify
some methods used in the FEM approximation, have studied the asymptotic behavior of a shell-like inclusion of
E%—rigidity (p=1or p=3)ina3D domain. In a slightly different geometrical and mechanical context, Bessoud et
al. [4] have studied the behavior of a e-thin 3D layer of %—rigidity. More precisely, they assume that the thin layer can
be written as w x |—e, e[ where w is a projectable 2D surface, and that all the materials are linearly elastic anisotropic.
Then the limit problem is a Ventcel-type transmission problem between two 3D linearly elastic anisotropic bodies.
When o is planar and in the isotropic case, the associated surface energy term can be interpreted as the membranal
energy of a Kirchhoff-Love plate.

Here two situations are considered using a two field approach analogous to [7]. In Section 2 we study the same geo-
metrical situation as in [4] when the material in the thin layer is isotropic and with a glp-rigidity (p=1or p=3). When
p = 3, in the formal limit problem the associated surface energy corresponds to a flexural energy for a Kirchhoff-Love
plate. When p = 1, the associated surface energy corresponds to the membranal energy of [4].

In Section 3 we study a new situation where the shell-like thin layer is obtained by the translation in the normal
direction of a general 2D surface, see (5). Using a system of curvilinear coordinates we deduce the formal limit
problem for the two cases p = 1 and p = 3. In this way we obtain the same limit problems as in [7], also if the
kinematical assumptions for the physical problem are not the same. Indeed in [7] the authors a priori assume a shell-
like energy in the thin layer. As in [7] one must stress that the well-posedness of the limit problems is essentially
linked to the well-posedness of the shell models [13,8,1].

2. Plate-like inclusion: asymptotic behavior

In the three-dimensional Euclidean space &3 referred to the Cartesian coordinate frame (O;eq,er,e3), let 2T
and £~ be two disjoint open domains with smooth boundaries 32" and 327. Let w = {32+ N 3£27}°, which is
assumed to be a domain in R? having a positive two-dimensional measure and let y = (y,) denote a generic point of
@. We insert the intermediate layer moving 2 and £2~ in the e3 and —ej directions, respectively, by an amount equal
to ¢ > 0, a small dimensionless real parameter. Then let QT = (xf:=x +ee3; x € 2F}), 2™ :=w x |—¢, [, and
2°F:=Q7FURTEUR™E, The structure is clamped on Iy C (882° \ I'"™¢) and I'"™¢ := dw x ]—e, &[ is traction
free. We suppose that the materials occupying §2¢ are linearly elastic and isotropic. Let

VE={(V.v) e H' (25 R?) x H' (2™ R?); V|gme =v; V|, = 0}.
The physical variational problem defined over the variable domain §2° can be written as

{Find(U‘E, u?) € V¢ such that for all (V,v) € V¢

ATEUE, VE) + AHE (U, VE) + A" (uf, v°) = L(V), @

where
AT (UF, VE) = / (A=7es, (U%)et, (V) +2u™ el (U°)ef; (VF)) dx®,
Q+e
AT (uf o) = / (et ()t (0°) + 2 e (uF) ety (4°))

pp tj
Qm.e
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The functional L(-) is the linear application associated with the applied forces.
Let us suppose that the Lamé’s constants of the isotropic materials satisfy

1 1
)\:I:,a — )\:I:’ M:I:,s — M:ﬁ:’ WE — _)\m7 Mm,e — _Mm’
ep ep

where p € {1, 3}, and A%, A (resp. w*, and ) are of the same order of magnitude.

In order to study the asymptotic behavior of the solution of the physical problem (2) when ¢ tends to zero, we apply
the usual change of variable (see [11]), which transforms the problem posed on a e-dependent domain into a problem
over the fixed domain 2 := 2% U 2", where 2" := w x ]—1, 1] is the rescaled domain of £2"¢. The rescaled
problem assumes the following form, with V = {(V,v) € H'(£2:R3) x H'(2™: RY); Vign =v; Vi, =0}

Find(U (¢), u(e)) € V such that for all (V,v) e V
{ A(U(e), V) + AT (U(e), V) + 57 Ay (u(e), v) + 5 Al (u(e), v) + 5 ATy (u(e), v) = L(V),

where A*(-, -) is the natural bilinear form on §£2%, and the bilinear forms A;’j’. (-, -) are defined as follows:

un
A;nﬂ(u’ v) = / Aeqo (U)err (v) + zﬂmeaﬁ(u)eaﬁ(v) + 730{”38&”3) dx,
in

m
Al (u,v) = / <M7(aa”383va + 931q 0qv3) + A" (€0 (w)e33 (v) + €33 (u)eaa(v))> dx,

Qm

m
A% (u,v) = / ((?»m +2u"™)e33(w)es3 (v) + %33%{ 03 va) dx.
Qm
We look for the following formal a priori asymptotic expansion of the solution (U (¢), u(¢)):
U(8)=U0+€U1+82U2+~-~, u(s):u0+8u1+£2u2+--~.

The leading terms (U°, u®) of the asymptotic expansion satisfy the limit problems:

i p=1
Find(U°, u®) € V), such that for all (V,v) € Vi, 3)
AU V) + AT V) + AT, 0, v) = L(V),
where
Vi ={(V,v) e H'(2;R*) x H'(0; R); V|, = v, V|, =0},
Ay u,v) = W&m (w)er (v) +4u" eqp(w)eqp(v) | dy
w
is the bilinear form associated with the membrane behavior of the plate.
(i) p=3:
Find(U°, u®) € Vg such that for all (V,v) € Vg @
AU V) + ATWUO, V) + A @O, v) = L(V),

where
Ve={(V,v) e H'(2;R%) x H*(0;R%); Vi, = v, V|, = 0, eqp(v) = 0},

" 1 40" m
AF(u,D):g WATM?,ATU} +4//L 805/31/{380[/31)3 dy
w

is the bilinear form associated with the flexural behavior of the plate. A; denotes the two-dimensional Laplacian
operator in .
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Remarks. 1. This problem can be studied in the case of anisotropy of materials and with less restrictive assumptions
relative to the geometry of the central layer 2%,
2. In the case p = 1, the convergence is studied with a slightly different formulation in [4].

3. Shell-like inclusion: asymptotic behavior

Let 0 € C*(@; R3) be an injective mapping such that the vectors a, (y) := 9,0 (y) form the covariant basis of the
tangent plane to the surface S := 6 (w) at the point (y); the two vectors a®(y) of the tangent plane, defined by the
relations a*(y) - ag(y) = (Sg, form its contravariant basis. Also let az(y) = a3(y) := % be the unit normal
vector to . The covariant and contravariant components aqg and a®P of the first fundamental form, the covariant and

mixed components byg and bg of the second fundamental form, and the Christoffel symbols I 0‘23 of the surface S are
then defined by letting:
o af .__ o B 43 B._ PBo o ._ 0
aop :=aq -ag, av:=a"-a"”, byg:=a-0gay, by :=a""bys, Faﬁ =a’ - 0gay.

Let ™ = w x |—¢, ¢ be defined as previously, with "¢ := w x {#e}. Let x* denote the generic point in the
set £2"¢, with x, = yo. We consider a shell-like domain with middle surface S = 6 (@) and thickness 2¢ > 0, whose
reference configuration is the image ©”¢ (2"¢) C R of the set £2¢ through the mapping ©@™¢ : 2"¢ — R3 given
by

0" (x*):=0(y) + xjaz(y), forallx®= (y, xg) = (yl, y2, x§) e ™e, (5)

Moreover, we suppose that there exists an immersion ©° : 2¢ — R defined as follows:

+, 0L,
o =[O, ME L ete(rEy —en(re),

with @ : 2%¢ — R3 immersions over £2%¢ defining the curvilinear coordinates on 2%,
The physical variational problem in these curvilinear coordinates on the variable domain £2°¢ is

Find(U?, u®) € V¥ such that for all (V?, v¥) € V¢ ©)
ATEUE, V) + ADE(UF, VE) + A™F @ of) = L(VE),

where

A:E,E(US’ VS) = / Azk@,seie(l]a)ef‘j(vé‘) /gi,s dxg,
*+e

AT (uf,0%) = / A%ke’seiz(us)efj(v‘g)\/ﬁdxs.
Qme

Here AUKGE .= pegiieghtie 1 &(gikegilie | oilie k) are the contravariant components of the elasticity tensor,
gt = det(gfj), with (gfj) = (0;0° - 9;©°) and the (g% == (gfj)_1 respectively the covariant and contravariant
components of the metric tensor associated with @°.

As in the previous section, in order to study the asymptotic behavior of the physical problem (6), we apply the
usual change of variable, which transforms £2¢ into a fixed domain £2.

Now, the leading terms (U?, u®) of the asymptotic expansion satisfy the following limit problems:

Hp=1

{Find(UO, u®) € Vy such that for all (V, v) € Vi

AU V) + AT V) + AT 0, v) = L(V), @)

where
Vi ={(V.v) e H'(2:R’) x H'(0: R%): Vi = v. V1, =0},

AT, v) = / APy () o (9) /@ dy

w
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ik_':;:m a®BacT + 2Mm(aaaaﬂt +
a®TaP?) are the contravariant components of the elasticity tensor of the shell and y,g(u) := %(8,114;3 + dgug) —
I a“ﬁ us — bypuj are the covariant components of the change of metric tensor.
@) p=3:
Find(U°, u®) € VF such that for all (V, v) € Vg
AU V) + AT, V) + AR, v) = L(V),

is the bilinear form associated with the membrane behavior of the shell, a*f°7 :=

®)
where
Ve={(V,v) e H'(2;R?) x H*(0;R?); Vi, =v, V|1, =0, yup(v) = 0 in w},

1
AL (u,v) = g/a“ﬂ”por(u)paﬂ(v)x/ﬁdy

w

is the bilinear form associated with the flexural behavior of the shell and pup () := dqpusz — I 029 Oou3 — bapus +
bg (dgus — gaur) + bE (Oqutr — I ug) + (Bo,b/’S + I g - Fongf,)u, are the covariant components of the change
of curvature tensor.

Remark. As in [7] the well-posedness of the limit problems (i) and (ii) depends both on the Hilbertian character of
Vi and Vi, and the coerciveness of the bilinear form A"Afl. For the well-posedness of the flexural shell model see [2,3]
and for the well posedness of the membrane shell model see [9,10].
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