Available online at www.sciencedirect.com

sc.euce@p.“w

COMPTES RENDUS

" MATHEMATIQUE
http://france.elsevier.com/direct/ CRASS1/

” o)
ELSEVIER C. R. Acad. Sci. Paris, Ser. I 343 (2006) 279-282

Numerical Analysis/Mathematical Problems in Mechanics

Q-superlinear convergence of the GMRES algorithm
for multi-materials with strong interface

Anne Laure Bessoud, Francoise Krasucki

Laboratoire de Mécanique et de Génie Civil, UMR 5508, Université Montpellier II, place Eugéne-Bataillon, 34695 Montpellier cedex 5, France
Received 30 May 2006; accepted 21 June 2006
Available online 21 July 2006
Presented by Philippe G. Ciarlet

Abstract

We consider a model non-classical transmission problem corresponding to a multistructure composed of two bodies bonded
by a thin strong layer. By using a domain decomposition, the problem is reduced to an equation defined on the interface of the
form (Z — G)g = F. We prove that G is compact of Carleman class Cy, and hence the g-superlinearly convergence of the GMRES
algorithm (in exact arithmetic). 7o cite this article: A.L. Bessoud, F. Krasucki, C. R. Acad. Sci. Paris, Ser. I 343 (2006).
© 2006 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Convergence g-superlinéaire de I’algorithme GMRES pour un multimatériau a liaison forte. On étudie un probléme
modele non-classique de transmission, décrivant une multistructure composée de deux solides reliés par une jonction forte. En
utilisant une méthode de décomposition de domaines, le probleéme se ramene a une équation définie sur I’interface, de la forme :
(Z — G)g = F. On montre que G est compact de classe de Carleman Cj, et on en déduit la convergence g-superlinéaire de 1’algo-
rithme GMRES. Pour citer cet article : A.L. Bessoud, F. Krasucki, C. R. Acad. Sci. Paris, Ser. I 343 (2006).
© 2006 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Position of the problem

For the sake of simplicity we shall consider a model problem, such as the heat conduction through two bodies,
bonded by a thin strong layer whose thermal properties are large with respect to those of the two bodies. The same
results hold for other situations, e.g. for linear elasticity or linear plates theories. With an asymptotic analysis, similar
to that in [2,9,7], the thin strong layer ‘disappears’ from a geometrical point of view, but remains through a surface
energy which gives rise to a non-classical transmission condition. In order to state this limit problem, we denote
by 27 and £2~ the two bodies, which we assume to be open connected subsets of R with Lipschitz-continuous
boundaries 32" and 92~ and we assume that S =921 N 92~ is a non-empty regular surface of positive measure.
Let £2 be the interior of (£21 U £2~), with boundary 9£2. We assume that the following boundary conditions of mixed
type hold: the temperature is zero on I;;” U F0+ and the heat flux is given on the part FJ with I;” =902~ Nasg2,
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FO+ ur (;“ =927 Noand dS C Iy u FO+. For a function w defined on £2, let wt and w™ denote the restrictions
of w to 21 and 27, respectively. Let us define the space V:

v={v=0" v vt e (2F), v- e H'(27). vfs=vg € H}(S) and v* =0 on I} (1)
whose associate norm is
Iy = 1YVt 112 gy + VU 132 gy + 1Vev 72,

where V; denotes the surface gradient operator. The problem can then be stated as follows:

{ Find u € Vso that )
Jw) <JW), YveV,
where
L L L + 00t — (v~
J(v)=§a (G )+§a (v ,v )+5a (w,v) =LT@") =L ("), 3)
atE vt) = / KEvvtvetde, 4)
_Qi
as(v,v)=/KSVTUV,vdS, (5)
S
L+(v+)=/f+v+dfz—/¢+vdr; L‘(v‘):/f_v_d.Q. (6)
2+ )t 2~

Under standard assumptions on the regularity of the loading and the positivity of the coefficients K* and K*, we can
easily prove the existence and the uniqueness of a solution to this problem.
Let us remark that the transmission conditions on S are ™ =~ and the non-classical one:
K+E+K_au—_=KSA u 7
ont on— o

2. Multi-domains formulation

We cannot apply directly the iterative methods used for multi-domains to take into account the transmission condi-
tion (7) on the strong interface S. We propose a suitable domain decomposition method that reduces the problem to an
integral equation on S. As in e.g. [6], we solve at first a classical non-homogeneous Dirichlet problem or a mixed prob-
lem on each subdomain with a boundary datum g on the interface S. To this end, let g € HO1 (S) be given and define
the spaces V," = {v € H'(27); v=gonS, v=0o0n I} }and Vo ={ve H'(27); v=gonS, v=0o0nT} }
Let uf € V;F be such that:

) < IHOE). W e VE, ®
where
T () = g (v vF) - 15(08), ©)

Then ug, = (u;, Ug) is the solution to the global minimization problem (2) if and only if g is the (unique) solution to
the following problem:

Find g € HO1 (S), such that for all g* € HO1 S
+ —(y= o= + —(p) —
a*(g, g% +a+(u:€,", vg*) +a (ug , vg*) — L+(vg*) — L™ (vg) =0.
Using a Green formula, we can see that the previous problem can be written as:
Find g € H (), such that for all g* € H; (S)
oup _oug > (1n
g )

s *\ K+ Mg K_ g
a’(g. ") =\K"> -+ K" =,

(10)
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where (-, -) denotes the duality pairing between H=1/2(8) and H/2(S) N H(}(S). Let us denote by G : H(S) >
HOl (S) the solution operator corresponding to the Dirichlet problem for the form a®. Hence g solves (11) if and only
if:

G K+a ug K™ —= au; 12
£= ant T8 n- (12)
Since the maps g — Kiau;,t/ani from HO1 (S) into H~1/2(S) are affine, we can write
G K+8u+ i duy _GotF,
ont + on— 8+

where

dul  out du,  Ju; duy duy
=Gk - )+ (= -—"L2)) F=G(kT—% 4+ Kk —2),
ge ( <8n+ ant + an~=  on~ Bn"‘ + an~
and u(jf denotes the solution of (9) for g = 0.
The solution of problem (11) is hence reduced to solving the linear equation:

=T -Gg=F inH(S). (13)

The existence and uniqueness of the solution to problem (2) implies that (13) has a unique solution in Hé (S).

In the GMRES method [11], the kth iterate u; minimizes the norm of the residual ry = F — Auy over
the affine space ug + K where Ky is the Krylov space generated by ro, Aro, ..., A*"1rg. As a consequence
lrell < I p (Al liroll, where p(A) is any polynomial of degree k with p(0) = 1. The rate of the decay of the spec-
trum of G can be used to choose a special sequence of polynomials in order to obtain convergence rate estimates.

Here, the main aim is to use the regularizing character of the operator G to obtain such convergence rate estimates
for (13). For that, the following result is essential:

Theorem 2.1. There exists t with 1/4 <t < 1/2, such that the linear map g — Gg is continuous from H (S) to
Hy(S) N HIT(S).

Proof. Since

u duy,
Kfo L+ KL e HT%(S),

it follows from results of P. Grisvard [8] and by interpolation that
ou + Uy

Gkt 2+ Kk —£)eH"(S

( 8n+ + on~ > (5

for some 1/4 <t < 1/2, the exact value of which depends on the regularity of the surface S. O

Corollary 2.2. The linear map g — Gg is compact of Carleman class Cy in H(} (S) foreverys >2/t.

Proof. Since S is contained in R2, the imbedding of H 141(§) with t > 1/4 in H'(S) is compact of Carleman class
Cy for every s > 2/t, cf. [1]. The result then follows from Theorem 2.1 and the property that the composition of a
bounded operator and an operator of class Cy is an operator of class C;. O

The classes C; of compact operators in Hilbert spaces are studied in depth in ([5], Chapter XI), where are estab-
lished completeness properties of the eigenfunctions generalizing earlier work of Carleman [4] for Hilbert—Schmidt
operators.

These results allow to obtain the following result of convergence:

Theorem 2.3. The unique solution of Eq. (13) can be approximated by the GMRES method, which converges
q-superlinearly in exact arithmetic.
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Proof. The ¢-superlinearity convergence, i.e., the property that the sequence {r,} of the residuals satisfies:
|/lrn |l = O, follows from Corollary 2.2 and a straightforward application of Theorem 1 of [10]. O

ll7n+1

The same reasoning based on the regularizing character of the analogous of the operator G can be used to prove the
g-superlinear convergence of the GMRES method for others non-classical transmission conditions, for instance those
appearing in the case of a bonded structure with a weak interface, as in [6].

With the same method, one can also prove the convergence of the GMRES algorithm for the finite element approx-
imation (see [3] where suitable error estimates and numerical results are given also for linear elasticity problems).
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