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Abstract

Further reduction for classical normal forms of formal maps is considered in this note. Based on a recursive formula for com-
puting the transformed map of a formal map under a near identity formal transformation, we develop the concepts of Nth order
normal forms and infinite order normal forms for formal maps, and give some sufficient conditions for uniqueness of normal forms
of formal maps. 7o cite this article: D. Wang et al., C. R. Acad. Sci. Paris, Ser. I 343 (2006).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Réduction supplémentaire des formes normales d’applications différentiables. La réduction supplémentaire des formes
normales classiques d’applications formelle est étudiée dans cette note. En utilisant des formules récursives pour le calcul de
I’application obtenue par une transformation formelle tangente a 1’identité, nous développons la notion de formes normales d’ordre
N et d’ordre infini pour les applications formelles, et nous donnons des conditions suffisantes pour 1’unicité de ces formes normales.
Pour citer cet article : D. Wang et al., C. R. Acad. Sci. Paris, Ser. I 343 (2006).
© 2006 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Since classical normal forms of formal maps (including C* smooth maps) are, in general, not the simplest among
formal conjugate class, further reduction of classical normal forms is necessary. We consider a formal map F with the
origin as a fixed point:

Fx)=Ax+ L)+ s+ + frx)+---, ey
where x € C", A is an n X n complex constant matrix in Jordan canonical form and f; € Hﬁ, where Hlf; is the linear
space of n-dimensional vector valued homogenous polynomials of degree k in n variables with coefficients in C,
k=2,3,...,r,....

Under a near identity transformation

x=TM=y+eM=y+e20)+@3()++@()+---, @ eH, )
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F can be changed to
H)=T "o FoT(y)=Ay+h()+h3()+-+h() +---, hieH,. 3)
By the recursive formula given by Peng [3], we have
hi = fi — (o (Ay) — Agr(y)) — Sék_z)[fz, faoeos fim11(@2, 03, ... @r—1)
—RE P fioti b e B 1) (@2, 934 p1m1) &)
fork=2,3,..., where

k—1
k—2
S fr o )02, 030 k- D) = Y (D@i(AY) fiy1—i — Dfir1-i(3)@i)
i=2
[k/2] 1 k—r
+2 5 > {D @i(Ay) fi, -+ fi, = D" fien, -+, },
r=2 i=r L+l =k—(>—r)
2<ly el Sk—(i—r)=2(r—1)
k—1
R PUfareeos fimt e et @2, o ie) = Y { D (AY) (s —i — fiea1=i) )
i=2
[%] 1 k—r
+2 > {D"@i(AY)huy -y, — D i (AY) fiy -+ i, }.
r=2 i=r l+-+l=k—(i—r)

21yl Khk—(i—1r)=2(r=1)

where the operator D is a Frechét derivative.
In Section 2, based on the formula (4), we develop a new framework of further reduction of normal forms for formal
maps by combining a similar idea of Chen and Dora [1] and the method introduced by Kokubu, Oka and Wang [2].

2. Infinite order normal forms and unique normal forms

For the given formal map (1), we define a sequence of operators as follows. Let

E,((D =L§A:Hﬁ —>Hf‘1, ox —> o (Ax) — Agg (x), (pkeHﬁ, Vk>2, keN

and
LY Ker £ x HEY" — B k22, komeN
@k -2 Prctm—1 Bhem) — LA (@rcm) + SV U2 fid @k @rem—1),
where
S(m) _ Do (A - Df; .
2 Fn @k Q1) = (Dgi(Ay) fj — Dfj(»)¢i)
i+ j=k+m+1
ik, j>2
m 1m+k7r
D= > D gi(A) fi, -+ fi,
r=2 i=k L+-+l=m+k—(>—r)
izr 2Kl <
Im/KI+1 | mek—r (=1)
-2 ml > > D" fi(Men -9,
r=2 i=r L+l =m+k—(>{—r)
kool SmAk—=2
It is obvious that for any integer m > 1, operator L,({"” depends on A, f>,..., fi and can be denoted by

E,((m)[A, f2, ..., fm]. We note that E,(cl) and C,(cz) are linear but when m > 3, E,((m) is in general nonlinear.
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Definition 2.1. A formal map H (x) = Ax + ha(x) +h3(x) + -+ hy(x) + - - -, where h, € H}, for each integer r > 2,
is called an Nth order normal form if h4; € C’H_i, I<i<N,and h; € cN ,J =N+1,i,j €N, where C{”Jrj is

1+ '
a complementary subspace to the maximal linear subspace RY", i contained in the image of E;ﬁ)/—m in H,11+] for each
integer m > 1 and j > m, where L}, =LY, [A hy.....hy). Inaddition, if hiy; € Cl,;. Vi €N, then H (x)

is called an infinite order normal form.

is fixed whenever R”"

In what follows, we assume that the choice of the complementary space C}, to R} e

k+m
has been determined and if dim R”*! = dim R™,__, then we take R""T! = R}, and further C m+l _ o e

k+m k+m> k+m k+m

Definition 2.2. Assume that the rule of selecting complementary subspaces in the process of computing normal forms
is fixed. Let the formal map H (x) be an infinite order normal form. If there is no other infinite order normal form
which is formally conjugate to H (x), then H (x) is called a unique normal form. For a given formal map F'(x), if H (x)
is an infinite order normal form of F(x) and is a unique normal form, then H (x) is called the unique normal form
of F(x).

Theorem 2.3. Let H(x) = Ax + ha(x) + h3(x) + --- 4+ hy(x) 4+ --- be an infinite order normal form of (1). If
Im Eék)[A, ho, ..., hxg] N C]1(+k = {0} for any integer k > 1, then H (x) is a unique normal form of (1).

In some cases, an Nth order normal form is already an infinite order normal form. It may be also a unique normal
form.

Theorem 2.4. If there exists N € N such that Kerﬁ,((N) = {0} x Kerﬁ,(ﬁfl), holds for any integer k > 2, then

Im C,((NH") =Im Eﬁ?n forall k >2, m > 1, k,m € N, and hence the Nth order normal form is an infinite order
normal form.

Example 1. Consider one-dimensional map Fo(x) =ax” +---, witha#0and r > 2, r € N. Itis easy to see that for
anym =2, meN

Kerﬁ’s:) = {0} x Ker[il(;;ll) and Im E,(;) — H§+m71'

Then the rth order normal form of Fy(x), H(x) = ax", is an infinite order normal form and is unique.

In what follows, we consider a special case and give a simpler condition for uniqueness of normal forms. Let
Hx)=Ax +h,(x) + -+ hyqr(x) + -+, where A is diagonal and h, #0, h, € C;(: Cff_l), where C:L is
some complementary space to Im L’Z. Then, forany m > 2, m e N, H} =1Im L’/'{ &) KerLf’Z and hy =hyu+hoy
where hy, € ImL’Z and hy ,(# 0) € KerLf;. We define a linear operator 7,[hy ,]:KerLy — HZH_'"_I by
Tnlh2, 1, J(@m) (x) = D@y (Ax)ho, 1, (x) — Dhy (X))@ (x) for any integer m > 2.

Theorem 2.5. Assume that a formal map has the following form H (x) = Ax +h, (x)+hy 1 () 4+ +hypr (x) 4+,
where A is diagonal, h, € Cllt and h, # 0. Let hy , be the projection of h,, onto Ker L’;. If the following conditions
are satisfied:

(1) For any integer m =2, m # p, Ker7,,[h3, ;] = {0}.

(2) For any integer m > u, either dim Ker L’Z+m71 =0 or dim Ker LTLWHI =dimKer L'}.

Then the puth order normal form of H(x) is an infinite order normal form and is unique.

Remark 1. Under the conditions of Theorem 2.5, the unique normal form of H (x) has the following form H* =

Ax+h,+ hfﬁ:l RS hé’;)_l. If, in addition, the condition(2) of Theorem 2.5 holds also for any integer 2 < m < w,
()

then the unique normal form is of the form H") = Ax 4 h w+ hz;kl'



660 D. Wang et al. / C. R. Acad. Sci. Paris, Ser. I 343 (2006) 657-660

Example 2. Consider one-dimensional map Fi(x) = x + Z,fiﬂ akxk(au # 0). It is easy to obtain that Ker LKk =

{dkxk|dk € R} where k > 2, k € N. Furthermore, Ker 7,,[a,x"] = {0} for any integer m > 2, m # j1. So by Remark 1,
the wth order normal form of Fj(x),

Hi(x) =x+a,x" + bx1,
is the unique normal form of F (x).
Example 3. Consider another one-dimensional map F_j(x) = —x + Z,fiZU T agx* (a2y+1 #0). Similarly to Exam-

ple 2, the conditions of Theorem 2.5 can be tested. Then based on Remark 1, the (2v + 1)th order normal form of

F_i(x),
H_]()C) = —x +a2v+1x2v+l +bx4\)+1’

is the unique normal form of F_j(x).

Example 4. Consider the formal map with generalized Neimark—Sacker singularity

o] k
Fi@=e"z4cnd"'2"+ Y Y cjxjdd 2, en#0, cneC,
k=2m+2 j=0
where 6 satisfies e £ 1, Vk € N and cjk—j, 2 €C, 7 is the conjugate of z and i = +/—1 is the imaginary unit. Let
cme 9 = a,, +ib,,, where ap,, by, € R. If ay, # 0, then the conditions of Theorem 2.5 hold. Note that
I L5 = {y;2/ 210 |y eC, j =0, dm 4+ 1, j#2m + 1} @ [ie? pz2"H172" | g e R},

2m—+1

so we can choose Cj, /| = {Gomel? 22" H172M | G5, € R}. Then by Remark 1, the (2m + 1)th order normal form

of Fj(2),
Hi(2) = [z + (am +ibm) 2" 12" + a2 T122M),

is the unique normal form of F;(z), where ay,, is a real number uniquely determined by F;(z).

For the details of proofs and algorithms for computing coefficients of unique normal forms for above examples, we
refer to [4].
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