Available online at www.sciencedirect.com

sc.suce@n.“w

COMPTES RENDUS

e ¥ 2
ELSEVIER C. R. Acad. Sci. Paris, Ser. | 342 (2006) 269274

http://france.elsevier.com/direct/ CRASS1/

Probability Theory

Invariance principle for a class of non stationary processes
with long memory

Anne Philippe, Donatas Surgailis Marie-Claude Viané

@ Université de Nantes, laboratoire de mathématiques Jean-Leray, UMR CNRS 6629, 2, rue de la Houssiniére, BP 92208,
44322 Nantes cedex 3, France
b vilnius Institute of Mathematics and Informatics, 2600 Vilnius, Lithuania
¢ Université de Lille 1, laboratoire Paul-Painlevé UMR CNRS 8524, batiment M2, 59655 Villeneuve d'Ascq cedex, France

Received 10 March 2005; accepted after revision 6 December 2005

Presented by Marc Yor

Abstract

We prove a functional central limit theorem for the partial sums of a class of time varying processes with long mercitey.
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Résumé
Principed’invariance pour des processus non stationnaires a longue mémoire. Nous étudions une famille de processus non
stationnaires a longue mémoire. Nous prouvons un théoréme limite fonctionnel pour le processus des sommedoartieties.
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Version francaise abr égée
Introduction

Dans [3], Philippe et al. ont introduit une nouvelle classe d’opérateurs linéaires définis a partir d’'urie=suite

(d)rez ParA(d)x, = < als, )xs, etB(d)x, = Y, b(s, 1)x;, Ol
t—u—1-—d, u—s+1-—d,

Vs <t: a(s,t):= 1_[ T S b(S,t)I:—dt—l 1_[ U—s+2

s<u<t s<u<t—1

’

et a(r,t) = b(t,t) = 1. Le domaine des opérateurs est étudié dans la section 2. lls sont liés par la relation
B(—d)A(d) = A(—d)B(d) = I. De plus, lorsquel est constanteA(d) et B(d) coincident avec le filtre fraction-

Y The research is supported by joint Lithuania and France scientific program PAI EGIDE 09393 ZF.
E-mail addressesanne.philippe@math.univ-nantes.fr (A. Philippe), sdonatab@ii.lt (D. Surgailis), marie-claude.viano@univ-lillel1.fr
(M.-C. Viano).

1631-073X/$ — see front mattérl 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2005.12.001



270 A. Philippe et al. / C. R. Acad. Sci. Paris, Ser. | 342 (2006) 269-274

naire(I — L) (ou L est I'opérateur retard). Sdit,) une suite de variables i.i.d. centrées et de variance 1. L'existence
dansL? de solutions aux équationsd)X; = ¢, et B(d)Y; = ¢, est prouvée dans [3], oll I'on montre aussi que lorsque
d admet des limitegy € (0,1/2) en+oo, les sommes partielles de ces processus non stationnaires convergent vers
un processus auto-similaire gaussien dont les accroissements ne sont pas stationnaires, contrairement ada situatic
constante ou la limite est le mouvement brownien fractionnaire.

On s'intéresse ici aux suit@sbornéesnoyennable’est a dire telles que

s+n
_ —400 = . £
nt E d, "= d  uniformément en € Z.
k=s

Soit M une sous classe des suites moyennables bornées, fermée pour les opérations algébriques, par translatiol
pour la convergence uniforme (par exemple, la classe des suites presque périodiques convient). Nous montrons ¢
pourd € M, le processusX,) (resp.(Y;)) solution deA(d)X, = ¢ (resp.B(d)Y; = ¢/) possede des propriétés
asymptotiques similaires a celle d’un processus fractionnaire de paraimétre

Préliminaires

Nous commencons par étudier le comportement des coefficienitsz) (resp.b™ (s, t)) de I'opérateurA(—d)
(resp.B(—d)).

Lemme0.1. Soit

- . 1
dy :=limsup Z dy.
t—s—>o00 L =§ s<u<t

Alors, pour toutD > d, D ¢ Z_ il existe une constant€ < oo telle quevs < ¢
la™ (s, 0| + |6 (s, )| < C|Y1—s(=D)

ou les coefficienty ; (— D) sont définis eif2).

k]

Si I'on suppose que la valeur moyennedle M appartient 0, 1/2), alors une conséquence immédiate de ce
résultat est I'existence au sens de la convergérfages processus

X, = A(d)Ye, = B(—d)s, et Y, =B(d) s = A(—d)e,,

ou (g, t € Z) est une suite de variables aléatoires i.i.d., centrées et de variance 1.
Le résultat suivant donne un contrdle des coefficieants, ¢) etb~ (s, r) lorsquer — s devient grand.

Lemme0.2. On suppose que la suitee M vérifie la condition(6) avecd € (0, 1/2) et que pour tout € Z, d; ¢ Z._.
Ona

d,_ _
L (—d)dy,

a (s,1) =qaOVr—s(—d)0s,, b (s,1) =qp(s) >

ou
1650 = 1+ 105, — 1 < Cls — 1] (s < 1).
Les suiteg4 etqp sont définies efi7). Elles appartiennent a la classet.

Résultat principal

Nous allons maintenant prouver un principe d’invariance pour les processus non statiogtigietsY;) définis
en (4), (5).
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Théoréme 0.3. Soitd une suite vérifiant les hypothéses du Lenthi Les sommes partielles renormalisées des
processugX,) et (Y;) convergent faiblement dans I'espace de Skorob¢d 1] :

[N7] [N7]
7 D[0,1 g D[0,1
N~ 3y, 20N By(r), et NI-@2 Y X, 208 s By (D)
=1 t=1

ol By est le mouvement Brownien fractionnaire de paraméire- d + 1/2, etc4, ¢ sont les constantes positives
définies er{12).

Ce résultat de convergence des sommes partielles est trés classique dans le sens ou I'on retrouve le méme proces
limite et la méme normalisation que pour les processus fractionngjres/ — L) s;.

1. Introduction

Given a real sequenak= (d;, t € Z), in Philippe et al. [3], we introduce the time varying fractionally integrated
linear operators (d)x; := ngz a(s, Hxg, andB(d)x; := ng; b(s,t)xs, where fors < ¢

t—u—1-—d, u—s+1-—d,

= _ = —d_ _ 1

as.n= [ ———  bon=-da [| ——5 (1)
s<u<t s<u<t—1

anda(t, t) = b(¢, t) := 1. The domain of operators(d) andB(d) is studied in Section 2. If the sequerttes constant

(d; = d), the operators\ (d) and B(d) coincide with the usual fractional differentiation operatbr L)<,

r'(—=d+j)

(U =Lyfxe =) Yj(dxi—j wherevj>0.y;(d) = ——

j=0

whereLx, = x,_1 is the backshift operator (see [2]). Moreovsi(,—d)A(d) = A(—d)B(d) = I and thereforeA (d)
and B(d) are invertible under general conditions on the sequence

In [3], we studied the long memory properties @,) and (Y;) defined respectively as solutions of equations
Ad) X, =&, and B(d)Y; = ¢, where(g,) is a standard i.i.d. sequence, when the sequenee(d,, ¢ € Z) has
limits lim;_, 1o d; =: d+ € (0, 1/2). We show in [3] that the partial sums @K,) and(Y;) converge to two different
Gaussian self-similar processes depending on the asymptotic parashetely and having asymptotically stationary
or asymptotically vanishing increments.

In the present paper we consider the case of bounded sequksigels that the following limit exists

andyo(d) =1, (2

s+n
d=lim n1Y "d; uniformlyins € Z. (3)
n—oo ks

We say that a sequendesatisfying (3) isaverageableand calld its mean valuelLet M be a subclass of bounded
averageable sequences such thatis closed under algebraic operations, shifts and uniform limits. For example,
M can be the class of almost periodic sequences, or the class of all bounded sequsmcdeshat lim, o d; =
lim, _sod; €R.

As shown below, ifd € M and ifd € (0, 1/2), then an ‘averaging of nonstationary long memory’(&f,) and
(Y;) occurs and large sample behavior of these processes is similar to the behavior of a stationary FARIHA
process.

Everywhere below, we assume tlat (d;, ¢ € Z) is boundedd, ¢ Z_ for all t € Z, and that(e,, t € Z) is an i.i.d.
sequence, with zero mean and unit variance.

2. Somepreliminaries

Leta=(s,1), b~ (s, t) be the coefficients defined in (1) with= (d,) replaced by-d = (—d;).
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Lemma?2.1. Let

Zd

t—
[=§=>00 v<u<t

Then foranyD > d, D ¢ 7Z_ there exists a constaxt < oo such that for alls < ¢
|a_(s, t)’ + ‘b_(s, t)| <

where the fractional coefficienty; (— D)) are defined ir(2).

Proof. See [3]. O

Lemma 2.1 ensures thatdfis averageable with mean valde< 1/2, then the processes

X, =AWd) e = B(-d)e, = Y b (5. 1)z, ()
s<t

Y, =B(d) le = A(—d)e =) a~ (5, 1) (5)
s<t

are well-defined, in the sense bf convergence of the series.

Lemma2.2. Letd € M with mean valuel € (0, 1/2). Assume that there exi€tand0 < § < 1 such that for alls < ¢

t
(t—s)—lzdu—c? <C@t—s5)7". (6)
Then the infinite products
d,—d dy —d
1) = 1+———) and )= (1+_“7> 7
ga(t) g( d+t_s_1> qs(1) g I —— (7)

converge uniformly in € Z. Moreover, both sequencég, (¢), ¢t € Z) and(gp(t), t € Z) belong toM.

Proof. To prove the uniform convergence @f(¢), it is enough to show that, asm — oo

n

‘ d d
suqqA(z) —qi (0|~ 0, wheregj():=]] (1+ ’7> T+ B,0). (8)
e’ p=1 d+p 1 p=1

The sequencéd;, t € Z) is bounded, thus there existg such thatig,(r)| < 1/2 for all p > no, t € Z. Since, the
uniform convergence af; (¢) is equivalent to the uniform convergencquj\‘(t)/q,j‘0 (t). Therefore, we can suppose

thatng = 1. Theng/ (¢) > 0, for alln > 1 and

m

[] @+8,))-1

p=n+1

a4 () — gy ()] < g4 (1) (n <m).

For|x| < 1/2, we have e’ <14 x < €. Thus we obtaim; (1) < exp{Z’;7=1 Bp()} and

exp{ > B — Y ﬂ,%(r)}< [T @+8,0)< { > ﬂpa)}

p=n+1 p=n+1 p=n+1 p=n+1

Here,Y7_, .1 85(t) < Cn™1, due tog2(r) < Cp~2. Moreover, using a summation by parts, we get

m—1 m
Dpm (@) m(t) Dy p(t) . =
)= = — with Dy, ,, (1) = (di—, —d). 9
p;lﬁ” —1 al(d+p—1)(d+p) p:zn;l e ©)
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The hypothesis (6) implies thab,, ,, ()| < C|n —m|*~% whereC does not depend an Thus, it is easy to obtain that
the r.h.s. of (9) does not exce€w —°. Therefore, for alk sufficiently large,

e < [T (1+8,0) <&, (10)

p=n+1

for some constant’ > 0 independent ok andm > n. It also follows that sup. ;1 ;.7 ¢/ (t) < co. Finally, the class
M is closed under algebraic operations, shifts and uniform limits, thergfoeeM.
The proof forgp (¢) follows similarly. O

In this lemma, we establish some relations between the time varying coefficients and the fractional coefficients
defined in (2).

Lemma 2.3. Under the hypotheses of Lem2\2,

a (s,0) =qaOVi—s(—d)bs., b (5,1) —qB(s>

wt s( d)ﬂs 1)
where|6; , — 1| + [, — 1| < C|s — t| 7% (s < ), with some constar@ < oo independent of, .

Proof. By definition, we have

AU
gAY _s(—d) 1_[ (1+8,(0)"

p=1

where theg, (t)’s are defined in (8). From inequality (10), one has'e9" < 6,, <et=97" for all s < ¢ with
C > 0 independent ofs, 7). This yields|f, , — 1| < C|s —¢| ™ forall s <.
The proof forb~ (s, t) andds ; follows similarly. O

3. Main result

In this section, we prove that the time varying processes defined in (4) and (5) satisfy an invariance principle. It
is important to notice that we obtain the same limit as for the partial sums of a fractional p#&cesd — B) ¢
(see [5)).

Theorem 3.1. If we assume that the sequentte M satisfies the conditiof6) and its mean valué < (0, 1/2). Then
the partials sums of the processeg ) and(Y;) defined in4) and(5) weakly converge in the Skorohod spde, 1]:

(N7l INel
DI[0,1 7 0,1
NNy PR By and NS x, Mg By (o), (11)
=1 =1

whereBy is the standard fractional Brownian motion with Hurst parametee= 1/2+d and varianceEBE,(l) =
The positive constantsy andcp are given by

2. _ @ Ta-2d 2. 2  TA-2d)
AT dA+2d) TA-dT(d) B da+2yT(A—a)r@)’

12)
wherega andcg are the mean values of the averageable seqummdqg defined in(7).

Proof. We prove the convergence of finite dimensional distributions from the so-called scheme of discrete stochastic
integrals [4]. We restrict the proof to the case- 1. Fors > ¢, we puta™(s,t) = b~ (s,1) :=0.
Firstly, the limitc4 By (1) can be represented as a stochastic intefral fR f(x)dZ(x) with respect to a standard

Gaussian white noisg and f (x) := % fol(t —x)f’_fldtll 1—00,1](x). See [5] for detail on the representationRyf as

a stochastic integral and an explicit form of the positive constédit, v(d)? = f (fo (t— x)+ ldt)zdx
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Secondly, the normalized partial sums(@f) can be written as discrete stochastic integrals. Takisg1l this
integral isJy := [ fn(x)dZy(x), whereZy is a ‘discrete stochastic measure’ defined by

N N
oy . a—1/2 . —d —
NG, X1 =N Y & and fy@):=N"4Y Y a (5.0l o)(0).
x'N<s<x”"N s=—00 t=1
The convergence in distribution d@fy to J follows from (see [4] for details)
() Zn(q,x1)s . Zn(xg,, X0 ]) iy (Z(x1,x"], ..., Z(x,,,x,]) for any m < oo and any disjoint intervals

(/,xi=1...,m;

(i) I fy — fll2— 0, inthe Hilbert spacé2(R).

Step (i) is immediate by the central limit theorem. To prove the step (i), using Lemma 2.3, it suffices to show the
convergencd fv — fll2— 0, where

N

~ N
IR N_ds ;oo 2 s OVt )0

wherey,_s = ¥,_s(—d) is the fractional coefficient defined in (2). Next, we wrife = fy + fy. where

) N N N N
@ =N"qa 37 Y sl @), Y@ =N YN (ga) = Ga) -

§s=—00t=1 §s=—00t=1

’%](x).
The convergencé fy, — fll2 — 0 is well-known (see [4]). Relatiofif5 |2 — O can be shown using an integration
by parts and the faafs (r) — g4 is averageable with zero mean. This proves the convergence of finite dimensional
distribution of partial sums ofY;).

The tightness irD[0, 1] is obtained by the criterion given in [1] (Theorem 15.6). Using Lemma 2.3 and the bound-
edness ofj4 (¢), the proof is standard. This proves the convergence in (11)¥for

The proof for(X,) is similar. The major modification is to repla@g; by

jad o\-1/2,
Zy&x', x" = (q%) /2N-1/2 Z qB(s)es.
X'N<s<x"N

In this case, the central limit theorem (step (i)) follows by independen¢s of € Z) and the fact that

E(zN(x’, x”])2 = (q_lzg)_lN_l Z qlzg(s) —x" =X,
x'N<s<x”"N

becausegp € M, and so(g,% (s), s € Z) is averageable. The remaining details are the same as in the q@%g ofm
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