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Abstract

In the present Note we introduce new matrix extrapolation methods as a generalization of well known vector extrapolation
methods. We give expressions of the obtained approximation via the Schur complement. We apply these methods to linearly
generated sequences and give some theoretical retoltste this article: K. Jbilou et al., C. R. Acad. Sci. Paris, Ser. | 341
(2005).

0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sur des nouvelles méthodes d’ extrapolation matricielle. Dans cette Note, nous introduisons de nouvelles méthodes d’extra-
polation matricielle comme généralisation de certaines méthodes d’extrapolation vectorielle. Les approximations obtenues son
données sous forme de complément de Schur. Ces méthodes seront ensuite appliquées a des suites matricielles générées liné:

ment et des résultas théoriques sont propd3as. citer cet article: K. Jbilou et al., C. R. Acad. Sci. Paris, Ser. | 341 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Les transformations de suites vectorielles les plus connues sont la méthode MPE (Minimal Polynomial Extrapo-
lation) de Cabay et Jackson [7], la méthode RRE (Reduced Rank Extrapolation) de Eddy [8] et Mesina [11] et la
méthode MMPE (Modified Minimal Polynomial Extrapolation) de Sidi, Ford et Smith [15], Brezinski [1] et Pugat-
chev [12]. L'analyse et les procedures d'implémentation de ces méthodes d’extrapolation vectorielles sont présentée
dans [4,9,10,14,15]. Une deuxiéme classe de transformations de suites vectorielles cergigatrithme topolo-
gique (TEA : Topologicak-Algorithm) de Brezinski [4,1] et E-algorithme vectoriel (VEA : Vectoriad-Algorithm)
de Wynn [16]. Des généralisations de ces méthodes ont été données dans [5,2,3].

En utilisant les formules des compléments de Schur nous développons des généralisations de ces méthodes pc
des suites de matrices. L'utilisation du complément de Schur permet de présenter ces méthodes de maniere simp
et pourra aider au developpement de nouveaux algorithmes pour I'implémentation des méthods proposées. Nol
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introduisons les versions par blocs de ces méthodes d’extrapolation vectorielle et nous montrons comment les a
pliquer pour résoudre des systémes linéaires a plusieurs seconds membres. Nous montrons aussi que ces méthc
lorsqu’elles sont appliquées a des suites de matrices générées linéairement, sont des méthodes des sous-espac
Krylov par blocs et qu’elles sont mathématiquement équivalentes & des méthodes connues [2,13]. Dans la Section
nous introduisons les méthodes d’extrapolation par blocs BI-RRE, BI-MPE et BI-MMPE. Nous verrons aussi commen
appliquer ces méthodes a des suites de matrices générées linéairement, et montrer, dans ce cas, que les approxima
produites sont les mémes que celles produites par des méthodes connues des sous-espaces de Krylov par blocs. |
la Section 3, nous définissons-transformation topologique par blocs.

Comme toutes ces transformations peuvent étre exprimées sous forme de compléments de Schur, nous allc
d'abord rappeler la définition de ces derniers [6,17]M5est la matrice partitionnée comme suitf: = (é g),
alors le complément de Schur @dedansM, ou la matriceD est supposée une matrice carrée et inversible, est donné
par(M/D)=A — BD1C.

1. Introduction

The well known vector sequence transformations methods are the minimal polynomial extrapolation (MPE) methoc
of Cabay and Jackson [7], the reduced rank extrapolation (RRE) method of Eddy [8] and Mesina [11] and the modifie
minimal polynomial extrapolation (MMPE) method of Sidi, Ford and Smith [15], Brezinski [1] and Pugatchev [12].
Analysis and computational procedures of these vector extrapolation methods could be found in [4,9,10,14,15]. A se
ond class of vector sequence transformations contains the topoleeatgdrithm (TEA) of Brezinski [4,1] and the
vectore-algorithms (VEA) of Wynn [16]. Block generalizations of these methods are given in [5,2,3].

Using the Schur complement formulae, we develop the generalizations of these methods for matrix sequences. T
use of the Schur complement simplifies of the presentation of the proposed methods and could be used to devel
algorithms for their implementation. We introduce block versions of these vector extrapolation methods and show
how to apply them for solving linear systems of equations with multiple right-hand sides. We also show that when
applied to linearly generated matrix sequences, these block extrapolation methods are block Krylov subspace methc
and are mathematically equivalent to some known block Krylov subspace methods [2,13].

This Note is organized as follows. In Section 2, we introduce the polynomial block extrapolation methods BI-RRE,
BI-MPE and BI-MMPE. We will also see how these methods could be applied for linearly generated matrix sequence:
and show in this case that the approximations produced by these block extrapolation methods are the same as those |
duced by well known block Krylov subspace methods. In Section 3 we define the block topotegi@asformation.

As all of these transformations could be expressed as a Schur complement, we will recall the definition of the Scht
complement [6,17]. IfM is the matrix partitioned a8/ = [é g], then the Schur complement &f in M, where

D is square and nonsingular, is giveny /D) = A — BD~1C.
2. Theblock extrapolation methods
2.1. The polynomial block extrapolation methods

Let (S,) be a sequence of matrices®t ** and consider the transformati@i from RV s to RN > defined by

k
TSy —> T =S+ Y GimA™, n>0 1)
i=1
(n)

where the auxiliaryV x s matrix sequence§G;(n)),; i = 1,...,k are given and the x s coefficientsA;™ will be

determined. LeT}, denotes the new transformation obtained friymas follows

k
T =581+ Gin+ DAY, n>0. )
i=1
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We define the generalized residual@f’ by R(1,"”) = T — 1,"” also given by

k
R(1") = A8+ AGi(m)A".
i=1
The forward difference operatax acts on the index, i.e., AG;(n) =G, (n+1) — G;(n),i =1,..., k. We will
see later that when solving linear systems of equations, the sequ&pgeis generated by a linear process and

then the generalized residual coincides with the classical residual. The matrix coefﬁa;(f@mse obtained from the
orthogonality relation

o4 n n n)yL

R(T") espardyy”, ..., ¥"} 3)
WhereYl(”), e Yk(") are givenN x s matrices. IfVA\'Jk,n andﬁk,,, denote the block subspacﬁ&,n =spafAGi(n),
..., AGy(n)} (the subspace generated by the columns\6f1(n), ..., AG(n)) and £y, = sparfy™, ..., Yk(”)}
(generated by the columns m{"), ...,Yk(”)), then from (2) and (3), the generalized residual satisfy the following
relations

R(T") — AS, € Wi (4)
and

R(T™) e £, (5)

The relations (4) and (5) show that the generalized resiﬁaﬁ,f”)) is obtained by projecting, orthogonally £,
the columns of the matria S, onto the block subspad&k,n. In a matrix form,ﬁ(Tk(")) can be written a§(Tk(")) =
ASy = AGrn(L{,,AGe ) IL ,AS,, whereAGy , and Ly, are theN x ks matrices generated by the columns of
the matricesAG1(n), ..., AGx(n) and¥™, ..., Yk(") respectively. The approximatid’)f”) is given by

-1
T = Sy — Gin(L} nAGkn) LY, ASy, (6)

wheregGy , is the N x ks block matrixGy , = [G1(n), ..., Gx(n)]. Note thatTk(") is well defined if and only if the
ks x ks matrix L;n AGy , is nonsingular. Lefy ,, be the matrix given by

Sn gk,n
Ten = (LT AS, LI AGi. ) @
k,n n k,n k,n

The approximatioer(”) is then expressed as a Shcur complement

7" = (Ten/ LY, AGin).- ©)

If we setG;(n) = AS,4i—1;i=1,...,k andY;(n) = AG;(n); i =1,...,k we obtain the block Reduced Rank
Extrapolation (BI-RRE) method. In this case, the approximaﬁ,ﬁﬂ is given by

(n) T
T, Bi-rre = (Tkn/ AGy , AGkn).

If Gi(n)=AS,1i—1;i=1,....,kandY;(n) =G;(n); i =1,...,k we get the block Minimal Polynomial Extrapola-
tion (BI-MPE) method.

Finally if G;(n) = AS,yi—1;i=1,...,kandY;(n) =Y;; i =1,...,k (arbitrary N x s matrices) we obtain the
block Modified Minimal Polynomial Extrapolation (BI-MMPE) method.
Note that if theN x ks matrix AGy , is of full rank the approximations produced by the BI-RRE method are
well defined while those generated by the BI-MPE and BI-MMPE methods may not exist. As BI-RRE is an or-
thogonal projection method, the corresponding generalized residual satisfies the following minimization property
||I?(T,{(f’l3)|_RRE)||F = mi”zEWk,, IAS, — Z| r; where| X || denotes the Frobenius norm f
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2.2. The block topological ¢-transformation

In[1], Brezinski proposed a generalization of the scatafgorithm [13] for vector sequences called the topological
e-algorithm (TEA). In this section we introduce the block topologic@itansformation (BI-TET).

We consider approximationsy (s, ) = Tk(”) of the limit or the anti-limit of the sequends,,) such that

k
T =S+ ASpyicaAY, n>0. ©)
i=1
We introduce the new transformatié’vp,j, j=1,..., kdefined by

k
Tk(,nj) = Sp+j + Z ASn-H-Q—j—lAEn), j=1 ... k. (10)
i=1
We setfk(’g = Tk(") and define thg-th generalized residual as follows
5 (rm) _ g0 _ 7@
R;j (Tk ) = Tk,j - Tk,j_1~

Therefore the coefficients involved in the expression (1(.’1),{% are computed such that eagith generalized residual
is orthogonal to some chos@hx s matrix Y, that is

YTR(1")=0; j=1,....k (12)
Let Dy , denotes the following matrix
YTAZS,  YTA%S,.1 -+ YTA2S,. 1
YTA2S,.1 YTAZ%S,.o . YTAZ2S,.
Dk,n= . . . . (12)
YTA%S, 1 YTA%S, o -+ YTAZS, % >

we also define the matrices, = [(AY)T, ..., (A")T|T andZ, = [(YTAS,)T, ..., (YTAS,x-1)TIT. Then the re-
lation (11) can be written as follows

DinAp=—2,.

If the block matrixD,  is nonsingular them, = —Dk_,llZ,, and hence the matrix coeﬁicien}t{’),...,A,({") are
uniquely defined. In this case, the approximaﬂg(ﬁ) exists, is unique and can be expressed by

1" = Sy — ASknDy i+ Zn (13)
whereAS; ,, =[AS,, ..., ASy+x—1]. We can also expre§$f") as the following Schur complement
S, AS
T = (Myn/Din) whereMy, =| " kn
Zn Dk,n

An interesting point will be to develop recursive algorithms for the block extrapolation methods defined in this note.
This work is under investigation.

3. Application tolinear systemswith multiple right hand sides

Consider the multiple linear system of equations
AX =B (14)

where A is a realN x N nonsingular matrix8 is a matrix of RV > and X* denotes the unique solution of (14).
Starting from an initial guesSy, we construct the sequencs,),, by
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Sn+1:CSn+B; n=0,1,... (15)

with C = I — A. Note that if the sequends,,) is convergent, it’s limitS = X* is the solution of the multiple linear
system (14). From (15) we haveS, = B — A S, = R(S,) the residual of the vectd, . Therefore using (3) and (15),
it follows that the generalized residual of the approximatif! becomes the true residu(7,"”) = R(T™). Note
also that sinceA2S, = —A AS, we haveAG; , = —A Gi . For simplicity and until specified, we shall set= 0,

denoteTk(O) = X; and drop the index in all our notations. When applied to the sequence generated by (15), the
block extrapolation methods above produce approximatignsuch that the corresponding residuBjs= B — A Xj,
satisfy the relations

Xi—XéEWk=A]7k and R;;J_/jk; i=1...,s
whereRi is thei-th column ofR;.. Remark thaf)k =Kk (A, Rp), (Kr(A, Ro) is the block Krylov subspace generated

by the columns of the matriceRo, ARo, . .., A¥"*Ro) and Wy = Ki (A, ARo). Then we havefy, = W) for BI-RRE,
Li = Vk for BI-MPE andf; = Yk =spanYs,..., Y;} for B-MMPE whereYs, ..., Y, are chosemV x s matrices.

Theorem 3.1. When applied to linearly matrix sequences, the BI-RRE, the BI-MPE are block Krylov subspace methods
and are mathematically equivalent to the block GMRES and the block FOM methods respectively.

The acute angléy ;;i=1,....s betweenR{) and the block Krylov subspao@k is defined by

Ri, 2
cosy = _max (L6 )
W0\ [ Rpll2llzll2

In the following theorem, we give some relations satisfied by the residual norms.

Theorem 3.2. Let 6, ; be the acute angle between R6 and Wk; i=1,...,sandlet ¢, ; denotethe acute angle between
Ré and Qy Ré; i=1 ..., s where 9 istheoblique projector onto /C; (A, ARp) and orthogonally to K (A, Rp). Then
we have the following relations

(1) IRB"RRE2Z =5\ (1—co o) IIR]II3.
(2) (IRE™MPE|2 = 5™3  tarP ¢ ;[ R)|I.
(3) IRE"RRE|I2. < (1~ co b))l Roll2 and || RE"™MPE||12. < tar? ¢ || Roll%

where 6, = maxigi<s Ok,i and ¢ = maxigi<s Pk, i-

Let us apply now the block-transformation to the sequencg,) generated by the linear process (15). Using the
fact thatA2S, ., = (I — A)A%S, ;1 andA2S,; = —AAS, ;_1;i=1,...,k, the matrixD; , defined by (12) has
now the following expression

Din= —ﬁ;{rAASk,n (16)
where£; is the N x ks matrix whose block columns ate CTY,....cT*" 1y with € = 1 — A. Asn will be a fixed

integer, we set = 0 for simplicity and denot®y o by Dy and ASk o by ASk. On the other hand, it is not difficult to
see that

Zo= L] ASo. 7)
SettingXo = So and using the relations (13), (16) and (17), the approximatipi™=" = T(O) is given by
XBTET = X0 4+ A8 (L7 AASL) L] Ro

whereRo = B — AXo = ASg and AS; = —[ARg, A%Rq, ..., A*"1Rg]. The k-th residual produced by BI-TET is
given as

(LTAASY)

R, = Ro— AAS (L] AAS,) L] Ro.

Note that thek-th approximation defined by BI-TET is uniquely defined iff thyex ks matrixLZAASk is nonsingular.



786 K. Jbilou et al./ C. R Acad. i. Paris, Ser. | 341 (2005) 781-786

Theorem 3.3. When applied to linearly generated sequences, BI-TET is a block Krylov subspace method and is
mathematically equivalent to the block Lanczos method.

The following result gives an expression of the residual norm in the case wherg.

Theorem 3.4. Let ¢ ; be the acute angle between Ré and F; R{); i =1,...,s where 7, denotesthe obligue projector
onto Kx (A, ARg) and orthogonally to ICx (AT, Y). If ¥ = Ro, then we have

N

[RETETS = Yt ) | R
i=1

Note that in practice, extrapolation methods as compared to Krylov subspace methods are quit difficult to imple:
ment for large linear systems.

4. Conclusion

We have presented in this Note new block extrapolations methods. We applied these block methods to matri
sequences generated by a linear process and show that, in this case, these methods are theoretically equivalentto s
well known Krylov subspace methods. However, in practice the above extrapolation methods could not be applied fo
large linear systems and new algorithms for their computation are needed. This work is under investigation.
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