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Abstract

We consider a (possibly) long-range dependent sequence with a shift in the mean. We estimate the location of the change-poir
using a cumulative sum estimator. Th&lconvergence rate typical of the independent case is also achieved for short-memory and
long-memory sequenceko cite thisarticle: S. Ben Hariz, J.J. Wylie, C. R. Acad. Sci. Paris, Ser. | 341 (2005).

0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Vitesses de convergence pour |'estimation de rupture pour des suites fortements dépendantes. Nous considérons une suite
éventuellement fortement dépendante, avec un saut dans sa moyenne. Nous estimons le temps de rupture a partir des somn
partielles. La vitesse de convergenge ltypique pour des suites indépendantes, est aussi obtenu pour des suites de courte ou de

longue mémoirePour citer cet article: S. Ben Hariz, J.J. Whlie, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

There is a wide range of important applications in which a change in the marginal distribution of a random sequence
must be detected. The problem has been widely studied in the literature, and we refer the reader to the monograph ¢
Csord) and Horvath [2] for a comprehensive review on the subject.

In the case in which the sequence is independent, both parametric and nonparametric methods have been co
sidered. For example, in the nonparametric setting the problem was considered by Carlstein [1]. This result was
subsequently improved by Dumbgen [3] and later by Ferger [4] who obtained the exact rates of convergence in both
probability and in an almost surely sense. Several works are concerned with the generalization of these results to
weakly dependent setting.
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In recent years the importance of long-memory or long-range dependent (LRD) processes has been realized
numerous applications, especially financial and telecommunication data. A second-order stationary s&guence
, Is generally said to be LRD if

> |CouXo. Xi)| = oc. 1)
i=1

Otherwise it is said to be short-memory or short-range dependent (SRD). The change-point test and estimation in tf
LRD setting was considered by Giraitis et al. [5] using a nonparametric method for the case in which the difference
between the distribution functions before and after the jump tends to zero with increasing sequence length. Kokoszk
and Leipus [7] considered the change in the mean for dependent observations for LRD sequences. They obtained ra
in probability for the cumulative sum (CUSUM) change-point estimator and give a rate of consistency of the estimator
that gets worse as the strength of the dependence increases. The problem with a jump in the mean that tends to z
was considered by Horvath and Kokoszka [6]. They proved the consistency of the estimator and gave the limiting
distribution.

In this Note we will develop a unified framework for estimating a change in the mean of stationary sequences tha
can be either SRD or LRD. We will give rates of convergence for the widely used CUSUM estimator defined in (2). We
show that the rate of convergence of the CUSUM estimator is independent of the decay rate of the correlation functio
and so, under very weak conditions, independent of the dependence structure. Sortite in the independent case
is also achieved for both LRD and SRD sequences.

2. Main results

,,,,, . be a stationary sequence that can be either independent, SRD or LRD. We assubi& that

oo and without loss of generality we tak& X) = 0. The correlation function of the sequence is given hy) =

Cor(Xo, X;). Let (¥;);=1,..., be a sequence with a shift in the mean, definedjby X; + 81,9, Where O< 6p < 1

is the location of the change-point. Given a sequeftg;—1 .. ,, we aim to estimate the change-poiigtusing the
following family of estimators:

.....

1 .
Op ==~ m|n<argma>{|Uk|}), (2

n 1<k<n

where
— k n
k(n — k))l v (1 1 )
Ux = ( =y V- — Y;
" k i=1 n—k i=k+1

andy is a parameter satisfying€Qy < 1. We now state the main result of the Note:

Theorem 2.1. Let (X;);=1,..» be a stationary sequence with correlation functiom). Assume that there exist
constantsB > 0 anda > 0 such thatlr (i)| < Bi~“ for all i. Then we have
lim lim IP’(n|6n — 6ol > x) =0 3)

x—>—+00n—+400

whereg, is defined in2).

We note that under a very weak condition on the decay of the correlation function, we obtain the same rate fo
every value ofx. We recall that ifr (i) ~ Bi~*, thena > 1 corresponds to the SRD case and 1 to the LRD case.
So the ¥n rate is achieved for both SRD and LRD sequences.

The second result deals with the case in which the jump 8izeg,, depends om. As mentioned in the in-
troduction, this has already been studied by Horvath and Kokoszka [6] where the authors obtained the exact rate
probability (see Lemma 4.5 therein), and the limiting distribution for Gaussian sequences. Here under slightly differen
conditions on the size of the jump we obtain the same rate in probability for more general sequences.
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Corollary 2.2. Under the conditions of Theore(8). Supposes,| — 0 and either|s,|[n*/?2 — co if y <1 — /4,
18,1n%2(Inn) "1 > 0o if y =1 —a/4or |8,|n?1") - xif y > 1 —a/4, then

lim lim P(n|5,1%*|6, — 60| > x) = 0. (4)

xX—>—+00n—+00

Before presenting the proof, we give a qualitative explanation of why the rate is independent\af define
ty :=k/n, thenUy := U, (t;) whereU, is expressed as a sum of its mean and a centered random component:

nl-v
S t@=n)y (
Here, the mean component is givengy) = (1 — 6p)t1,<g, + 6o(1 — 1)1;-4, and the centered random component,
By, is given by

88(1) + By(1)). (5)

[n1]
B, (t) := W, (1) —tW,(1) and W,,(r)::EZX,-.
n
i=1

Under appropriate conditions on the underlying sequence, the sequence of fuigtiongwhen suitably nor-
malized) converges, in a weak sense, to either a Brownian motion, a fractional Brownian motion or more generally
a Hermite process. The fact that the rate of convergence for the estimator is independéntok to the cancel-
lation of two opposing effects: the rate of convergence of partial sums, and the size of fluctuations of the Donsker
line W, (t). Assume for simplicity that (i) ~ Ci~*. Roughly speaking, in the LRD case < 1), W, (¢), and hence
B, (1), converges to zero with a rate of the orde1?/2. So asa decreases, the size of the random compone#tof
becomes larger, making the estimation more difficult. Howevet, decrease®,, (¢), and hences, (¢), become more
regular in the sense that*/2|W, (r) — W, ()| has size of ordejr —r'|1~*/2. Hence, local fluctuations in the random
component oU;, are reduced and so estimation becomes easier. These two effects cancel each other and the overa
rate is independent of.

3. Sketch of the proof

In what follows K1, Ko, ... denote positive constants that are independemt &fe will take o < 1, since any
correlation function that satisfies the conditions of the theoremufor 1 will also satisfy the conditions for any
smaller value ofv. Without loss of generality we also assume that the size of the jump is pogitivéy.

We define the following sets

Snj={0: 27 < 1,10 — 60| < 2771},

wherer, is a positive sequence to be chosen later. Letf< min(6p, 1 — 6p)/2 andJ = J(n, n) be chosen such
that 2 < r,n < 2/*1. For the sake of brevity, we define(8) := (9(1 — 6))” andh(6) := g(8)/w(9). Let 6, be a
maximum of{|U,, (¢)|, t € G,}, whereG,, :={k/n, 1<k <n}. Then
J
P(ral0n — 0ol > 2) < Y~ PO, € S j) + (16, — 0] > 7). (6)
j=M

Sinced, is a maximum,|U,(6,)| = |U,(6p)|. In order to controlP(6, € S, ;) the only difficulty arises when both
U, (6,) andU, (6p) are positive, in which case we have to bound

Bn (en) Bn (90)
Pl —— — ———= >6§(h(6o) — h(6, . 7
(w(e,a wi@g) > (G0 —h ))) 7

This in turn can be reduced to considering

2/-1
IP( sup [(Ba(6) — By (60))| = 8Cw(6o) )

QGS,LJ' n

To bound the above expression, we need the following maximal inequality which is a special case of Theorem 1 in
Moricz [8].
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Lemma 3.1. Assume that there exists constaBits 0 anda < 1 such thatj»(i)| < Bi~* for all i. Then there exists a
constantD = D(B, «) such that

k 2

E X;|| <DEX?n?*.

(g“&xn 2 ) X ®

Using (6) and (8) yields
a J
P(ral6s — 6ol > 2M) < Ks§ 2JE(XHn ™ + KGS_ZIE(XZ)(r—”) Z 277 1 P(16, — 6ol > n). (9)
n
=M

According to the results of Kokoszka and Leipus [7], )iy P(16, — 6o| > n) = 0. Takingr, = n and lettingn
go tooo yields

o
lim P(n]6, — 6ol > 21) < Ked2E(X?) Z 2,

n— o0
j=M

Letting M tend to infinity completes the proof of (3). The corollary is just a simple consequence of Corollary 1.1 in
Kokoszka and Leipus [7] and (9).
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