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Abstract

We propose a new approach to the quadratic minimization problems arising in Koiter’s linear shell theory. The novelty
consists in considering the linearized change of metric and change of curvature tensors as the new unknowns, instead of the
displacement vector field as is customary. This approach also provides a new proof of Korn’s inequality on a®udégee.
thisarticle: PG. Ciarlet, L. Gratie, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
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Résumé

Une nouvelle approche de la théorie linéaire des coques et une nouvelle démonstration de I'inégalité de Korn sur une
surface.On propose une nouvelle approche pour les problémes quadratiques de minimisation rencontrés dans la théorie linéaire
de coques de Koiter. La nouveauté consiste a considérer les tenseurs linéarisés de changement de métrique et de changeme
de courbure comme les nouvelles inconnues, au lieu du champ de déplacement comme a I'accoutumée. Cette approche condu
aussi a une nouvelle démonstration de I'inégalité de Korn sur une suPfageciter cet article: P.G. Ciarlet, L. Gratie, C. R.

Acad. Sci. Paris, Ser. | 340 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francgaise abrégée

Les notations non définies ici le sont dans la version anglaise «Sait domaine déR?. Selon Koiter [9], le
probleme ddraction purepour unecoque linéairement élastiquensiste a trouver un champ de vecteyits=
(f) € V() := H () x HY (@) x H?*(o) tel quej (n*) = infyey () j (1), ol
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j =35 [ {eAy @)y )+ Ap@): p(n) Vady — 1),
w

. 1. . - - :
Y = (Yapm) OUyep(n) := >0 - o + Bl - ap) €ti) = nia',
p() == (pap(M) Ol pap (M) := (dupil — Ip9s1) - as,

At t:=a"P" 15,1, pOUTtOULE = (14p) €11 (1) ::/piniﬁdw.

w

Les troisinconnues;; sont les composantes covariantes du champ de déplacefaémte la surface moyenne
de la coque. Naturellement, on suppose Kyg= 0 pour touty € Rig(w), ol

Rig(w) := {1 € V(@): () = p(n) =0in L3, ()}.

L'existence d’'une telle solution « classique » repose $snédjalité de Korn sur une surfaceomme il est rappelé
dans les Théoremes 1.1 et 1.2 ci-dessous.

L'objectif de cette Note est d’analyser une autre facon de poser le méme probléme, ou les inconnues sont
cette fois les six composantes covarianpgﬁs:: vap(n) €t r;ﬁ = pap (1) des tenseurs linéarisés de changement
de métrique et de changement de courbure. Selon la terminologie des mécaniciens (cf. Opoka et Pietraszkiewicz
[10]), il s'agit donc d'identifier degquations «intrinséquesen théorie des coques, dont le mérite est de donner
directement legfforts tranchantgt lesmoments fléchissants

Le résultat principal de cette Note (Théoréme 4.1) montre que cette approche conduit a résoudre le probleme
suivant deminimisation avec contraintesTrouver

(", 1) = (cap. (rap)) € T () tel quex (c*, r*) =inf{k(c,r); (c.r) € T(w)},

ou

3
k(e r) = %/ {8AC e+ %Ar : r}ﬁdy — (e, r),

w

T () :={(c.r) € Lim(®) x L{n(); R(c,r)=0in H™%(2)),

OUR € L(LZ () x LE(w); H-2(2)), 2 = w x ]—e0, e[ poureg > 0 convenable, &t :=1 o H ol H estun
isomorphisme de I'espad®(w) sur I'espace quotier (w)/Rig(w).

La difficulte principale (cf. Théoréme 2.3) consiste a établir qu'il existe effectivement une telle appliRation
ayant par conséquent la propriété suivante : Un cougle) € Lgym(w) X Lgym(w) vérifie R(c,r) = 0 dans
H‘z(ﬁ) si, et seulement si, il existe € V(w) tel quec =y (n) etr = p(y) danngym(w). L'un des outils
essentiels de la démonstration est un résultat de Ciarlet et Ciarlet, Jr. [5] (cf. Théoréme 2.1), établi pour traiter
d’'autres équations «intrinséques », en élasticité linéarisée tri-dimensionnelle cette fois.

Il est & noter que cette approche conduit & démonstration nouvelle de I'inégalité de Korn sur une surface
reposant sur une version «faible » d'héoreme classique de Poincgi@. Théoreme 2.2), alors que sa démons-
tration « classique » repose surlemme fondamental de J.L. LiofeS. Théorémes 1.1 et 1.2).

Les démonstrations détaillées sont données dans [6].

1. The classical approach to linear shell theory

Greek indices, and Latin indices range in the {§eP} and{1, 2, 3}, respectively. The summation convention
with respect to repeated indices is used in conjunction with these rules.
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The notatioriE® designates three-dimensional Euclidean spaeeth vectorse’ forming an orthonormal basis.
The Euclidean norm af € E2 is denoteda| and the Euclidean and exterior productsob € E° are denoted - b
anda A b.

A generic point inR? will be denotedy = (y,); thend, := 8/dy, and Oap 1= 82/8ya8y,3. A generic point in
IR3 will be denotedx = (x;); thend; := 3/dx; andd;; := 32/dx;dx;. Given a smooth enough vector fiald= (v;)
defined on a subset @3, the 3 x 3 matrix field with d;v; as its element at theth row andj-th column is
denotedVv A generic point inE3 will be denotedt = (£;); thend; := d/0x; andal] =02/0%; dx;; the notation
Vi should be self-explanatory. The coordinatesf a points € E3 will be referred to a€artesian coordinates

A domainU in R", n > 2, orinE3, is an open, bounded, connected subset with a Lipschitz-continuous boundary,
the setU being locally on the same side of its boundary. Spaces of vector-valued, or matrix-valued, functions over
U are denoted by boldface letters, and the norms of the sgzcés) or L2U), andH™(U) or H™(U), m > 1,
are denoted - |lo,y, and| - |lm.u-

Given a domaimw in R? and an immersiofl € C3(w; E3), define thesurfacesS := 6 (). The covariant compo-
nentsaqg = agy € C2(w) andbyg = bga € Cl(w) of thefirst, andsecond, fundamental forne$ the surfaces are
then respectively given by,g := a, - ag andbyg := a3z - d,ag, wherea, := 9,0 andaz := (a1 A az)/lay A az|.
We also letr := det(ayp) € C2(@).

Two other fundamental tensors play a key réle in the two-dimensional theory of linearly elastic shells, the
linearized change of metric tensand thdinearized change of curvature tens@ach one being associated with a
displacement vector fielfl:= n;a’ of the surfaces, where

n=®) € V(w):=HY (w) x H(w) x H(w),

and the vector fielda’ are defined by the relationg - aj = 8; The covariant components of these tensors are
given by

1. - . .
Vap() := 5 (3p1] - o + ad] - ap) - ANA pap () := (Bupil — I5p007) - a3,

wherel 7, :=a” - dyag. Note thatyes (n) € L?%(w) andpyg(n) € L2(w) if 5 € V(o).

Consider dinearly elastic shellvith middle surfaceS and thicknes¢ > 0, whosewo-dimensional elasticity
tensoris uniformly positive definitein the sense that there exists a constant 0 such that its contravariant
components*#°T satisfyb Yo B |ta}3|2 < a”‘ﬁ”(y)tmta,g for all y € w and all symmetric matrice@.g) of order
two. Assume that the shell is subjectecafuplied forcesvhose resultant after integration across the thickness of
the shell has contravariant componepits L2(w). Assume, finally, that the lateral face of the shell is free. In other
words, we are consideringpare traction problem for a linearly elastic shell

As a mathematical model for this problem, we select the well-kntmardimensional Koiter equationso
named after Koiter [9]), in the form of the followinguadratic minimization problenThe unknowns are the three
covariant components’ : @ — R of the displacement fieldj‘a" :@ — R3 of the middle surfacé of the shell and
the vector fieldy* := (n}) satisfies* € V(w) and j (n*) = infycy () j (), where

1 3
j@) = Ef{eAy(n) cy(n) + %Ap(n) : p(n)}ﬁdy — 1),

y (@) = (vap () € L2m(@) := [ = (cap) € (L2@))*; cap = cpa} forallye V(w),
p(n) := (pap(m)) € Lim(w) foralln e V(w),
At :t:=a"P" Tty 1y € LNw) forallt = (tup) € L),

L(n) :=/piniﬁdw foralln = (n;) € V(o).

w
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Assume that the linear forrh satisfies the (clearly necessaggmpatibility conditiond () = 0 for all 5 €
Rig(w), where

Rig(w) := {n € V(); y () = p(n) = 0in L, (w)}.

The above minimization problem then amounts to finding an equivalenceiclaisat satisfies

" € V(w):=V()/Rigw) and jG*) = inf jap).

neV(w)

Let
1/2
le.r], = {Z leapli§ o+ D I7ap ||S,w}
o, pB o, B
forall (¢, r) = ((cap), (rap)) € L ym(w) X Lsym(a))

1/2
1911V (@) = {Z na %, + ||n3||%,w} forall = () € V(o).
o

181y =, J0f I +Elve forallie V).
In order to establish the existence and uniqueness of a minimizer of the functionat the spacd’ (v), it
suffices, thanks to the positive-definiteness of the two-dimensional elasticity tensor of the shell, to shbe that
mappingi € V(w) — (¥ (@), p(1)) 0. iS @ norm over the quotient spad&w), equivalent to the quotient norm
Il 11y (- TO prove that this is indeed the case is achieved in two stages. The first stage, which is due to Bernadou
and Ciarlet [2] (see also Bernadou, Ciarlet and Miara [3]), consists in establishing a firsKbasioequality on
a surface “over the spacd (w)"™:

Theorem 1.1.Let there be given a domainin RZ and an immersiol € C3(w; E3). Then there exists a constant
¢ =c(w, 0) such that

1/2
1l < C{Z a3, + IIn3lf., + || (¥ (), p(n>)||§,w} forall n € V(o).
o

As shown inibid., this inequality essentially relies on a fundameiigaima of J.L. LionsLet U be a domain
in R”. If a distributionv € H~1(U) has itsn first partial derivatives also it/ ~1(U), thenv € L2(£2) (see Theo-
rem 3.2, Chapter 3 of Duvaut and Lions [8] for domains with smooth boundaries and Amrouche and Girault [1]
for domains with Lipschitz-continuous boundaries).

The second stage consists in establishing another Basits inequality on a surface, this timfeover the
quotient spaceV (w)” (the proof, by contradiction, uses the finite dimensionality of the spRiggw), Rellich
theorem, and the Korn inequality of Theorem 1.1):

Theorem 1.2.Let there be given a domainin RZ and an immersiol € C3(w; E3). Then there exists a constant
¢ = ¢(w, 0) such that

11y < ¢[ (@, o) o, forallieViw).

Our subsequent analysis will provide ‘as by-products’ entirely different proofs of the above Korn inequalities
on a surface; see Theorem 3.2.
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2. A necessary and sufficient condition for matrix fields to be linearized change of metric and change of
curvature tensors

First, we recall the methodology of Ciarlet and Ciarlet, Jr. [5] for characterizing those symmet@cn3atrix
fields e with components |nL2(.Q) where 2 is a domain inR3, that can be written for soma e Hl(Q) as
e = &(v), wheree(d) := 2(Vf)T + Vv) denotes thdinearized strain tensor in Cartesian coordinatassociated

with the displacement field;é’ of the set2. More specifically, it is shown iiibid. that the classicabt Venant
compatibility relationsare also sufficient conditions the sense of distributionaccording to the following result:

Theorem 2.1.Let 2 be a simply-connected domainli?. Lete = (¢;j) be a symmetric matrix field with compo-
nentse;; € L2(Q) that satisfy the following compatibility relations
Rijkl(e) = pjéik + Opiéj1 — Oiéjx — Okjén =0 in H™ ()

(it is easily verified that the eighty-one relatloifi?s]k,(e) Oin H™ 2(.(7) are satisfied if only six of them hold,
provided they are suitably chosehen there exists a vector fidld= (;) € Hl(.Q) such that = &(?) in LZ(SZ)

The proof relies on the followingieak version of a classical theorem of Poincéséeibid.):

Theorem 2.2.Let 22 be a simply-connected domain[t?. Let/, € H~1(£2) be distributions that satisff ;. =
oxhy irLH—z(Q). Then there exists a functighe L2(£2), unique up to an additive constant, such that= d p in
H (D).

Thanks to Theorem 2.1, we can establish an analog characterization, but this time in the case of a surface.

Theorem 2.3.Let there be given a simply-connected domaim R? and an injective immersio € C3(@; E3).
For eache > 0, define the mappin® € C%(w x [—¢, ¢]; E3) by
010 (y) A 0920(y)
1010 (y) A 920 (y)|
Then there existg > 0 and a mappingR € E(L m(a)) X L m(a)) H‘2(§)) wheref2 := O (w x ]—¢o, €ol)
and H2(2) := (H~2(2))®, with the following propertyA pair (c, r) € L3,(®) x L, (w) of symmetric matrix
fields satisfie® (¢, r) = 0in H~2(£2) if and only if there exists a vector fielde V (v) = H(») x H(») x H%(»)
such that

c=y@ and r=p() inL{n).

O(y,x3):=0(y) +x3 forall (y,x3) e w x [—¢, ¢].

In this case, all other solutiong’ € V (w) of the equationg = y(y") andr = p(’) in Lsym(w) are such that
(' —n) € Rig(w).

Sketch of proof. The uniqueness up to vector fields in the spR@E w) is well known. Otherwise the outline of
the proof is as follows (see Ciarlet and Gratie [6] for a detailed proof): _
(i) Let  be a domain iR? and letd < C3(w; E®) be an injective immersion. Let; anda’ denote the vector

fields defined byr, = 8,0, a3 = (a1 A az)/|a1 A az|, anda’ - a; = 6’ Then (cf. Ciarlet [4, Theorem 3.1-1]) there

existseg > 0 such that the mappin® : 2 — E3 defined by® (y, x3) = 0(y) + xzas(y) forall (y,x3) € 2, where
2 = w x ]—eo, gol, is aC3-diffeomorphism froms2 onto its image® (£2). Let g; and g/ denote the vector

fields defined by the relatlorg, = 9;© and gJ -8 = 8’ and let the symmetric matrix field(v) := (¢;;(v)) €
Sym(Q) whereeg;; (v) := 2(8 v +0;vj) — andF” :=g" - 9;g;, denotes tflﬁnearized strain tensor field
in curvilinear coordinatesssociated with any dlsplacement fielg’ of the set® (£2) such thaw; € H1(£2).
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With any vector fieldy = (1;) € V(w), let there be associated the vector fiele (v;) € H($2) defined by

v (v, x3)g (v, x3) = n; Wa' (v) — x3(3an3(y) + b ()ns (¥))a* (»)

for all (y,x3) € 2, wherebg := aﬁ"baﬁ. Then (cf. Ciarlet and S. Mardare [Ahe linear mappingF : V (w) —
H($2) defined byF(y) := v is an isomorphism from the spadé(w) onto the Hilbert spac&/ (2) := {v €
HY(£2); &i3(v) =0in £2}. Besides,
2
ap(FM) = vap(m) — x3p0p(n) + = {b Ppo () + b par (1) — 265 b yor (1) }.

(ii) Given any vector fieldv = (v,) € Hl(.Q), let the vector fieldv = (v;) € H(£2) be defined by means
of the relatlonSUJ (x)gf (x) = 0;(x)é' for almost allx = @ 1(%) € 2. Let Q= O (£2), let the mappingB €
E(Lsym(fz) Lsym(Q)) be defined for any € Lsym(.Q) by

(Be)(%) := (VO TevO 1) (x) foralmostalli =@ (x) € 2,
and let, for anye = (&;;) € L2,(£2),

R(@) = (ﬁijk/ @), WhereR; jx (€) := djéix + kiéji — 01iéjx — ojéir.

Thena matrix fielde € Lgym(.s?) is such that there exists a vector fiele= (v;) € H1(£2) that satisfieg = e(v)
in L3,,(2) ifand only if R(e) =0in H~ 2(Q2) = (H%(£2))®, where the mappin®R. < L(LE,(82); H%(Q2))is
defined byR :=R o B.

(iii) Let the mappingG € L(L3, m(a)) X Liym(®); L3n(£2)) be defined by

(G(e, 1)) oy = Cap — X3Tap + 3 {b 7o + bprar — 2bGbgcor),
(Ge. r)).3 =0,

for any (¢, r) = ((cap), (rap)) € Lsym(a)) x L ym(a)) Thena pair (c,r) € Lsym(a)) X Lsym(a)) of matrix fields
is such that there exists a vector figjce V (w) that satisfiess = y () andr = p(y) in L3 ym(w) if and only if
R(c,r)=0in H %(2) = (H%(22))®, where the mappin® L(LEyn(£2) x Lin(£2): H—2(§)) is defined by
R =R o G, the mappingR € E(Lsym(sz) H™2(2)) being that defined ifii)). O

3. A new proof of Korn’s inequalities on a surface

Complete proofs of Theorems 3.1 and 3.2 are found in Ciarlet and Gratie [6].
Thanks to Theorem 2.3, we first define in a natural way a basic isomorphism, which plays a key réle in the rest
of this Note.

Theorem 3.1.Let there be given a simply-connected domaim R? and an injective immersiof € C3(w; E3).
Define the space

T () :={(c.r) € Li(®) x Lin(@); R(c,r) =0in H-3(2)},

where the open se® and the mappingR L(LE (@) x LEjn(w):; H~2(2)) are defined as in Theoret3.
Given any elemertc, r) € T (w), there exists, again by Theore2r8, a unique equivalence clagsin the quotient
spaceV () that satisfiesy (7)) = ¢ and p(i)) =r in L, (w). Then the mappindf : T (w) — V (w) defined by
H(c, r) := 5 is an isomorphism between the Hilbert spatés) and V(o).
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Sketch of proof. It is easily seen that the mappidg is injective and surjective and that its inverse mapping is
continuous. The conclusion then follows from tosed graph theorem O

Remarkably, the two Korn inequalities on a surface recalled earlier in Theorems 1.1 and 1.2, can now be recov-
ered as simple corollaries to Theorem 3.1.

Theorem 3.2.Let there be given a simply-connected domaiim R? and an injective immersiof € C3(@; R3).
That the mappind? : T (w) — V (w) is an isomorphism imp]ies both Korn’s inequalities on a surface,‘icer
the spaceV (w)” (Theoreml.1)and “over the quotient spac¥ (w)” (Theoreml.2).

Sketch of proof. (i) Since H is an isomorphism, there exists a constaatich that| H (c, Ny ) < cli(e. Nlloe
forall (¢, r) € T (w), or equivalently, again becaugEis an isomorphism, such thMIIV(w) <l a, ) llo.w

for all ) € V (w). This inequality is exactliorn’s inequality” over the quotient spack (w)” of Theorem 1.2.

(ii) One can then show, by means of an argument by contradiction, which uses in an essential manner the finite
dimensionality of the spacRig(w), that this Korn inequality in turn implieKorn’s inequality“over the space
V(w)" of Theorem 1.1. O

4. A new approach to existence theory for Koiter's linear shell equations

Thanks again to the isomorphiskhintroduced in Theorem 3.1, the quadratic minimization problem that models
the pure traction problem of a linearly elastic shell (see Section 1) can be recasither quadratic minimiza-
tion problem this time over the spacg(w), also introduced in Theorem 3.1. The proof of the next theorem is
straightforward.

Theorem 4.1.Given a simply-connected domainin R? and an injective immersiofl € C3(w; E3), define the
Hilbert spaceT (w) as in Theoren3.1, and define the quadratic functionat Lgym(a)) X Lgym(a)) — R by

3
k(c,r) = %/{SAC e+ %Ar : r}ﬁdy —"(c,r)

forall (¢, r) = ((cap), (rap)) € Lgymx Lgym(a)), wherel” := [ o H. Then the minimization problerRind (¢*, r*) €
T (w) such that
k(c*, r*) = inf{/c(c, r); (c,r) e T(a))},

has one and only one solutign*, r*). Besides(c*, r*) = (y (#*), p(§*)), where™* is the unique solution to the
‘classical minimization problemnf, v, j (i) described in Sectiof.

5. Concluding remarks

(a) While the original minimization problem is amnconstrainedne over the spacE1(w) x H(w) x H?(w)
with three unknowns (see Section 1), that found in Theorem 4.1dsrestrainedminimization problem over the
spaceLd () x Li(w) with six unknowns.

(b) In linear shell theory, the contravariant components ofstiness resultantensor field(n*#) e Lgym(a))
and of thebending momertensor field(m®?) e Lgym(a)) are given in terms of the displacement vector field by

n® = ea®F°Ty,s(n) andm®® = §a°‘ﬂ‘”pa,g(n), where the functiong®#°™ are the contravariant components of
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the two-dimensional elasticity tensor of the shell. Since this tensor is uniformly positive definite, the above formulas
are invertible and thus the minimization problem of Theorem 4.1 can be immediately recastiaisn&zation
problem with the stress resultants and bending moments as the primary unknowns

The soundness of the present approach is corroborated in the mechanics literature, where such an approac
bears the befitting name ahtrinsic equations of shell theadtyin this direction, see the key paper of Opoka and
Pietraszkiewicz [10].
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