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Abstract

We present a statistical model and semiparametric estimation procedure for analysis of survival data with multip
effects (MCE) of survival functions. A goodness-of-fit test for the proportional hazards model against the MCE m
proposed.To cite this article: V. Bagdonavičius, M. Nikulin, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Analyse statistique des données de survie et de fiabilité avec multiples effets de croisement des fonctions de survieOn
propose un modèle et une procédure semiparamétrique d’estimation pour analyser les données de survie avec mult
de croisement (MCE) de fonctions de survie. Un test d’ajustement pour le modèle des risques proportionnels contre
MCE est proposé.Pour citer cet article : V. Bagdonavičius, M. Nikulin, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

SoientSx(t) etλx(t) la fonction de survie et la fonction de hasard sous la covariablex = (x1, . . . , xm)T. Notons
parΛx(t) = − log{Sx(t)} la fonction de hasard cumulé sousx.

Le modèle MCE est donné par (1), oùλ(t) est la fonction de hasard de base,δ = (δ1, . . . , δm)T, γ =
(γ1, . . . , γm)T, β = (β1, . . . , βm)T.

Sous le modèle MCE les fonctions de survieSx etSy se croisent une ou deux fois ou ne se croisent pas.
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On considère des données censurées à droite :(Xi, δi, xi), oùXi et δi sont donnés par (3),i = 1, . . . , n.
En utilisant les notations (3) et (4), les fonctions score modifiées pour le paramètreθ = (βT, γ T, δ)T sont don-

nées par (5)–(7).
Notons parT ∗

1 < · · · < T ∗
r les moments de décès distincts. Les valeurs de la fonctionΛ̃(t, θ) (voir (8)) peuvent

être trouvées recursivement (voir (9)).
Les estimateurs des fonctions de survie et de hasard cumulé sont donnés par (10).
On a construit un test d’ajustement pour le modèle des hasards proportionnels (PH) contre le modèle M

test est basé sur la statistiquêU = (ÛT
γ , ÛT

δ )T (voir (11), (12). On a démontré que la statistique du testY 2, donnée
par (13), converge en loi vers la loi du chi deux à 2m degrés de liberté.

Les conditions pour que ce résultat soit vrai sont les conditions standard pour la normalité asympto
l’estimateurβ̂ sous le modèle PH. Le résultat est obtenu de la façon suivante : on développe les fonctio
normalisées autour de la vrai valeurβ0 de β, on utilise l’expression den1/2(β̂ − β0) en termes des integrale
par rapport au martingalesMi = Ni − ∫

YieβT
0 xi dΛ (sous le modèle PH), on trouve les limites des variation

covariations prévisibles dêUγ et Ûδ , on vérifie la condition de Lindeberg du théorème limite centrale pour
martingales (voir Fleming and Harrington [6], Ch. 5, Theorems 5.3.4., 5.3.5.) et on trouve la loi limite den−1/2Û .
Un estimateur consistant de la matrice de covariance limite est utilisé pour construire la statistique du test

1. Introduction

Piantadosi [8] (Chapter 19, pages 483–488) gives the data concerning the survival times of lung cancer
There were 164 patients divided in two groups who received radiotherapy (sample size of 86) or radiother
‘CAP’ (sample size of 78). The Kaplan–Meier estimators tend to cross twice: at a time around 7 months and
33 months.

We give a model and estimation procedures for the data with two or one crossing. Generalization to
of more than two crossings is evident. These types of models arise very often in reliability and survival a
see, for example, Klein and Moeschenberger [7], Wu [10,9]. Analysis of the data with single crossing is g
Hsieh [5], Bagdonavičius, Hafdi and Nikulin [3], Wu [10].

2. Modeling

Let Sx(t) andλx(t) be the survival and the hazard rate functions under am-dimensional possibly time depende
explanatory variablex = (x1, . . . , xm)T. Denote byΛx(t) = − log{Sx(t)} the cumulative hazard underx.

Let us consider the following model:
Multiple cross-effects(MCE) model: for all x ∈ E ⊂ Rm from a set of explanatory variablesE the hazard rate

λx(t) has the form

λx(t) = eβTx(t)
(
1+ γ Tx(t)Λ(t) + δTx(t)Λ2(t)

)
λ(t), Λ(t) =

t∫
0

λ(u)du, (1)

whereλ(t) and Λ(t) are the baseline hazard rate and the baseline cumulative hazard respectively. Heδ =
(δ1, . . . , δm)T, γ = (γ1, . . . , γm)T, β = (β1, . . . , βm)T.

The cumulative hazard under the constant covariatex is

Λx(t) = eβTxΛ(t)

(
1+ 1

2
γ TxΛ(t) + 1

3
δTxΛ2(t)

)
. (2)
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It is supposed thatΛ is continuous and increasing on(0,∞), Λ(0) = 0, Λ(∞) = ∞. The functionΛx(t) also has
these properties whenδTx > 0 or whenδTx = 0, γ Tx � 0. These conditions are supposed to be satisfied in
follows.

In the caseγ = δ = 0 the MCE model coincides with the proportional hazards (PH) model.

Proposition 2.1.If the MCE model is true then for any constant covariatesx, y ∈ E the survival functionsSx and
Sy do not cross, cross once or twice on(0,∞) in dependence on the values of the parameterθ = (β, γ, δ).

Sketch of the proof. Fix x, y. The equality (2) implies that

Λy(t)

Λx(t)
= g(z) := a

1+ b2z + c2z
2

1+ b1z + c1z2
,

where

z = Λ(t), a = eβT(y−x), b1 = 1

2
γ Tx, b2 = 1

2
γ Ty, c1 = 1

3
δTx > 0, c2 = 1

3
δTy > 0.

Suppose thatb1c2 − b2c1 > 0. Otherwise, we could investigate the ratioΛx/Λy . The number of roots of th
derivativeg′ is lesser or equal to 2. In the case of two roots the smaller root is the point of maximum and the
root is the point of minimum of the functiong. If one of the roots is non-positive then the functiony = g(x) cannot
intersect the straight liney = 1 more than twice on(0,∞). It is so even when both roots are positive because
c = c2/c1 < 1, g(0) = a > g(∞) = ac.

None, one or two intersections (which is equivalent to crossings of survival functions) are possible. For e
if b1 = 1.5, b2 = 1, c1 = 1, c2 = 2, then we have two, one, none intersections takinga = 1.5,0.9,3, respectively.
If b1 = −1, b2 = −1.5, c1 = 2, c2 = 1.5 then takea = 1.7,1.2,0.9, respectively. �

3. Semiparametric estimation

Suppose thatn objects are observed. Theith of them is observed under the explanatory variablexi . Denote by
Ti andCi the failure and censoring times for theith object and set

Xi = min(Ti,Ci), δi = 1{Ti�Ci }, Ni(t) = 1{Ti�t,δi=1}, Yi(t) = 1{Xi�t}, (3)

where1A denotes the indicator of the eventA. Set

N(t) =
n∑

i=1

Ni(t), Y (t) =
n∑

i=1

Yi(t), τ = sup
{
t : Y(t) > 0

}
. (4)

The modified score functions are

Ũβ(θ) = Uβ(θ, Λ̃) =
n∑

i=1

τ∫
0

{
xi − Eβ(u, Λ̃, θ)

}
dNi(u), (5)

Ũγ (θ) = Uγ (θ, Λ̃) =
n∑

i=1

τ∫
0

(
xiΛ̃(u, θ)

1+ γ TxiΛ̃(u, θ) + δTxiΛ̃2(u, θ)
− Eγ (u, Λ̃, θ)

)
dNi(u), (6)

Ũδ(θ) = Uδ(θ, Λ̃) =
n∑

i=1

τ∫
0

(
xiΛ̃

2(u, θ)

1+ γ TxiΛ̃(u, θ) + δTxiΛ̃2(u, θ)
− Eδ(u, Λ̃, θ)

)
dNi(u), (7)

where
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Λ̃(t, θ) =
t∫

0

dN(u)

S(0)(u−, Λ̃, θ)
,

S(0)(u,Λ, θ) =
n∑

j=1

Yj (u)eβTxj
[
1+ γ TxjΛ(u) + δTxjΛ

2(u)
]
,

Eβ(u,Λ, θ) = S
(1)
β (u,Λ, θ)

S(0)(u,Λ, θ)
, Eγ (u,Λ, θ) = S

(1)
γ (u,Λ, θ)

S(0)(u,Λ, θ)
, Eδ(u,Λ, θ) = S

(1)
δ (u,Λ, θ)

S(0)(u,Λ, θ)
,

S
(1)
β (u,Λ, θ) =

n∑
j=1

xjYj (u)eβTxj
(
1+ γ TxjΛ(u) + δTxjΛ

2(u)
)
,

S
(1)
γ (u,Λ, θ) =

n∑
j=1

xjYj (u)eβTxj Λ(u), S
(1)
δ (u,Λ, θ) =

n∑
j=1

xjYj (u)eβTxj Λ2(u).

(8)

The modified maximum likelihood estimatorθ̂ = (β̂, γ̂ , δ̂) is the solution of the system of equations̃Uβ(θ) = 0,
Ũγ (θ) = 0, Ũδ(θ) = 0.

For fixed θ the ‘estimator’Λ̃ can be found recurrently. Really, letT ∗
1 < · · · < T ∗

r be observed and ordere
distinct failure times,r � n. Note bydi the number of failures at the momentTi . ThenΛ̃(0; θ) = 0,

Λ̃(T ∗
1 ; θ) = d1

S(0)(0, Λ̃, θ)
, and Λ̃(T ∗

j+1; θ) = Λ̃(T ∗
j ; θ) + dj+1

S(0)(T ∗
j , Λ̃0, θ)

(9)

for j = 1, . . . , r − 1. Given the consistency of̃Λ, the asymptotic covariance matrix of
√

n(θ̂ − θ) is obtained by
standard methods using the functional delta method and the central limit theorem for martingales, see A
et al. [1], Bagdonavǐcius and Nikulin [2]. For consistency proofs of estimators, given by the equations o
type (8), see Ceci and Mazliak [4].

The baseline cumulative hazardΛ and the survival functionSx under anyx ∈ E of the explanatory variable i

estimated byΛ̂(t) = Λ̃(t, θ̂ ) andŜx(t) = e−Λ̂x(t), where

Λ̂x(t) = eβ̂TxΛ̂(t)

(
1+ 1

2
eγ̂ TxΛ̂(t) + 1

3
eδ̂TxΛ̂2(t)

)
. (10)

4. Goodness-of-fit for the PH model against the MCE model

Let us construct a test for testing the hypothesisH0: λx(t) = eβTxλ(t) of the adequacy of the PH model vers
the alternativeH1 given by (1) with(γ, δ) �= (0,0).

Let

Ûρ = Uρ

(
(β̂T,0,0)T, Λ̂

)
, (ρ = β,γ, δ),

whereβ̂ is the partial likelihood estimator of the regression parameterβ andΛ̂ is the Breslow estimator ofΛ under
PH model.

Note that under the PH model̂Uβ = 0, and

Ûγ =
n∑

i=1

τ∫
Λ̂(u−)

(
xi − E(u, β̂)

)
dNi(u), Ûδ =

n∑
i=1

τ∫
Λ̂2(u−)

(
xi − E(u, β̂)

)
dNi(u), (11)
0 0
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where

E(u,β) = S(1)(u,β)

S(0)(u,β)
, S(0)(u,β) =

n∑
j=1

Yj (u)eβTxj , S(1)(u,β) =
n∑

j=1

xjYj (u)eβTxj .

The test forH0 is based on the statistic

Û = (
Û T

γ , Û T
δ

)T
. (12)

Since the stochastic processn−1/2Û converges in distribution to a zero mean Gaussian process, we can u
asymptotic distribution of̂U under the PH model to construct a test.

Theorem 4.1.Under standard conditions of regularity and the PH model

Y 2 = n−1Û TD̂−1Û
D−→ χ2(2m), (13)

whereD̂ is a consistent estimator of the limit covariance matrix of the random vectorn−1/2Û :

D̂ =
(

D̂γ D̂γ δ

D̂γ δ D̂δ

)
,

D̂γ = Σ̂ ∗∗
γ (τ ) − Σ̂ ∗

γ (τ )Σ̂−1(τ )
(
Σ̂ ∗

γ (τ )
)T

, D̂δ = Σ̂ ∗∗
δ (τ ) − Σ̂ ∗

δ (τ )Σ̂−1(τ )
(
Σ̂ ∗

δ (τ )
)T

,

D̂γ δ = Σ̂ ∗∗
γ δ (τ ) − Σ̂ ∗

γ (τ )Σ̂−1(τ )
(
Σ̂ ∗

δ (t)
)T

,

Σ̂(t) = n−1

t∫
0

V (u, β̂)dN(u), Σ̂∗
γ (t) = n−1

t∫
0

V (u, β̂)Λ̂(u)dN(u),

Σ̂ ∗∗
γ (t) = n−1

t∫
0

V (u, β̂)Λ̂2(u)dN(u), Σ̂ ∗
δ (t) = Σ̂ ∗∗

γ (t),

Σ̂ ∗∗
γ δ (t) = n−1

t∫
0

V (u, β̂)Λ̂3(u)dN(u), Σ̂ ∗∗
δ (t) = n−1

t∫
0

V (u, β̂)Λ̂4(u)dN(u),

V (u, β̂) = S(2)(u, β̂)

S(0)(u, β̂)
− E(u, β̂)

(
E(u, β̂)

)T
, S(2)(t, β̂) =

n∑
j=1

xj (t)(xj (t))
TYj (t)eβ̂Txj .

The conditions needed for the result of the theorem are the standard conditions for the asymptotic norm
the estimatorβ̂ under the PH model (see Andersen et al. [1], pp. 496–497). The result is obtained develop
normed functions (11) around the true valueβ0 of β, using the expression ofn1/2(β̂ − β0) in terms of integrals
with respect to the counting process martingalesMi = Ni − ∫

YieβT
0 xi dΛ under the PH model, calculating th

limits of predictable variations and covariations ofÛγ andÛδ , and verifying the Lindeberg condition of the cent
limit theorem for martingales (see Fleming and Harrington [6], Ch. 5, Theorems 5.3.4., 5.3.5.), and so find
limit distribution of n−1/2Û . The consistent estimator of the limit covariation matrix is used to construct th
statisticT .

The critical region of the chi-square type test with approximate signification levelα is

Y 2 > χ2
1−α(2m),

whereχ2
1−α(2m) is the(1− α)-quantile of the chi-square distribution with 2m degrees of freedom.
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It would be interesting to obtain a test for the hypothesis of one crossing against two crossing. Note thatδ = 0
then one or none crossings are possible and whenδ �= 0 then two, one or zero crossings can take place. So
cannot obtain nested models here and the idea used testing the PH model does not work in such situation
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