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Abstract

We present a new formula to compute Dixmier tracgél’) of pseudodifferential operators (respectively, almost periodic
pseudodifferential operators) of order onn-dimensional compact Riemannian manifolds (respecti®ly, Under a natural
condition on the operatof, we show thatr, (T) = wldim;— o ij%xd;q(k), where G is any bounded neigh-

borhood of Oc C and 7 is the Brown spectral measure ot If 7 is measurable, then the-limit may be replaced with
the true (ordinary) limit. Our approach works equally well in both type | and Il settifigite this article: N.A. Azamov,
F.A. Sukochev, C. R. Acad. Sci. Paris, Ser. | 340 (2005).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé
Une nouvelle formule pour calculer lestraces de Dixmier. Nous présentons une nouvelle formule pour calculer les traces
de Dixmiert, (T) des opérateurs pseudodifférentiels (respectivement, des opérateurs pseudodifférentiels presque périodiques

d’'ordre —n sur des variétés compactes de dimensigrespectivemeniR”). LorsqueT satisfait une condition naturelle, nous
montrons query, (7T) = wdim 1 Adur (X), ou G est un voisinage borné de 0 dafiset est la mesure
query, (T) tewmfmé%(; et (V) g KT

spectrale de Brown d&. Si T est mesurable, on peut remplacer la limite faible par la limite au sens usuel. Notre approche
s’applique aux types | et IPour citer cet article: N.A. Azamov, F.A. Sukochev, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

D’apres le théoreme de Lidskii (sous la forme générale semi-finie de [1N, et un facteur de Von Neu-
mann semi-fini muni d’une trace fidéle, normale, semi-finie, la tra®) d’'un opérateurl € L1\, 1) est
©(T) = fU(T)\{O}AduT(A), ol w7 est la mesure spectrale de Brown HelLorsqueN est un facteur de type |
(respectivement, lorsquE est un opérateur normal)r est la mesure de comptage sur I'ensemblg({)}°>° ;
des valeurs propres dE (respectivement, la mesurespectrale deT’, donnée parur(B) = t(xp(T)) sur
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les boréliensB ¢ C). Nous donnons ici une formule analogue pows teaces de Dixmier. Nous définissons
L1 = (T e N: sup., log(ﬁ Jo 1s(T) ds < 00}, ol (T) est lar-iéme valeur singuliére dg [10]. Lorsque

w est un état suL.>°(0, o), s'annulant sur les fonctions a support compact et satisfais@mtf) = w(f)
pour toutef € L*°(0, 00), avecM (f)(t) = log(ﬁfé f(s)%, t € (0,0), la trace de Dixmier [5,8%,(T) est

T (T) = wdim,_ o mg(ﬁ fé ws(T) ds pourT € £ positif et s’étend par linéarité dans le cas général.

Dans le cas classique, Bi est un opérateur a trace, compact, autjpiat] le théoréme de Lidskii se déduit
directement du théoréme spectral ptag opérateurs positifs et de la convergence absolue de la série des valeurs
propres del’. Si T = T* est dansC:>)| cette série peut diverger, ce qui est un obstacle non trivial. En effet,
nous montrerons comme cas particulier de notre résultat principal qlie=st"* e £1-° vérifie |1, (T)| <
% pour unC > 0 et toutn > 1, avec|r1(T)| > |A2(T)| > --- si 1, est une trace de Dixmier, alots,(T) =
wlimy_ o m Z,’,V:l A (T). De plus, siT est mesurable au sens de Connes [5], on peut remplacer dans cette
formule la limite faible par la limite au sens usuel.

1. Introduction

The well-known Lidskii theorem (in its general semifinite form given in [1]) asserts thdtig a semifinite von
Neumann factor with a faithful normal semifinite tracehen the trace (T) of an arbitrary operatdf e LYW, 1)
is given byt (T) = fzr(T)\{O} rdur(X), whereur is the Brown's measure df. In the case whey\/ is a type | fac-
tor, the measurgr is the counting measure on the set of all eigenvaluds tf this paper, we present an analogue
of such a formula for Dixmier traces. Let be a state or.*>°(0, co) which vanishes on functions with compact
support and such that(Mf) = w(f) for every f € L°°(0, c0), whereM (f)(t) = log(ﬁfé f(s)%. It will be
convenient to writevdim,_, o f(¢) instead ofw(f), f € L*(0, 0c0). The Dixmier trace [5,6f,(T) defined on
the ideall ™) := (T e Nz sup., mg(ﬁ Jo 1s(T) ds < oo} is given byz,,(T) = odim, .« mm++o Jo s (T) ds
if 7 e £1° is positive and by linearity otherwise. Herg,(T) = inf{||TE||: E is a projection in\/ with
t(1— E) <t} is therth generalized-number of the operatdr.

In the case of a standard (normal) trace, the assertidmedfitiskii theorem for self-@oint operators is imme-
diate due to the absolute convergence of the s@ggl A (T) of anyT = T* from the trace class. This is not the

case any longer for Dixmier (non-normal) traces, since the latter series diverges fbr-affy* € £1-° which
does not belong to the trace class.

The distribution function of7 € A is defined byi;(T) := t(x(t.00)(IT])), t > 0. We have u,(T) =
inf{r > 0: A,(T) < s} and for anys,z > 0, s > A,(T) if and only if us(T) < ¢. Furthermorefé\‘m us(T)ds =
t(IT | x(.00)(IT1)), Vt > 0. These facts may be found in [2,10]. We wre<~< T iff [ 115(S)ds < fo 145(T) ds,
vt > 0.

Our main result is given in Theorem 2.11 below. The Lidskii type formula given there holds for all operators
T e £1° satisfyingu, (T) < C/t for someC > 0 and allz > 0. The set of such operators form an ideal\f
denoted by, The ideal£™W usually arises in geometric applications. In particulawifis the algebra of all
bounded operators ab?(M) whereM is a compact Riemannianmanifold (respectively, if\ is thell o -factor
L®(R") x R, [4,12]), the idealc™V contains all pseudodifferential operators (respectively, all almost periodic
pseudodifferential operators) of order..

An operatorT from £1° is said to be measurablerf,(T) does not depend on the stai¢5]. For an arbitrary
subsetd C NV, we denote b\, the set of measurable elements frdam

Our formula takes an especially simple form for the case of measurable opératorthis casez,(T) coin-
cides with the true limit lim_, 5o |og(++t) fm%G Adur(n) for an arbitraryw.

Our results depend crucially on the recent chamazation of positive measurable operators fraft > as

those for which the limit lim_, o |og#++z) fé us(T)ds exists [11, Theorem 6.6], antié spectral characterization

of sums of commutators in type Il factors [8,9].



N.A. Azamov, F.A. Sukochev / C. R. Acad. Sci. Paris, Ser. | 340 (2005) 107-112 109

2. Lidskii formulaefor Dixmier traces
Lemma2.1. If T > 0in £1W then there exists € £1" such thatT < S, supiS) < supgT) andST = TS.

Proof. If NV is a type Il factor, then the assertion followsng7, Proposition 3.2]. The type | case is straightfor-
ward. O

The proof of the following lemma is straightforward and is therefore omitted.
Lemma22.1f T e £ thenT*, R&(T), Im(T) € £°°. The same assertion also holds oF".

Remark 1. The positive and negative parts of a measurable self-adjoint opéFataf > are not necessarily
measurable.

Lemma 2.3 (see [2]) For T € L1 we haveiy,,(T) < Ctlogt, for someC > 0, and all sufficiently large.

For brevity, we writef, (T) = [¢ us(T) ds andg,(T) = “/‘(T) ws(T)ds, ¢ > 0. The results given in Proposi-

tion 2.4 and Lemma 2.5 below are similar to those obt:%une{z, Proposition 2.4] under different assumptions on
w andT.

Proposition 2.4. If T > 0in £W, then for everyC > 0
Ctlogt

1
(1) = i) = s (T) ds

t—>oo log(1+1) t—>oo Iog(1+ 1) /

and if one of theo-limits is a true limit then so is the other.

Proof. For T >0 in £1V%, we havelog&m | fC’ o0t L (TYds — £,(T)| < leH)(Iog(Ct logt) — logt) — 0 as
t — oo for someM > 0. The second assertion is proved in [2, Proposition 2.4.

Lemma25.1f T >0in £1Y then

1
wW(T) = erfim e (D). (1)

If T is measurable then the-limit can be replaced with the true limit.

Proof. It follows from Lemma 2.3 and Proposition 2.4 that

Ctlogt
1 1

-lim —— o(T<w S $(T) ds = 7,(T). 2

onlim o (1) < orfim s [ s = @)
0

Further, since > A1/, implies u,(T) < 1/t, we havef; (T) < g:(T) + %(t —A1/:(T)) < g(T)+ 1. Hence,
1
o(T) < o-li 3
(1) < o-lim Iog(1+t)g’() 3)

Combining (2) and (3), we arrive at (1). The secors$ation follows from Ryposition 2.4 and [11, Theo-
rem 6.6].

Lemma26.1f A, B,C >0in £1W andC = A + B then
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i) lim A+ AB) = £ _
t—00 log(1+1)

|g:(A) + g (B) — g:(C)] _

log(1+1) 0 )

0, (i) timoo

Proof. Let A’ >0 andB’ > 0 be operators front - such thatu,(A’) = w,(A), w(B’) = u(B) V¢ > 0 and
A’'B’ =0. Let C’ = A’ + B’. According to [3, Lemma 2.3] we hav€’ << C. Combining this fact with the

observation thatt (C) << w(A) + w(B) [10, Proposition 2.4], we see that it is sufficient to prove that
1
lim ———|f; (A’ By — " =0.
g A+ (B = fi(€)] =0 (5)

SinceA’ and B’ are orthogonal, we have
8:(A) +g(B") — g/(C") =0. (6)

Combining (6) with Lemma 2.3 and the argument in the proof of Proposition 2.4 we arrive at (4(i)). The proof
of (4(ii)) is similar. O

Lemma 2.7. Let T € £YW be normal andT = T4 — To + iT3 — iTs, where Ty, ..., T4 > 0. Thent,(T) =
wdim;_ o I()g(—]i-i-t)(gt(Tl) —g:(T2) +ig,(T3) —ig:(Ty)). If T is measurable then the-limit can be replaced with
the true limit.

Proof. The first assertion follows from LemmaXS2and the linearity of Dixmier traces. Lgt be measurable
and self-adjoint. Lets > 0 in £1:>) be a measurable operator commuting with such thatS — 7_ > 0 and
SUpfS) < sup7-) (see Lemma 2.1). We havwg,(T) = 1, (S + T) — 1,(S) = wdim;— « Ic)g(++t)f’(s +T)—
wdim;_ Iog(++t)f’(s)' Since 0K 7, T + S are measurable, we may combiid [ Theorem 6.6] with Lemma 2.5

to obtaint,(T) =lim;_ k)g(—iﬂ)gt(SqLT) —lim; - o0 |og(++z)gt(s)- SinceS+T = S—T_+ T, and the operators
S — T_ andTy are disjoint, we haveg,(S + T) = g,(S — T-) + g,(T+). Eq. (4(ii)) of Lemma 2.6 withA = T_,
B =S—-T_andC = S nowyields lim_ « Icmg(++t)(gf(T+) —g(T-)— g, (S+T)+g:(S)) =0. Taking thew-limit,
we conclude from [11, Theorem 6.6] that

20(T) = a-lim 8t (Ty) — g(T-) — o-lim & (S+T)—g(9)
t—oo  log(1+1) t—oo  log(1+1)
_ gS+T)—g(S) . &(T})—g(T-) 6
Ct—oco log(l+1) Ct—oo log(1+41)

If T is normal, the assertion now follows from Lemma 2.21

Lemma2.8.If T € £1W is normal anda > 0 thent,(T) = wdim;_ Iog(++0 mer Adur(X), whereQ; = {x +
iyeC: |tx] <a,|ty] <a} Vt > 0. If T is measurable, then the-limit can be replaced with the true limit.

Proof. We may take: = 1, by dilation invariance ob [5, p. 305]. Letl’ = T1 — To +1T3— T4, whereTy, ..., T >
0. ForT > 0in £V, we haveg, (T) = flﬁ)\dur(k) (see, e.g. [2]). Le# be the complementod C C, R, :=

{» e C:|Re(M)| < 1/} and [, := {i € C: |Im(1)| < 1/1}. For any Borel seB C R, we have, A durer)(2) =
,/‘{)L; Re(A)eB)} Re(}) dMT()‘)’ fB A dHIm(T) )= ,/‘{)L; Im(.)eB} Im(&) d,bLT()\.) and so

/ hdur () = / Re() dur (1) +i / M) dur ()

(o o} o
Z/Re()»)dMT()»)‘i‘ / Re()»)dMT()»)+i/|m()»)dMT()»)+i / Im(%) dur (A)

R, O/NR I o/NI;
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= [ tdwmen©+ [ Rewdum+i [ sdumn@+i [ mG)dur).
{I§1>1/1} 0:NR; {1§1>1/1} 0:Nl,
The sum of the first and the third terms in the expression above giyéB) after taking thew-limit
with respect tor — oo (see Lemma 2.7). We shall now show that ,ligm, |og(++t) fQ,ﬂR, Re(x)dur(x) =0
and lim_ |og(++t) fQ,mR, Im(x) dur(2) = 0. We prove the first equality, the second is proved analogously.
In fact, it suffices to prove that lim, o mg(ﬁ Jumoo=1/11nr, REA) dur (1) = 0. We have
o0
1 1 1
Re(A) dur (V)| < A dur () < A dur(r) = A dimer) (§)
{Im(x)>1/t}NR; {Im(x)>1/t}NR; {Im(v)>1/1} 1/t
1 1
= 7 (X/r.00)(T9) = ~h/1(T3) < C.

The last inequality follows from the equivalence of,(73) < 1/t andiy,,(T3) < Ct. For the case of measur-
ableT, the proof is the same.O

Lemma 2.9. Let T be a normal operator fron£>" and letG be a bounded Borel neighborhood®€& C. Then
To(T) = wlim;_ bg(—}ﬂ) fm;GKdMT(k)- If T is measurable, then the-limit can be replaced with the true

limit.

Proof. For an arbitrary bounded neighborha@af 0 € C there exist square8, andQ,, suchthat), € G C Q.
Hence, Lemma 2.8 implies that it is sufficient to prove that

1
im — Aldur(2) =0. 8
e [ ) ®)
Qt/b\Qt/a
The setQ;,, \ Q. consists of four trapeziums and it is suffices to prove the above limit for one of thers;
{z€ Qi \ Ot/a: Re(t2) € [a, b}, for example. We have

b/t Aaft Ab/t
1
5 [ ey < [Reyduriy< [ Redur(o = [ 2duran o= [ weds— [ i
D, D, t Re()ela.b] alt 0 0

By Lemma 2.5, we can replace upper limig,; and A,;; by t/a andt/b respectively. Thenfé/“ g Qs —

é/busdséft/baC/sdsgClogg. m]

t

The following lemma follows from [8].

Lemma 2.10. If S € £LY then there exists a normal operatdre £3° such that the Brown spectral measures
of S and T coincide andr,(S) = 7,(7T).

The proof of the following theorem (which is the main result of this note) follows from Lemmas 2.9 and 2.10.

Theorem 2.11. If S € LYW and G is a bounded Borel neighborhood @& C, thent,,(S) = wdim;_ o |09(—]i+l) X
fwlc Adus(r). If S is measurable, then the-limit can be replaced with the true limit.

We specialize the result above to the case wheis an infinite-dimensional factor of typl,.



112 N.A. Azamov, F.A. Sukochev / C. R. Acad. Sci. Paris, Ser. | 340 (2005) 107-112

Corollary 2.12. Let T be a compact operator on an infinite-dimensional Hilbert spatesuch thatu, (T) <
C/n, n > 1, for someC > 0. If A1, A2, ... is the list of eigenvalues & counting the multiplicities such that
[A1] = |A2] = ---, then

N

1 1
Try(T) = w-lim ——— Aur(A) =w- lIm —— % ),
o(T) wt—>00|Og(1+t) Z ur (X) wN—>oo|OgNZ i
reo(T), 2¢1G i=1
wherewr (1) is the algebraic multiplicity of the eigenvalae If T is measurable then the-limit can be replaced
with the true limit.

Proof. The first equality is an immediate consequence of Theorem 2.11. By Lemma 2.10, it is sufficient to
prove the second equality for a normal operalorLet G := {z € C: |z] < 1}. It is enough to show that

> keayupy [Mkl < const whereAy = {k e N: k <N, [A| <1/N}andBy = {k € N: k > N, [Ax] > 1/N}. We
have,} ;c4, [Al < 1. That} ;g |2 is bounded follows from the conditiop| < C/k, k € N, for some

C > 0 and estimate (8). O

The following corollary follows fran the combination of Corollary 2.12 and [5, Proposition 1V.2.5].

Corollary 2.13[9, Proposition 1]If M is a compact Riemanniartmanifold andr’ is a pseudodifferential operator
of order—n on M, thenTr,(T) = liMmy_ oo ﬁ S ke

Let N = L®[R") x Rl and letT* be (the image of) an almost periodic pseudodifferential operator of or-

der—n (see, for example, [12]). TheR! € £LW.
Corollary 2.14. 7,(T?) = wdim;_ |09(—]i+l) Jias1y 2 dur (1),
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