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Abstract

We prove that the Cauchy problem associated with a Pfaff system with coefficienféci,np > 2, in a connected and
simply-connected open subsetof R? has a unique solution provided that its coefficients satisfies a compatibility condition in
the distributional sensdo citethisarticle: S. Mardare, C. R. Acad. Sci. Paris, Ser. | 340 (2005).

0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sur les systémes de Pfaff en dimension deu®n montre que le probléme de Cauchy associé a un systéeme de Pfaff avec des
coefficients danstéc, p > 2, dans un ouvert connexe et simplement conm@ae R? admet une solution unique pourvu que
ses coefficients satisfassent une condition de compatibilité au sens des distrilRdionster cet article: S. Mardare, C. R.
Acad. Sci. Paris, Ser. | 340 (2005).

0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francgaise abrégée

Les notations sont définies dans la version anglaise.sSaih ouvert connexe et simplement connexeRde
soit xo un point des2, et soitY? une matrice dévi¢*¢. Il est alors bien connu (voir, e.g., Thomas [7]) que le
systeme de Pfaff

0;Y=YA;, dansf2, i=1,2,

Y(x% =Y,
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admet une solution uniquié e C2(£2; M9*¢) si les coefficientst; appartiennent a I'espacg (2; M¢) et satisfont
la condition de compatibilité

01A2 + A1A2> = 92A1 + A»A;  danss2. D)

L'objet de cette Note est d'établir que ce résultat reste vrai sous les hypothéses affaiblies que les codfficients
appartiennent a I’espade{gc(sz; M), p > 2, la condition de compatibilité ci-dessus étant alors satisfaite au sens
des distributions (voir Théoréme 3.2 dans la version anglaise). La preuve repose sur deux résultats principaux : un
résultat de stabilité pour les systémes de Pfaff a coefficientsidai@) établi dans le Théoréme 2.1 et un résultat
d’approximation, sous la contrainte non linéaire (1), des champs de matric&sbli dans le Lemme 3.1 de la
version anglaise.

La démonstration compléte de ces résultats, esquissée dans la version anglaise, se trouve dans [5].

1. Preliminaries

The notationgvi?*¢, M, S* andS¢ respectively designate the set of all matrices wittows and¢ columns,
the set of all square matrices of orderthe set of all symmetric matrices of ordérand the set of all positive
definite symmetric matrices of ordérFor vectorsy = (v;) and matricesA = (4;;), we define the norms

lol =) lul and [A]:=)"|A;l.

i LJ
A generic point inR? is denotedr = (x1, x2) and partial derivatives of first and second order are denoted
9 = 3% andd;; = % An open ball with radiust centered ak € R? is denotedBy (x), or By if its center is
irrelevant in the subsequent analysis.
The space of distributions over an openget R? is denotedD’(2). The usual Sobolev spaces being denoted
WP (£2), we let

Wioll(2):={f eD'(R); feWm"PQ) forall opensel € 2},

where the notatio/ € 2 means that the closure of in R? is a compact subset 6. The closure ifW17(£2)
of the space of all indefinitely derivable functions with compact suppof? iis denotedWOl”’(Q). If p>2,the
classes of functions i 17 (£2) are identified with their continuous representatives, as in the Sobolev imbedding
theorem (see, e.g., Adams [1]). For matrix-valued and vector-valued function spaces, we shall use the notations
WP (2; Ma*4), WP (£2; RY), etc.

The Lebesgue spacég (2; R?) andL? (§2; M7*¢) are equipped with the norms

lvllzr2) = Z lvillLr2) and [[AllLre) = Z AijllLr ),
i i
and the Sobolev spac#8-? (£2; M?*¢) and W27 (§2; M4*¢) are equipped with the norms
1Y Iy = 1Y ey + Y 0¥ L2y and 1Y lywzpig) = 1Y llwirig) + D 135 Lo cg)-
i ij
The following theorem gathers the Morrey and Sobolev inequalities with explicit constants that will be used in
the next sections:

Theorem 1.1.Let Bz C R? be an open ball of radiu® > 0 and letp > 2. Then there exists constants, C2 > 0
depending only op such that
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|u(x) - u(y)| < ClRl‘Z/pIIVulle(BR) forall u € W-P(Bg) and allx, y € Bg (Morrey’s inequality,

leell L2002,y < C2REH P Vull o5,y Tor all u € Wy?(Brg) (Sobolev inequaliy

2. Stability of Pfaff systems

We establish here the following stability result for Pfaff systems vﬂjﬂl—coeﬁicients defined over an open
subset ofR2. However, the same analysis can be carried out in higher dimensions without difficulty.

Theorem 2.1.Let £2 be a connected open subsetR#, let x0 € £2, let p > 2, let Al e LP(£2; M and Y” €

Wé’cp (£2; M9*%) be sequences of matrix fields that satisfy the Pfaff systems

JY"=Y"A! inD'(2;M?Y), neN,

and assume that there exists a constehsuch that) ; [| A7 [|Lr2) + | Y" (x9)| < M for all n € N. Then, for each
open sek € £2, there exist a consta > 0 such that

[y" =y wir(k) S C(Z” Ap — A ”Lp(_o) + a0 =) “) forall n,m € N.
i

Proof. Fix any open balBz = Br(x) € 2, wherex € K and 1M R1=2/P < 1 (C; is the constant appearing in
Theorem 1.1). Using Morrey’s inequality (see Theorem 1.1), viz

7" =0y < IO =00 RS0 =¥ @

1

and the relatio; (Y" — Y™) = (Y" —Y™)A! + Y™ (A} — A"), we obtain on the one hand that

S =Y iy <2 (7 = Y+ 2077 ) ST = A2 ©
1 i

L

Using again Morrey’s inequality together with relations” = Y™ A7" and 1M RY¥?/? < 1, we deduce on
the other hand that

Y™ ||L°°(BR) <l + C1RY?P Z” ;Y™ ”LP(BR) <2[ym )|
i

3

and, by joining the point to x° by a broken line formed by segments of lengtk R, that
[y™| Lo(Bp) S 2N [ Y™ (x% | < 2V M,

where the numbeN depends only omg, £2 andK . Using this inequality in inequality (3) gives

(" = Y") oy <2MI (" =)0 |+ 2 M 34T = Ay, @

1 1

Then we infer from inequalities (2) and (4) that there exists a conétand such that
” yr—y" H WLP(Bg(x)) < C(” (Yn - Ym)(x)” + Z“A? - Azm ||LP(.Q))'
i

Let now the open s&k € £2 be covered with a finite number of balls of radiRsBY joining the centex of any
such ball to the given point® with a broken line formed by segments of lengtk: R (the numberN depends
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only onxo, £2 andK), we show by a recursion argument that there exists another coxdstadependent ofi, m
such that

1" =1 lyanioyion < (107 =176+ 147 = 47 )
i

Since this inequality is valid for any baltz (x) in the chosen covering &, summing all such inequalities gives
the announced inequality.C

An immediate consequence of Theorem 2.1 is the following uniqueness result:
Corollary 2.2. Let £2 be an connected open subsetR#, let p > 2, and let there be given matrix fields; €
LP (2; MY andY,Y € W,i’c”(sz; M4**) that satisfy the relations
%Y =YA; and §Y=YA; inD(2;M*).

Assume that there exists a poiffte 22 such thatt (x%) = ¥ (x%). ThenY (x) = Y (x) for all x € 2.

3. Existence of the solution to Pfaff systems witl.? coefficients in dimension two

Let £2 c R? be a connected and simply-connected open set and let there be given &%pifat and a matrix
Y% e M9*¢, Then it is well-known (see, e.g., Thomas [7]), that the (Cauchy problem associated with the) Pfaff
system

RY=YA; inf,ie{l 2,
Y(x%) =",

has a unique solution if the coefficiens belong to the spac@l(£2; M) and satisfy the compatibility condition
01A2 + A1Ar = 02A1 + A2A1  in 2.

This result has been subsequently improved by Hartman and Wintner [3] (under the assumptidn ¢hat
C%($2; MY)) and by Mardare [4] (under the assumption thiate L2°.($2; M¢)). Our objective is to establish

loc
an existence and uniqueness result under the assumptiod tkal.! .(£2; M%), p > 2. The key ingredient in

loc
establishing this result is the following lemma.

Lemma 3.1.Let 2 be an open subset &, let p > 2, and let matrix fieldsA; € L?(§2; M) be given that satisfy
the relations

N A2+ A1Ap = A1+ ApA1  inD'(2; MY). (5)
Then, for each open baB; C 2 whose radius satisfies
. 2—

R <min(L {C(p)(IALlLri@) + I A2lr) /77, 6)

whereC(p) is a constant depending only gn there exist sequences of matrix fieltfs € C®(Br; M, n eN,
that satisfy the relations

31Ag + A’i g = 32A’1 + AgA'i in Bg,
Al — A; in LP(Bg;M') asn — oco.
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Proof. The key of the proof is the following change of unknowns:
A1=01U — 3V and Ap=03U +91V in Bg,
whereU € WhP(Bg, M¢) and V € WZ//?(Bg, MY) := W2P/2(Bg, M) N Wy'” (Bg, MY). This system has a
solution that can be computed as follows: First, define Wf(;p/z(BR, M) as the solution to the Poisson equation
AV = AzA1— A1A2  in D' (Bg, MY,
then defind/ € W17 (Bg, M) as a solution to the Poincaré system (assumption (5) is used here)
01U = A1+ 02V and 9U =Ap—01V.

Now, the approximating sequences for the fiejsare defined in the following way: First, the field is
approximated with the smooth matrix field#& e C*°(Bg, M) defined by taking the convolution of (an extension
to R? of) U with a sequence of mollifiers, so that

U"— U inWhP(Bg,M") asn — oo.
Then the fieldV,,, n € N, is defined as the solution to the system

AV" = (U" + 3 V") (01U" — V") — (0.U" — 32V")(3U" +81V")  in D'(2; M),
V" =0 onthe boundary oBy.

We prove that this nonlinear system has at least one solution of @ass By by using the implicit function
theorem (see, e.g., Schwartz [6]) applied to the mapping
fiWhP(Br; M) x WaP/2(Bg, M) — LP/?(Bg, M),

defined byf (X,Y) = AY — (92X + 91Y) (01X — 92Y) + (91X — 92Y) (32X + 91Y). To this end, we show that the
mapping £ (U, V) is an isomorphism from the spases”/?(Bg, M¢) to the spacd.”/2(Bg; M') by using the
Lax—Milgram lemma, Theorem 1.1, and assumption (6) on the size of thd&hallonsequently, there exist open
subsetsD; ¢ WP (Bg; M) and 0, C Wf(;p/z(BR, M¢) and a mapping € C1(01; 0,) such that/ € 01, V €
02 and{(X,Y) € 01 x O2; f(X,Y) =0} = {(X, ¢(X)); X € 01}. In particular, forX = U" there existsV" :=
©(U™) such thatf (U", V") = 0. The regularity properties of second order elliptic partial differential equations
(see, e.g., Gilbarg and Trudinger [2]) show that in fééte C°°(Bg). Moreover, sincep is continuous and since
U" — U in WhP(Bg: MY), it follows that V" — V in W2P/2(Bg; M), hence inW1-?(Bg; M¢) by the Sobolev
imbedding theorem (see, e.g., Adams [1]).

Finally, we define the fields\] := 9:U" — 3,V" and A} := d;U" + 01V", and prove that they satisfy the
required conditions of the lemman

We are now in a position to prove the main result of this Note.

Theorem 3.2.Let 2 be a connected and simply connected open sub&#,¢ét x° € 2, let p > 2, let Y0 e M9t
and let matrix fieldsA; € L((’JC(Q; M) be given that satisfy the relations
NA2+ A1A2 = A1+ A2A1  inD'(2; MF).
Then the Pfaff system
Y =YA; inD(2; M%),
0 0 (7)
YxY) =Y

has one and only one solutidhe Wli'cp(fz; M2*¢),
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Proof. We first prove the following local existence result: For each open Balk B, (x°%) € 2 whose radius
satisfies relation (6) of the previous lemma, there exists a fiedd¥ 17 (B,; M7*!) that satisfies the Pfaff system

%Y =YA; inD(B,; M),

Y (x9) = YO. (8)

We find this solution as the limit of a sequence of solutions to some Pfaff systems with smooth coefficients. For,
fix an open ngIBR € £2 such thatB, € Bg. Then Lemma 3.1 shows that there exist sequences of matrix fields
A%, A% € C*®(Bg; M) that satisfy

B1AL + ATAL = AT + ABAY in Bp,
"— Ay and A} — A inLP(Bg;M')asn — oo.

Since the coefficientd’] and A} are smooth, the classical result on Pfaff systems (see, e.g., Thomas [7]) shows
that there exists a matrix fielt € C*°(Bg; M4*%) that satisfies

al-Y”=Y”A;’ in Bg, iE{l,Z},

Y (x% = YO, 9)

By the stability result of Theorem 2.1, there exists a consfastO such that

|y —ym| Wi, <C Z”A7 — AT ||LP(BR) forallm,n e N,
i

which means thatY”) is a Cauchy sequence in the spaké? (B,; M7*¢). Since this space is complete, there
exists a fieldY € Wl?(B,; M?*¢) such thatt” — Y in WLP(B,; M?*¢) asn — oo. In addition, the Sobolev
imbeddingW -7 (B,; M4*¢) c CO(B,; M?*¢) shows thatr" (x%) — ¥ (x%) in M?*¢ asn — oco. Then we deduce
that the fieldY satisfies the Pfaff system (8) by passing to the limit as oo in the equations of system (9).

Now, we define a global solution to the Pfaff system (7) as in the proof of Theorem 3.1 of [4], by glueing together
some sequences of local solutions along curves starting from the givenxSoMie prove that this definition is
unambiguous thanks to the uniqueness result of Corollary 2.2 and to the simply-connectedness &2 the set

That this solution is unique follows from Corollary 2.20

Remark 1. The assumption thai > 2 of the theorem is optimal since in order to properly defirie®), the space
WLP(£2) (to which the components of the matrix fiefdbelong) should be imbedded in the space of continous
functions.
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