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Abstract

A mathematical model for the computation of the phase equilibrium related to atmospheric organic aerosols is p
The equilibrium is given by the minimum of the Gibbs free energy and is characterized using the notion of phase sim
its convex hull. A primal-dual interior-point method solving theKarush–Kuhn–Tuckerconditions is detailed. Numerical resu
show the efficiency of our algorithm.To cite this article: N.R. Amundson et al., C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Un problème d’optimisation lié à la modélisation d’aérosols organiques. Nous proposons un modèle pour l’étude
l’équilibre chimique lié à la modélisation d’aérosols organiques. L’état d’équilibre est caractérisé par le minimum global
gie de Gibbs et décrit par le « simplexe de phases » de son enveloppe convexe. Nous présentons une méthode de po
pour la résolution du système formé par les conditions deKarush–Kuhn–Tucker. Des résultats numériques montrent l’efficac
de notre algorithme.Pour citer cet article : N.R. Amundson et al., C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

In this Note, the problem of phase equilibrium for organic aerosols is addressed. This problem requ
accurate identification of the existing phases at the equilibrium for a closed system. This equilibrium
characterized by the global minimum of the Gibbs free energy for the system. This problem is equivalen
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determination of the convex hull of the corresponding molar Gibbs energy function. A mathematical analys
convex hull is presented using a geometrical concept of phase simplex. A primal-dual interior-point algori
the efficient solution of the phase equilibrium problem is proposed. The algorithm applies at each step a
method to the Karush–Kuhn–Tucker (KKT) system of equations, perturbed by a log-barrier penalty term,
the next primal-dual approximation of the solution. This local approach is used for the determination of the
minimum of the Gibbs free energy by using a novel initialization strategy based on the properties of pha
plexes. Starting from an initial solution involving all possible phases in the system, the algorithm allows to i
the vanishing phases at the equilibrium. Numerical results show the robustness and accuracy of the appro

The phase equilibrium for a system ofns substances at a specified temperatureT and pressureP and for a given
substance-abundance vector in units of molesb ∈ R

ns++ (i.e., > 0) is the solution of the constrained minimizatio
problem

min
π∑

α=1

yαg(xα), s.t. xα ∈ ∆′
ns

, yα � 0,

π∑

α=1

yαxα = b, (1)

where∆′
ns

= {x ∈ R
ns : eTx = 1, x � 0} with eT = (1, . . . ,1), π is the number of possible phases,xα is the mole-

fraction concentration vector in phaseα, yα is the total number of moles in phaseα, andg is the molar Gibbs free
energy function. It is assumed thatg is C∞ in R

ns++, its values approach finite limits as any given mole fract
tends to zero, and these limiting values are approached with negatively infinite slope.

Let n = ns − 1, define∆n = {z ∈ R
n: eTz � 1, z � 0}, and denote by int∆n its interior. Note that∆n is the unit

simplex inR
n, i.e.,∆n = conv(e0, e1, . . . , en) with e0 = 0 and{e1, . . . , en} being the canonical basis. The simpl

∆n can be identified with∆′
ns

via the mappingΠ :∆n � z �→ x = ens + Zez ∈ ∆′
ns

whereZT
e = (I,−e) with I the

identity matrix. Letf = g ◦ Π . Then,f is C0 on ∆n, C∞ on int∆n, and has the subdifferential∂f (z) = ∅ for
z ∈ ∂∆n. Let b be scaled so thateTb = 1 and defined = Π−1(b). The fact ofb being in the relative interior of∆′

ns
,

denoted by rint∆′
ns

, implies thatd ∈ int∆n. Let f be extended by∞ outside∆n and denote by convf the convex
hull of f . According to theCarathéodory theorem[5], we have, ford ∈ int∆n,

convf (d) = min
π∑

α=1

yαf (zα), s.t. zα ∈ ∆n, yα � 0,

π∑

α=1

yα = 1,

π∑

α=1

yαzα = d. (2)

Problem (2) is equivalent to (1). Theorem 1, characterizing the geometrical structure of convf , is based on the
assumption thatf is in some residual set ofC∞(int∆n) and on the generic properties off [4].

Theorem 1. For any d ∈ int∆n, there exists a unique(π − 1)-simplexΣ(d) = conv(z1, . . . , zπ ) with π � n + 1
verticeszα ∈ int∆n such thatd ∈ rintΣ(d) andconvf (d) = ∑π

α=1 yαf (zα) with the barycentric representatio
d = ∑π

α=1 yαzα ,
∑π

α=1 yα = 1, andyα > 0.

The (π − 1)-simplexΣ(d) = conv(z1, . . . , zπ ) is called the phase simplex ofd. Note thatΣ(δ) = Σ(d) for
∀δ ∈ rintΣ(d). Theorem 2 is related to the so-called Gibbs tangent plane criterion, which states that the
hyperplane tangent to the graph off at (zα, f (zα)), α = 1, . . . , π , lies entirely below the graph.

Theorem 2. A (π −1)-simplexΣ = conv(z1, . . . , zπ ) is a phase simplex if and only if there exist multipliersη ∈ R
n

andξ ∈ R such that

∇f (zα) + η = 0, ∀α = 1, . . . , π, (3)

f (zα) + ηTzα + ξ = 0, ∀α = 1, . . . , π, (4)

f (z) + ηTz + ξ � 0, ∀z ∈ ∆n. (5)
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Let Ω0 = {d ∈ int∆n: dim(Σ(d)) = 0} be the set of single-phase points in int∆n. A point d ∈ int∆n is a
single-phase point if and only if convf (d) = f (d). Note that the vertices of a phase simplex are single-p
points. Corollary 3 is the basis for a primal-dual formulation of problem (2).

Corollary 3. Let Σ = conv(z1, . . .,zπ) be a(π − 1)-simplex withzα ∈ Ω0. If there exist multipliersη ∈ R
n and

ξ ∈ R satisfying conditions(3) and (4), thenΣ is a phase simplex.

Note that each vertexei , i = 0, . . . , n, of the unit simplex∆n corresponds to the single-phase point of a p
substance system; for a neighborhoodVi ∈N (ei ), defineV0

i = V ∩ Ω0 ( �= ∅). Corollary 4 permits to construct, vi
an interior method, a sequence ofn-simplexesS = conv(d0, . . . ,dn) with di ∈ Ω0 such that a(π − 1)-face ofS
converges to a phase simplexΣ = conv(z1, . . . , zπ )

Corollary 4. For each vertexzα , α = 1, . . . , π , of a phase simplexΣ = conv(z1, . . .,zπ ), there exists a setV0
i ,

i = 0, . . . , n, such thatzα is connected to a pointd0
i ∈ V0

i by a continuous path inΩ0.

The initialization ofS in the algorithm below is given byS0 = conv(d0
0, . . . ,d0

n) with d0
i ∈ V0

i .
In the primal-dual interior-point algorithm, (1) is first transformed into the following barrier problem:

min
π∑

α=1

yαg(xα) − ν

π∑

α=1

ln sα, s.t. xα ∈ rint∆′
ns

, yα − sα = 0, sα > 0,

π∑

α=1

yαxα = b, (6)

whereν is a positive parameter. Problem (6) is approximately solved by applying one Newton iteration to it
system of equations:

yα

(∇g(xα) + λ
) + ζαe = 0, g(xα) + λTxα − θα = 0, eTxα = 1, xα > 0, α = 1, . . . , π,

π∑

α=1

yαxα = b, yαθα − ν = 0, yα > 0, θα > 0, α = 1, . . . , π,
(7)

then decreasingν, and repeating the process. Applying Newton’s method to (7) gives the following symm
indefinite system:

yα∇2g(xα)pxα + (∇g(xα) + λ
)
pyα + yαpλ + pζα e = −yα∇g(xα) − yαλ − ζαe, α = 1, . . . , π, (8)

(∇g(xα) + λ
)Tpxα + xT

αpλ + θαy−1
α pyα = −g(xα) − xT

αλ + νy−1
α , α = 1, . . . , π, (9)

eTpxα = 1− eTxα, α = 1, . . . , π, (10)
π∑

α=1

yαpxα +
π∑

α=1

xα pyα = b −
π∑

α=1

yαxα. (11)

The iterates are then updated byy+
α = yα + τpyα , x+

α = xα + τpxα , ζ+
α = ζα + τpζα , θ+

α = θα + τpθα , for α =
1, . . . , π , andλ+ = λ + τpλ, where the step-sizeτ is chosen to ensure thaty+

α > 0 andθ+
α > 0, and a merit

function associated to (6) is sufficiently reduced. To ensure that this sequence of iterates converges to t
minimizer of (1) asν → 0, (8)–(11) is projected onto the null-spaceZe = {px ∈ R

ns : eTpx = 0} to obtain:

yα∇2f (zα)pzα + (∇f (zα) + η
)
pyα + yαpη = rzα , α = 1, . . . , π, (12)

(∇f (zα) + η
)Tpzα + zT

αpη + (eTxα)pξ + θαy−1
α pyα = ryα , α = 1, . . . , π, (13)

π∑
yαpzα +

π∑
zαpyα = rη,

π∑
(eTxα)pyα = rξ , (14)
α=1 α=1 α=1
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Table 1
Phase equilibrium states for several chemical systems available in the literature, together with feed vectors, total number of iter
convergence and value of the Gibbs energy. Example 5 is given with data extracted froma [1] andb [2]

Feed vector Phase 1 y1 Phase 2 y2 Phase 3 y3 # iter Gibbs energy

[3] example 4 0.4 0.1 0.5 0.349 0.426 0.224 0.2153 0.101 0.009 0.889 0.4949 0.948 0.013 0.039 0.2898 44 −0.13109
[3] example 5a 0.588 0.118 0.294 0.022 0.957 0.021 0.0001 0.003 0.070 0.927 0.3169 0.859 0.139 0.001 0.6829 18 −0.10256
[3] example 5b 0.588 0.118 0.294 0.053 0.188 0.759 0.3867 0.926 0.073 0.001 0.6133 – – – – 20 −0.19587
[3] example 6 0.4 0.2 0.4 0.028 0.162 0.810 0.4826 0.747 0.236 0.017 0.5174 – – – – 16 −0.29043
[3] example 7 0.62 0.08 0.3 0.311 0.125 0.564 0.5194 0.954 0.031 0.014 0.4806 – – – – 20 −0.27752
[3] example 9 0.6 0.2 0.2 0.314 0.348 0.337 0.4574 0.841 0.075 0.084 0.5426 – – – – 22 −0.39882
[3] example 11 0.1 0.3 0.6 0.119 0.513 0.368 0.5087 0.080 0.079 0.840 0.4913 – – – – 16 −0.28494

where d is the n first components ofb, η = ZT
e λ, ξ = eT

ns
λ, for α = 1, . . . , π , zα is the n first components

of xα , ∇f (zα) = ZT
e ∇g(xα), ∇2f (zα) = ZT

e ∇2g(xα)Ze, rzα = −yα∇f (zα)−yαη −yα(1− eTxα)(∂2
1:n,ns

g(xα)−
∂2
ns ,ns

g(xα) e), ryα = −g(xα) − xT
αλ + νy−1

α − (1 − eTxα)(∂ns g(xα) + ξ), rη = d − ∑π
α=1 yαzα , andrξ = eTb −

∑π
α=1 yα . The solvability of (12)–(14) is given in Theorem 5.

Theorem 5. If conv(z1, . . . , zπ ) is a (π − 1)-simplex andzα ∈ Ω0 for ∀α = 1, . . . , π , the linear system(12)–(14)
has a unique solution. Moreover, if∇2f (zα), for ∀α = 1, . . . , π , is positive definite,(12)–(14)is solvable by a
range-space method based on the Schur complement.

We have the following convergence theorem for the primal-dual interior-point algorithm.

Theorem 6. Let{y†
α, z†

α}α=1,π† be the solution of(2) for a pointd ∈ int∆n with d = ∑π†

α=1 y†
αz†

α . Assumeπ = n+1
and let{yν

i , zν
i }i=1,π be the sequence of iterates generated by algorithm(12)–(14)and definedν = ∑π

i=1 yν
i zν

i . If
the sequenceSν = conv(zν

1, . . . , zν
π ) is initialized byS0 and remains as(π − 1)-simplexes withzν

i ∈ Ω0, then, as
ν → 0, dν → d. Furthermore, for∀α = 1, . . . , π†, there is a uniquei(α) ∈ {1, . . . , π} such thatyν

i(α) → y†
α and

zν
i(α) → z†

α ; for j ∈ {1, . . . , π} \ {i(α)}α=1,π†, yν
j → 0.

This convergent sequence is used for a finite termination of the algorithm by identifying the vanishing
i.e. the phasesi ∈ {1, . . . , π} such thatyi � ε, whereε is a givena priori tolerance.

The chemical systems considered here are extracted from [3]. These examples involvens = 3 substances an
thus a maximum of three phases at equilibrium. Table 1 gives the equilibrium states{x†

α, y†
α} of these system

obtained with our algorithm for a given feed vectorb, the total number of iterations for convergence and the v
of the Gibbs energy. The algorithm is initialized withπ = n + 1 andS = S0. The initial valueν0 is given by
10−3 and the toleranceε for eliminating the vanishing phases is 10−8. The penalty parameter is updated w
νk+1 = 0.7 · νk and one iteration of the Newton method is carried out for each valueνk . The iterations are stoppe
when the relative error between the iterates forνk andνk+1 is 10−3. Results compare well with those report
in [3], where a global optimization method was used, and here, for all cases, the convergence is fast, i.e.,
in less than 50 iterations.
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