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Abstract

This Note presents an a posteriori error estimator of residual type for the stationary Stokes problem using the dual mixed
FEM. We prove lower and upper error bounds with the explicit dependence of the viscosity parameter and without any regularity
assumption on the solutiofo cite thisarticle: M. Farhloul et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Résumé

Estimateur d’erreur a posteriori pour une méthode d’éléments finis mixte duale pour le probleme de StokePans
cette Note, nous présentons un estimateur a posteriori du type résidual pour le probleme de Stokes stationnaire approché p
une méthode d’éléments finis mixte duale. Nous établissons I'équivalence entre I'erreur et cet estimateur, la dépendance de
constantes d’équivalence en fonction du paramétre de viscosité étant explicite. Cet équivalence est aussi établie sans aucu
condition de régularité de la solutioRour citer cet article: M. Farhloul et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abrégée
Introduction

Les estimateurs d’erreur a posteriori pour des problemes aux limites standards sont de nos jours bien compri:
et sont un outil indispensable pour leur approximation (voir par exemple [12]). L'analyse de tels estimateurs pour

E-mail addressedarlhom@umoncton.ca (M. Farhloul), saise@univ-valenciennes.fr (S. Nisa), Luc.Paquet@univ-valenciennes.fr
(L. Paquet).
URL: http://www.univ-valenciennes.fr/macs/nicaise (S. Nicaise).

1631-073X/$ — see front matterl 2004 Académie des sciences. PublishedElsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.08.002



514 M. Farhloul et al. / C. R. Acad. Sci. Paris, Ser. | 339 (2004) 513-518

la méthode d’éléments finis mixtes pour des opérateurgigllips scalaires ou le systéme de I'élasticité a été faite
dans [2,4,1,13,5] mais a notre connaissance une étodkise pour la formulation mixte duale du probléme de
Stokes stationnaire n'a pas été effectuée. Le but de cette note est donc de faire cette analyse en proposant |
estimateur d’erreur du type résiduel. Nous établissons ensuite I'équivalence entre I'erreur et cet estimateur, ou |z
dépendance des constantes en fonction du paramétre de viscosité est explicite et sans aucune condition de régulal
sur la solution.

Discrétisation du probléme

Nous considérons le probléme de Stokes stationnaire (1) dans un dafhdiomé a bord polygonal’. La
formulation duale mixte de ce probléme est maintenant bien connue [8,9] et consiste a {teupgru) dans
X x M solution de (3), lorsquer et M sont définis par (2). Comme ce probléme a une solution unique [8,9,11],
son unique solutioli(o, p), u) est donnée par = vVu, ol (1, p) est I'unique solution de (1).

Le probleme (3) est approché par le probléme discret (4) loraggue M) est un sous-espace de x M
construit a partir d’'une triangulation réguliéfedu domaine et basé sur les les éléments finis de Raviart—-Thomas
de degré le plus bas [8,9,11].

Estimations d’erreur

Théoréme 0.1Soient((c, p),u) € X x M la solution d&(3) et (o1, pr), un) € X x My, la solution deg(4). Alors
il existe deux constantes strictement positi?e®t C, indépendantes de et telles que

Cin <llo —anll + lp = pull + |[div(e — o — (p = p)8)| + vilu —unll < Con,

ou le résiduy est défini pa7) et | - || désigne la norme d&?($2).

La preuve de la borne supérieure est basée sur une décomposition du type Helmlawokzade[7] et les
relations de type Galerkin (5) et (6). La démonstration de la borne inférieure est plus classique et est basée sur de
intégrations par parties sur chaque élément et des inégalités inverses.

1. Introduction

Let us fix a bounded domaif? of R? with a polygonal boundary'. In this domain we consider the stationary
Stokes system: Given a vector functign= ( f1, f2), find a vector functiom = (u1, u2) representing the velocity
of the fluid and a scalar functiom representing the pressure and satisfying

—VvAu+Vp=f 1ing2,
{diVu =0 in £, Q)

wherev > 0 is the viscosity of the fluid. This problem has a unique (weak) solutiop) € [H}(£2)]2 x L3(£2)
[10], where we recall thak3(22) = {g € L?(2): [, q(x) dx = O}.

The dual mixed formulation of that problem is wéthown [8,9] (see also [11]). In order to recall it let us
introduce the following notation and spaces: Introduce

]2x2

M=[L22)],  Z:={xqe[l2@]"*x L3(&): div(r —g5) € M}. )

The spaceZ is endowed with the natural norfiz, ¢)11% := [l + ll¢||? + l|ldiv(z — ¢8)||?, where from now on
the notation|| - || (resp.(-, -)) means the.?(£2)-norm (L2($2)-inner product) of matrix valued functions, vector
valued functions or scalar futions according to the context.
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With these notations we recall that the dual mifednulation of problem (1) consists in findingo, p), u) in
X x M solution of

1 .

. (0,7) + (div(t — ¢8),u) =0, V(r,q)€ X, @)
(div(e — ps),v) = —(f,v), YveM,

wheres means th&2 x 2)-identity matrix. Since this problem has a unique solution [8,9,11], its unique solution

((o, p), u) is given byo = vVvu, where(u, p) is the unique solution of (1).

Problem (3) will be approximated in a conforming finite element speice M), of ¥ x M based on a regular
triangulation7” of the domain and based on the Raviart—-Thomas’ elements of lowest degree [8,9,11]. The discrete
problem has a unique discrete soluti@@ay,, pr), un) € X, x M. We then consider an efficient and reliable a
posteriori error estimator of residual type for the errors=o — oy, r :== p — p, ande := u — uy, in the natural
norms|(e,r)|x and|e].

A posteriori error estimators for standard elliptic bourydealue problems is in our days well understood (see
for instance [12] and the references cited there). The analysis of a posteriori error estimators for the mixed finite
element method of a scalar second order elliptic equation or for the elasticity system were initiated in [2,4,1,13,5]
but to our knowledge a similar analysis for the dual mixed formulation of the Stokes system was not yet done.
Therefore the goal of this note is to make this analysis. We further take care about the dependence of the erro|
bounds with respect to the viscosity parameter

Let us point out that our analysis does not require any regularity assumption. This is not the case for the analy-
sis for the elasticity problem in [5] which requires thé-kegularity of the solution. Moreover, all the constants
appearing in the error bounds are indegent of the viscosity parameter

Let us finish this introduction with some notations used below: For shortnedg ti®-norm will be denoted
by | - || p. For a vector valued functiom = (11, u2) the notationsvu and curk: mean the gradient and the curl of
u rowwise. On the other hand for a matrix valued functios (7;;)1<;, j<2, divt and curk mean the divergence
and the curl ofr row by row, namely dit = (91711 + 92712, 91721 + 82T22)T and curk = (01112 — 92711, 01722 —
d2121) . Finally, the notatiom < b means the existence of a positive consta(independent of, of the viscosity
parametep and of the functions under consideration) such thatCb.

2. Discretization of the problem

The domains? is discretized by a conforming megh cf. [6] made of triangles and regular in Ciarlet’'s sense.
Elements will be denoted by and its edges are denoted by

For an edger of an element” we fix one of the two normal vectors and denote itlpy= (n,, ny)T. Introduce
additionally the tangent vectog := (—n,, ny) .

The jump of some function across an edgg is then defined as

[ := im v(y+ang) —v(y —ang). yeE.

The approximation spaces are related to Rawvirhomas’ elements of lowest deg# [8,9,11], namely we
approximateX’ andM respectively by

Zn = {(tn, qn) € Z: qnr €Po(T), it € [RTO(T)]Z, VT eT},
M, = {vi € M: vyr € [Po(T)]?, VT € T}).
The discrete problem associated with (3) is to fiqg),, pr), un) € X x My such that
1 .
;(Gh, ) + (div(zy, — qnd), un) =0, V(th,qn) € Zh,

(diV(Uh —ph5),vh) =—(f, vn), Y, € My,.

(4)
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We recall that this problem lsa unique solution [8,9,11].
Since di(oy, — prd) belongs taM},, the second identity of (4) is equivalent to

divion — pus) = —PPf.

whereP) is the[L2(£2)]?-orthogonal projection o, or equivalently

(P,?f)‘rz%/f(x)dx, VfeM, TeT.
T

Therefore using (3), we obtain the relations

%(e, )+ (diV(‘L’ —q0), e) = —%(ah, T) — (div(r —q9), uh), Y(r,q) € X, (5)
(div(e, —r8),v) = —(f — PP f,v), Yve M. (6)

Due to (4), the right-hand sides of (5) and (6) are equal to zero when test functiongararia M, respectively.

3. Error estimations

Definition 3.1. Let ((o, pr), up) be the solution of (4). Then for arly € 7, the local residual error estimator is
defined by

n2 = | f +divion — pud)|) 5+ ItronlZ + k2 llonl% + > he|lon - tele]%.
EcoT

The global residual error estimator is simply

n?i=y_ ns. (7)

TeT
Theorem 3.2(Upper error bound)The error is bounded globally from above by
lell + lIrll + |[dive —r&) | + vllell < n. (8)

Proof. We start with the estimate on By Lemma 3.2 of [7] there exist € [H}(£2)12, ¢ € L3(£2) and ¥ €
[H1(£2)]? such that div = 0 ande = Vz — ¢8 + curly, with the estimate

IVzIl =1Vl + llglh < el )
The above decomposition allows to write (reminding thatzdivtr o = 0)
l€ll? = (€ — r8, Vz) + (tron, q) + (e, curly).

Applying Green’s formula in the first term of this right-hand side and using (6), we obtains, Vz) = (f —
P}?f, z). In the identity (5) taking as test functiam;, ¢,) the pair(curlyy,, 0), wherey;, = Igy is the so-called
Clément interpolant ofr, we get(e, curly,) = 0. These properties yield

lell®=(f = PP f,2) + (tron, ) + (e, curl(yr — ¥n)).
Using Green’s formula in the last term of this right-hand side we finally obtain

el =(f = PYf.2) + (tron, @) + Z/ﬂah te]E - (U — ).
EE
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Cauchy—Schwarz’s inequality and an interpolatiolmeestimate for the Clément interpolant lead to
,\ 2
leli®> S f = PRI+ litronllllq N + (ZhEH [on -tE]]E||E) IVl
E

Using (9) and the so-called Poincaré’s inequality, we conclude
lell < n- (10)

We now continue with the estimation of the normvotet £ e [H (div; £2)]? be such that (see, e.g., [3]) div=
f— P2f in £2, with the estimate

IEN+ IdivEll S ILF — PRFI- (11)
The above identity combined with (6) lead to

(div(e + & —rd), v) =0, VYveM.
As [, r(x)dx = 0 by the proof of Propositin3.2 of [9] (or [8, p. 92]), we deduce that

Il < lle + &1l

By the triangular inequality and the estimate (11) we arrive at

Il S llell +11f = PRI (12)
We now pass to the estimation afLet r € [H1(£2)]2%2 be such that div = ¢ in £2, with the property
ITllse S llell. (13)

Then we may write
lell? = (u — up, divt) = —v "o, 1) — (un, diV(RTo7)),

this last identity following from Green’s formula and a well-known property of the Raviart-Thomas’ interpolant
RTy. Using the first identity of (4) with the test functiq® 7oz, 0) (which belongs ta¥;,) we get

lell> = —v(o, 7) + v(on, RTot) = —v~L(o — on, ©) + v L(on, RTot — 7).

Now Cauchy—Schwarz’s inequality and a standard intetjwsiarror estimate of the Raviart—Thomas’ interpolant
[3] allow to obtain

1/2
||e||2§v‘l(||e||+(Zh%nohn%) )nrnm.
T

By the estimate (13) we conclude

1/2
v||e||§||e||+(Zh?}||ah||%) .o (14)
T

Theorem 3.3(Lower error bound)For all elementsr”, the following local lower error bound holds

nr S Y, el +vlellr + [divie —r8) .- (15)
T'NT#0

Proof. We proceed in a relatively standard way using soneenelntwise integrations by parts, some inverse in-
equalities and taking into account the dependence o
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