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Abstract

Following the geometric approach for studying singular perturbation problems in the plane at turning points, and considering
a very general setting where canard solutions are shown to exist, we study the transition time of orbits passing near the turning
point, as well as the entry—exit relation at such turning points. The manifolds of canard solutions are in genef8latrihe
turning point, making the classical asymptotic approach impossible. The method involves a (family) blow up of the turning
point and the use af*-normal forms and center manifold cite thisarticle: P. De Maesschalck, F. Dumortier, C. R. Acad.
Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Temps et relation entrée-sortie proche d’un point tournant planaire. Suivant I'approche géométrique dans I'étude de
problémes de perturbations singuliéres dans le plan aux points tournants, et travaillant dans un cadre trés général dans lequ
apparaissent des solutions canards, nous étudions le temps de passage des orbites proche des points tournants, tout comm
relation entrée—sortie a tel point. Les variétés de solutions canards rencontrées ne sont en gafi®ealigueint tournant, ne
permettant pas une approche asymptotique classique. L'approche est basée sur I'éclatement et I'utilisation de variétés centrale

et de formes normales¥. Pour citer cet article: P. De Maesschalck, F. Dumortier, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Nous présentons ici des résultats concernant les solutions canards réels des champs de vecteurs lents-rapid
Il s’agit de famillesX. .., définies sur une variét® de dimension 2, avee € [0, eo[, a € ]—ao, aol et € A.
Le systeme réduiXo ., a une courbe de singularitgs(«courbe critique»), qui disparait poue > 0. Ici, on
s'intéresse aux points tournants, c’est-a-dire des points ou la courbe critique se decompose gp} U v, de
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fagon queXg 4., est normalement attractive par rappontg et normalement répulsive par rapponta On dit

que p, est un point tournant. Dans une telle situation, I'existence d’une trajectoire au rivefLpetit, longeant

aussi bieny_ quey., est exceptionnel; une telle solution est appelée une solution canard. En effet, la majorité
des trajectoires qui démarrent dans le voisinage_dsuivent la branche_ jusqu’a un voisinage @) du point
tournantp,, et s’éloignent de la courbe. immédiatement.

La question suivante se pose : considérant un pai@, A) dans le voisinage dg_ et un points (¢, A) dans le
voisinage de/, pour quelles valeurs dey-a-t'il une trajectoire au niveadiallant des_ (e, 1) as (e, A) ? Suivant
le point de vue géométriqueous considérons plutét de « courbes de conditions»_ et X, , de class&€*°, dans
'espaceM x [0, o[ ainsi que I'ensembl& de toutes les trajectoires avec point initial En et nous cherchons
pour quelles valeurgs = A(e, 1) cette variétéV rencontre la courb&’,. Nous avons démontré [2] que, sous des
hypothéses trés générales, pour toutes paires de carhes’, ) il existe une «ourbe de contréle a = A(e, 1)
dans I'espace de parametres, pour laqueiérigectoires par rapport a la sous-famiflg 4 ), relientX_a X
(Théoréme 1.1). Cette courbe contrdle @8t ene/™ pour unm € Ny, précisé dans le texte.

L'ensemble des trajectoires d&_ définit une variétéV dansM x [0, o[, qui est invariante par rapport a la
sous-familleX¢ 4, ). En effet, W est une variété centrate™ aux points de/_ U y;. A p,, la variétéW n’est
en général que continue. Alors, une telle varige se développe pas nécessairement en puissancgs,dg On
appelleW une variété de solutions canards (ou simplemanété canarg.

Dans la Note présente, nous explorons quelques propriétés des courbes de contrdle et des variétés canards. T
d’abord, nous analysons le temps de passage.da X, . Nous obtenons la structure précise pour cette fonction
tempsT (e, ) ce qui permet entre autre de démontrer que ce temps tend de fagon monotone vers l'infini lorsque
€ — 0. Une formulation précise des résultats est donnée dans le Théoréme 2.1. Un résultat analogue peut étr
obtenue pour l'intégrale de la divergence.

Aprés, nous considérons deux paires de coufBes X', ) et (X', X ) et nous déduisons la distance entre les
courbes de contrdlel et A’ associées a ces deux paires. Cette distance est exponentiellement petite par rapport
ae (Théoreme 3.1). Ceci méne a un résultat conast la distance entre deux variétés canad¥dst W’ associées
a ces deux paires de courbes de conditions (Théoréme, 3. gistance est la somme de deux contributions : une
partie qui est liée a la distance entre deux variétés centrales d’'une méme sous-famille, et une partie qui est liée a
fait que les variétés centrales sont liées a deux sous-familles diffedéntges et X, 4 . Une formule explicite
est obtenue, donnée par une intégrale de divergence du champ de v&gtgurde long d’'une partie de la courbe
critiquey. Les résultats des Théorémes 3.1 et 3.2 ménent a une rélation entrée—sortie (Théoréme 4.1).

Il convient de mentionner que des résultats analogues a ceux des Théoréemes 3.1, 3.2 et 4.1 ont été obtent
par des technigues non-standardsagju’en utilisant des techniques asyoiiques Gevrey. L'étude ici est non
seulement basée sur des méthodes géométriques, neiaratdge de la généralité. Les solutions canards que nous
considérons ne sont pas nécessairement prolongeables dans un voisinage complexe du point tournant, et de mér
I'existence d’'un développement asymptotique des variétés canards n’est pas exigée.

Les démonstrations reposent d’un cété sur I'utilisatietiehniques courantes dai&tude des systémes dyna-
miques, comme les formes normatek, les variétés centralgs™ et I'éclatement (blow-up) de la famill&, , ;
au point tournanp,, et de l'autre c6té sur de théorémes d’'analyse comme le théoréme des fonctions implicites
et le théoréme de la convergence dominée de Lebes@sedémonstrations compléetes aussi que des résultats
supplémentaires peuvent se trouver dans [3].

1. Introduction

We study singular perturbation problems at turning points in the plane, or more generally, on a smooth 2-mani-
fold M. Let X, 4, be aC® family of vector fields onM, with € € [0, o[, a € [—ao, ap] andir € A. We assume
thaty := y,., is a smooth curve of singularities fofp , , and call this (family of) curve(s) theritical curve
Typically in turning point problemsy contains a normally attracting part (normal hyperbolicity w.r.tXo 4 1)
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and a normally repelling payt.. We writey = y_ U {p«} U y+. p4 is theturning point Our aim is to study canard
manifoldsW and control curvesAd. Such a canard manifold is a manifold insiiex [0, eg[ that is a collection

of orbits fore > 0 that stay ¢1)-close toy. The a-typical behaviour of orbits to stay near despite the latter’s
repelling character is in general only found in expondlytismall regions in parameter space. The well-known
geometric point of view in this matter is (see [4,5]) that in general, center manifolds of pointsdaf not coincide

with center manifolds of points of, but intersect transversally in a section above the turning point. With an
implicit function argument, a curve in parameter space is chosen along which the center manifolds do coincide,
and along which a canard manifold is formed. In [2], agrahset of conditions is formated where this geometric
approach leads to canard manifolds. We will briefly discuss them here, and formulate the result in Theorem 1. In a
chart of M wherep, = (0, 0), we assume that the family is of the form

d d
Xeasr=[f(x,y,€6,a, ) — +e€gx,y,€,a,1)—
ax ay

with f andg C*°, and where, locally neas,, y is a graph of the forny = ¢(x, a, 1), with ¢ (0, A) = 0.

We put an extra condition op:: the order of contact of with the fast flow (the flow foe =0, i.e.y = 0) should
be independent of at the turning point. For the Van der Pol vector field, this order is 2, but here we allow more
degenerate turning points, where the order of contachjs\2h p € Nj.

Remark 1. We have chosen for a representation where the critical curve not only persigtg:foy but does not
even depend on. In practice, prior to the study of the turning point, the parameter spae is rescaled with
(¢, a) = (V*, vt A) for well-chosen weightsgk, £) € Nf and one continues with the parametérsA) instead of
(e, a). For more information, see [2]. We assume that any such rescalings have been done in advance.

Instead of describing the exact conditions that are nepgssae able to prove the results, we describe near all
points ofy the normal forms that we can need. These normal forms are either standard Takens normal forms, or
are applications of results of Bonckaert[1]. iebe a normally hyperbolic point gf, then we assume that near
there existC¥-normal forms for conjugacy of the form

0 0
f,v,e,a, )| —x— +€h(y,e,a, )— |, Q)
ax ay

wheref andg areC* and strictly positive. The strength of this normal form is in the fact #hiatindependent of,
making an explicit integration possible. Ngarwe define the slow vector field alopg(which in these coordinates
is {x = ¢ = 0}) as the vector field given by

d—f = h(y,0,0,4) £(0,y,0,0, 1). )
These local vector fields can be glued together to form a vector field alpodefined for allp € y_ U y,.. The slow
vector field may or may not have a smooth extension at the turning point.

The study at the turning point relies on a family blow up of the turning poirtirx [0, €o[. In a chart where
p« = (0, 0), such a blow up is of the forrx, y, €) = (u*x, u"y, u™e), for some weightgu, v, m) € Nf, and with
(X, y,€) € §2. The blow up procedure replaces the origh0, 0) by a sphere (the blow up locus). The blown up
vector field is the pull back of the original vector field under the blow up wag:, (x, y, €)) — (u*x,u"y,u™e),
divided by some power af:

d
7

We assume that. has a well-defined limit poinP.. on this sphere that is partially hyperbolic, and we assume
that at this point the blow up vector field h@§-normal forms for conjugacy of the form

)_(ay,\:u_"‘Xay,\, whereX, » = Xeas+0
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f(y,é,z,a,k)(—ué“h(u,E,a,)\)i+m€“+1h(u,€,a,x) _Zi> 3)
ou o€ 0z

whereP. is given by(u, €, z) = (0, 0, 0), and withx(0, 0, a, A) > 0 at P_ andh(0, 0, a, A) < 0 at Py, and with f
strictly positive. The factorf may be removed if @*-normal form for equivalence is needed. Notice that in (3)
the invariant foliation d = 0 is replaced by the foliation(d”¢€) = 0

From this normal form, we deduce the existence of an invariant separatfix-ei®}: in this normal form it is
locally given by{z = u = 0}. In general however, the separatrix”t are orbitsl“j,k that depend offa, 1). We
assume thal™ := I'y, = I, i.e. fora = 0 there is a regular connection on the blow up locus, connedting
to P,.. At any point ofI", we hence have normal forms

f(x,y,u,a, A)( 9 +0—+0i> 4)
ay du

with f(x,y,0,a,1) >0 and so thar , is given by{y = g+ (a, 1)}, with

£0.

a=0

ad
g—(os )"):g+(os )")7 g(g—(av)\')_g-F(aa)"))

Theorem 1.1[2]. Let the entry-boundary curvBE_ be theC* graph of(e, A) — s_(e, 1) € M with s_(0, 1) in the
basin of attraction of/_, and let the exit-boundary cun&, be defined similarly w.r.t. the basin of repulsionqf.
There exists a unique control curge= A(e, 1) that is smooth w.r.e/” and a canard manifoldv (manifold with
boundary that contains both¥’_ and ¥ and that is invariant under the flow of, 4 ). Outsidep, the
manifold W is smooth except at the points € y— andc; € y+ which are resp. the-limit and «-limit of the
orbits throughs_ (0, ») ands; (0, 1). At p, the manifold is in general onl¢?, but in blow up coordinates, the
manifoldW is smooth on the blow up locus.

Note: it is clear that ithe canard manifold i€ at the turning point, then an asymptotic expansion at this
turning point exists. The converse is also true: if an asymptotic expansion at the turning point exists so that as a
formal object it is formally invariant under the flow &f, , ,, then any canard manifold 6> at the turning point,
and their Taylor expansions coincide with the given asymptotic expansion [2].

2. Transition time

Consider a pair of entry—exit boundary curves_, X ), and associated to this pair the control cuwve-
Al(e, ) and the canard manifol@. We want to determine the transition time fbr. to X .

Theorem 2.1. Letcy € y+ be the corner points as defined in Theorgerh Then, the integral

/ds I|m /ds+ I|m /ds

pEy— p6y+

convergegintegration w.r.t. time of the slow vector fie{@)), providedo > « (see remark below the theorgm
Furthermore, the transition time of the point(e, A) € ¥_ to s; (e, 1) € X w.r.t. the vector field(, 4 ), and
for e > 0, is given by

Cr
T(e,\)=€¢° ( / ds + @(e, X)) + @(e, 1)e” ™ Ioge>, (5)
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where bothy and ¢ are C* and¢(e, A) = O(¢). In particular, it follows thatT (e, A) tends monotonously tso
ase — 0, for e > 0 small enough. Like all other asymptotic properties in this note, they are uniformaint.
compact sets. If the canard manifold is smooth at the turning point, one cap tak

Remark 2. In the previous theorem we have restricted to the ease«, which is the only relevant one for
“nilpotent” turning points. For a description of the precise results in the other case, we refer to [3].

Remark 3. A similar structure theorem for the divergence integral can be obtained [3]. We can even change the
coefficients — « in expression (5) by and the results hold without any restriction ®a- «.

Using the different normal forms for conjugacy (1), (3) and (4), and remembering that the last two normal forms
are normal forms for the blown up vector field, and are written down in a faster time scale (the vector field is
divided byu®), the proof of this theorem can be done locally. The treatment Reand P is the most delicate
one.

3. Distance between canard manifolds

It is well-known that the difference between two center manifolds along a normally attracting critical curve can
be expressed as expl /<), wherel is an integral of the divergence aloagcompact piece of the critical curve.
Measuring the difference between two canard manifétdsand W2 is more involved for several reasons. First,
one needs to overcome the turning point and prove that the passage along the blow up locus is negligible in the
study of the distance. Second, the canard maniidlds, locally near any point of_ Uy.., a center manifold at that
point for the family X, 4i . »).,, meaning that we have to compare center manifolds of two different subfamilies
of Xe¢ 4.,.. Therefore, a knowledge af42%(e, ) — Al(e, )| is necessary.

We define theslow integral of the divergencaes the integral along the slow vector field (2) of the divergence of
the reduced vector fiel®d o ,. The divergence is calculated w.r.t. any chosen volume f@ron the manifoldd/;
the results presented below are independer ofor points ofy we write

q q
L.(p):= qll)l”r;* /diVXoyo,A ds <0, Vpey_; L(p):= qli_)rr;* /‘diVXoyo,A ds <0, Vpeyy.
q€y- % a€r+

The value—1I,(p) is a measure of how fgr is away from the turning point.
Let E be a finite set of points op_ U y, we say thaiE is anadmissible entry—exit configuratichthe point
of E that is closest tg.., denotedpg, is unique.

Theorem 3.1. Fori =1, 2 let (W/, A") be the canard manifold and control curve for the pair of entry—exit curves
(X1, X1). Letcl, be the corner points as defined in Theorgér, and E := {c1, c1, %, c2} be an admissible
entry—exit configuration. Defingg as the unique point of closestp,. Then, there exist smooth functiopsg

with ¢ = O(¢), so that

|.Al(e, 1) — A%(e, M| =exple 7 (I(pe) + @(e, 1) + @(e, M€’ loge))  ase — 0.
Theorem 3.2. Let S be a section off x [0, ¢g[ intersectingy— transversally at a poiny. Assume thay is
strictly closer top, than P 2y Letpe be defined as in the previous theoréand let E be admissible In any

coordinate systert, ¢) for S’so thatz = 0 corresponds tg, the canard manifoldV’ intersectsS in a C* curve
7=¢"' (¢, 1), with ¢’ (0, ) = 0. One has

1 1
e 1) — 92 (e, )| = EXD<6—U(1)\ (Pt 2)) — Lu(@) + o<1>)) + flen) eXD<e—U(1)\ (pE) + 0(1))>,
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ase — 0, for some smooth functiofi (that may have zerdsTheo(1)-contributions in both terms are functions
that are smooth irfe, 1), and linear ine® loge.

The first term comes from the contribution of the difference between two center manifolds. The second term
comes from the fact that the two center manifolds are center manifolds for two different subfamilies, and relies on
Theorem 3.1. A similar result is valid for sectioSsntersectingy at a normally repelling point. The method of
proof is similar to the study of the transition time, but is more involved. The study can be done locally, at any point
of y (and at any point of " on the blow up locus), and is based on the use of normal form&fegquivalence.

See also [3].

4. Entry—exit relation

Theorem 4.1. Let (W, A) be a canard manifold and control curve for the entry—exit boundary cufes ¥, ),
having an admissible entry—exit configuratign., c,} (with c+ as in Theoreni.1), and supposg._ .} = c+
(i.e.cq lies closest Let X7 be another entry boundary curve, with corner paifit The orbits w.r.t.X. e x).x
form a manifoldW’ that leaves/, at some point’, . This point

(i) is the unique point oy, for which I, (c) = I (c,) if ¢_ is strictly closer top, thanc, (tunne);
(i) is equaltoc, if ¢’ if ¢, is strictly closer top, thanc’_ (funne);
(iii) lies at least beyond, if I, (c") = I (cy) (inverse funnél

Choosing a section neaf,_ transverse to the fast fibers, the maniféi intersects this section in a curve that is
smooth in(e, &, € loge). If moreoverW’ is smooth afp,, W’ exitsy in a smooth curve w.r.ie, 1).

In these circumstances, one saysis a point of maximum bifurcation delay;. is called abuffer point The
case in whiche_ is closer top, thancs can be treated identically, after reversing time{df, ¢4} is not an
admissible configuration, then Theorem 4.1 is not valid (as can be shown by counter examples).

It is important to realize that such results have been obtained before, using nonstandard analysis, or usinc
complex technigues (Gevrey techniques). Both techiidposvever were based on the existence of formal power
series solutions (and hence implicitly on the smoothness of the canard manifolds at the turning point), which in
general is not present. The geometric method overcomes this problem, by blowing up the turning point and only
pursuing smoothness in blow up coordinates.
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