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Abstract

Let 75 be the regular 5-tournament. B. Griinbaum proved Tgas the only 5-tournament which contains no copy of the
antidirected pathP,. In this Note, we prove that, except f@g, any connected 5-chromatic oriented digraph in which each
vertex has out-degree at least two contains a copgsolt will be shown, by an example, that the condition that each vertex
has out-degree at least two is indispensabbeite thisarticle: A. El Sahili, C. R. Acad. Sci. Paris, Ser. | 339 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Chemins antidirigés dans les graphes 5-chromatiques. Soit 75 le tournoi régulier contenant cing sommets. B. Griinbaum
a prouvé quels est le seul 5-tournoi qui ne contient pas le chemin antidiiigéNous prouvons dans cette Note qiie
est le seul graphe orienté 5-chromatique dans lequel tout sommet a un degré extérieur au moins deux qui ne contient pas |
chemin antidirigéP4. On prouve a I'aide d’'un exemple que la condition «tout sommet a un degré exterieur au moins deux » est
indispensablePour citer cet article: A. El Sahili, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

The digraphs considered here have no loops or multiple edgesri@mted graph is a digraph in which, for
every two verticex andy, at most one ofx, y), (y, x) is an edge. The digraphs used in this Note are all oriented
graphs. ByG (D) we denote the underlying graph of a digraph The chromatic number of a digraph is the
chromatic number of its underlying graph. A graghis k-critical if x(G) =k and x (G — v) =k — 1 for any
vertexv in V(G).
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A block of an oriented path is a maximal directed subpath. We recall thdetlth of a path is the number
of its edges. The antidirected path is an oriented path in which each block is of length 1. We demtéhby
antidirected path of length, beginning with a backward edge.

The problem of determining which oriented paths lie in a givechromatic digraptD is a well-known prob-
lem. WhenD is ann-tournament, the problem has been completely resolved (Havet and Thomassé [6]). However,
the case of an arbitram-chromatic digraph is still an open question. We know only that-@whromatic digraph
contains a directed path of length— 1 (Roy [7], Gallai [4]), and a path of length— 1 formed by two blocks,
one of which has length 1 [2]. In this Note, we will be interested in the antidirected paths. In order to general-
ize the results found on tournaments to arbitrary digraphd as a first step in this direction, we generalize to
5-chromatic digraphs a particular result of Griinbaum dalhaments: any 5-tournament, except for the regular
tournaments, contains a copy oPa.

2. Themain result

Theorem 2.1. Let D be a 5-chromatic connected digraph, distinct from T, in which each vertex has out-degree at
least two. Then D containsa copy of Pa.

To prove this theorem, we need several lemmas.
Lemma 2.2 (Griinbaum [5]) Except for Ts, any 5-tournament contains a copy of Pj.
Corollary 2.3. Let D be asin the above theorem. If D contains Ts, then D contains a copy of Py.

In the sequelD will denote an oriented digraph as described in Theorem 2.1; by the above corollary we may
assume thab contains no 5-tournament as a subdigraybreover, we suppose to the contrary tliatontains
no copy of P4. Let D’ be a 5-critical subdigraph dd and letD° be the subdigraph ab’ induced by the vertices
of out-degree at least three Inf.

Let G be a graph which contains iy, 1, wheren > 2. Suppose that we can origitin such a way that each
vertex has in-degree at mostlt is shown in [1] thaty (G) < 2rn. We have then the following lemma
Lemma 2.4. The set V(D°) isnot empty.

Lemma 2.5. Let v be a vertex of D and let x, y betwo verticesin N~ (v). If x € V(D®), then y ¢ V(D°).

Corollary 2.6. For every vertexvin D°, d ;. (v) < 1.

Lemma 2.7. Let H be a connected digraph in which each vertex has in-degree at most one. Then H contains at
most one cycle.

Lemma 2.8. Let v be a vertex of D such that 4+ (v) > 3 and let x, y and z be three distinct vertices in N*(v).
Supposethat x — y. Then N~ (y) = N~ (z) = {v, x}.

We may easily deduce that— z andyz ¢ E(G(D)) in this case.

Corollary 2.9. Let x and y be two adjacent vertices of D. Suppose that there exist two vertices v and v’ of D such
that {x, y} S NT(@) NN~ (). Then Nt (v) = {x, y}.
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Lemma 2.10. The set V (D°) isindependentin D.

Claim 1. Any connected component L of D° containsa vertex v such that N* (v) N (V(D')\ V(D°)) hasat least
two vertices.

Proof. If L is a cycle, then each vertex pfsatisfies the claim; otherwidecontains a vertex of out-degree zero
in D°, and soNt(v) C V(D')\V(D°). O

Proof of Lemma 2.10. Suppose to the contrary that° is not an independent set, then there is a connected
componentL of D° containing at least two vertices. We can choose a vartegx L satisfying the claim such
thatd; (v) = 1. Letv’ be a vertex inL such that’ — v and letvy, vz andvz be three vertices iwg,(v) such
that {v1, v2} C V(D)\V(D°). The digraphD’ is 5-critical, so any vertex has degree at least ©in Since
for anyi € {1, 2}, dg,(vl-) < 2, we haved,, (v;) > 2. Therefore, there is a vertexof D’ andj € {1, 2} such that
u ¢ {v, v1, v2} andu — v;; we have eithes ¢ {v, vy, v2, v3} Oru = vz. Inthe latter cases ¢ V(D°) by Lemma 2.5.
We haved, (v3) > 2, so there is a vertex of D’ such thaw ¢ {v, v1, v2, v3} andw — v3, thus we may assert that
there exists a vertex of D" and € {1, 2, 3} such that« ¢ {v, vy v2, v3}, v; ¢ D° andu — v;. Letu’ be a vertex
of D distinct fromv; such thatt — u’. If u’ # v, the pathu'uv;vv;, is a copy of P4, whereh € {1, 2, 3)\ {j} is
chosen such that # v;,, a contradiction. Otherwise, let be a vertex inV* (v/)\ {v, v}, u}. Such a vertex exists
sinced™ (v') >3 andv; ¢ N*(v') by Lemma 2.5. The path;uvv'w is a copy ofPs, a contradiction. O

In the sequel, we will need the following theorem proved by Gallai [3].

Theorem 2.11. Let G be a k-critical graph, wherek is a positive integer. Let G,, be the subgraph of G induced by
the vertices of degree k — 1. Then each block of G, is either complete or a chordless odd cycle.

D4 will denote the subdigraph db’ induced by the vertices of degree 4.
Lemma 2.12. Any vertex of D’ hasin-degree (in D’) at least 2.

We now associate to each vertexn D° the set
S)={r), '), vo, ..., vgw) Vgwy+1}, 0< g(w) <5,

defined as follows (see Fig. Wuo, £ (v), t'(v)} = Nz;,(v) wherevg — t(v) andvg — t'(v), v1 =v. SetT (v) =
{t(v),t'(v)}. If dj,(vo) = 3, put g(v) = 0; if not, let v be the unique vertex ab’ distinct fromv; such that

v2 — vo. We havevz — v1. Again, if d,, (v1) > 3, put g(v) = 1; otherwise, let be the unique vertex ob’
distinct fromwvy such thatvs — v1; such a vertex exists by Lemma 2.12. We haye> vz, since otherwise we
have either a patif, in D ord;, (vo) > 3. We may continue this process until meeting the first vertex of in-degree
at least three inD’; call this vertexv,(,), whereg(v) is the number of iterations required. Such a vertex exists
andg(v) < 5. Infact, suppose that, .. ., vs are defined as above adg,(vi) =2,i=1,...,4.ByCorollary 2.9,

Vg (N Vg Vo t'(v)

T

Us Us UL t(v)

Fig. 1. The casg(v) =5.
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we havedz;/(vi) =2,i=2,...,5. If d;, (vs) = 2 the verticesvy, ..., vs will be in the same block oD4. By

Theorem 2.11D'[v2, ..., vs] is complete, which is a contradiction sinegs ¢ E(G(D)).
SetO(v) =t{z € D'": 2% vgv)+1 aNAz — vg(y)}; We havez — vg()41 for everyz in O (v).

Lemma 2.13. Let u and v be two distinct vertices of D°. e have:
Sw)NS) =¢.

Lemma 2.14. Set L = {vg(yy: v € D°}). \e have:

() dp(x)=3foranyxinL.
(i) dp (x)=2otherwise.

Corollary 2.15. For any vertex v in D°, O (v) contains exactly two vertices.

Proof of Theorem 2.1. Define the sets:

s= |J sw. o= | ow. 1= |J TW.

veV(D°) veV(D°) veV(D°)

We have|O| < |T|. If O =T, thenNp (v) C S for everyv in S. SinceD’ is critical, it must be connected and
so D' = D'[S]. We define a colouring of D’ as follows: Letv be a vertex inD°. Putc(z(v)) = c(t'(v)) =1,
c(vo) =2, c(v1) = 3. If glv) =1, putc(vy) =4. If g(v) > 1, the colours 1, 2 and 3 suffice to colour
SWN\{vg(v), Vgw)+1}- Putc(vey) =4 andc(vg)+1) =i wherei € {2, 3} is chosen such that# c(vgwy—1)-
Itis clear thate is a proper 4-colouring of the 5-chromatic digrah, a contradiction.

If O # T then, sincg 0| < |T|, there is a vertex in D° such that either(v) ¢ O or ¢'(v) ¢ O. Suppose,
without loss of generality, that(v) ¢ O. Then N}, (t(v)) N S = . Let N}, (t(v)) = {u, u’}. We have{u,u’} N
(D°UL)=¢, sodp, ) =d},u)=dp,)=d},u)=2anddp(u) =dp u') = 4. On the other hand, there
exists a vertexw in D’ such thatw ¢ {u,u’} and N}, (w) N {u, u'} # ¢. We haveN}, (w) = {u,u’} since D’
contains no pattP; andwt (v) cannot be an edge @f(D’); thusdp (w) = 4.

Sincedpy (t (v)) = 4, the vertices(v), u, v’ andw are in a block ofD4 which is neither complete nor a chordless
odd cycle, which contradicts Theorem 2.11. This completes the proof of Theoremc2.1.

An example which shows that the condition that each vertex has out-degree at least two in Theorem 2.1 is
indispensable can be constructed from the 5-tournaffienith an edgex, y) such thatc ¢ V (75) andy € V (T5).

If H contains a pattP4, x cannot be an interior vertex @, sinced (x) = 1; furthermore it cannot be an end of
P4 sinced (x) = 0. ThusP4 C Ts which contradicts Lemma 2.2.

We conclude this paper by asking the following question: Does there exist a 5-chromatic oriented graph which
contains neither a 5-tournament ney?
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