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Abstract

We generalize Hartmani! linearization theorem for local contractions and explain how to simplify its pfimtite this
article: B. Abbaci, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Sur un théoréme de Philip Hartman. Nous généralisons le théoréme de linéarisatidndes contractions locales d a
Hartman et expliquons comment en simplifier la démonstraRour citer cet article: B. Abbaci, C. R. Acad. Sci. Paris, Ser. |
339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Hartman a montré [7] que tout gernié: (R",0) — (R",0) de difféomorphisme 1P ayant pour partie
linéaireDH (0) une contraction stricte est!™Holder |indarisable. Nous allons généraliser ce résultat a des germes
éventuellement non inversibles en dimension éventuellement infinie.

Hypothéses et notationsSoientV une variété banachique telle que la topologie de I'espace de Banach modeéle
E =T,V peut étre définie par une norne&tLP en dehors de 0, €t:(V, p) — (V, p) un germe erp € V
d’application C1t1P. On suppose que le spectre de la différentiélle= T,h de h en p admet une partition

en un nombre fini de compacts, ..., 0,41, non vides sauf éventuellemesit, 1, tels que si I'on pose; =
min{|z|; z € 0;}, b = maxX|z|; z € 0;} etay+1 =by+1 =0 Sio,+1 =0, On ait

O<apnyi<byyi<an---bi<ao<bo<l et aiy1<bibp<a; (O<i<n).
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OnnoteEg @ --- d E, ® E,+1 la décomposition dé& en somme directe de sous-espakesvariants tels que
SpecL|g,) =oi,etFy :=Eo @ E1®---® Ey, 0<k <n.

Théoréme 0.1. Sous ces hypothésesest C1+Holdersemi-linéarisable il existe un germep,,: (V, p) — (Fy, 0)
d’application C1+H0lder tangent erp & la projection deE sur F,, qui semi-conjugué: & L|f, : on ag, oh =
(L|E,) o ¢n.

En particulier, sio,, 1 = ¥, le germeh estinversible e€ 1+H0l9¢ jingarisable puisque := ¢, : (V, p) — (E, 0)
est alors tangent & 'identité eonjugueh AL : onagh:=¢@ohop t=L.

Remarque 1. La classe de Hélder de la dérivée gledépend [7,1,2] du spectre de L'’hypothése du théoréme

est toujours vérifiée lorsque la contraction stritt@st un opérateur compact ayant au moins une valeur propre
non nulle. En effet, on groupe alors damsles valeurs propres de L avec|i| > bg = p(L)?, puis on prend
éventuellement poub; le maximum des modules des valeurs propres non nulles restantes et I'on groupe dans
o1 les valeurs propres de L avechibg < |A| < b2, etc. En dimension infinie, il faut choisir ke ou s’arréte le
processus; en dimension finie Isest inversible, on obtient le théoréme de Hartman en s’arrétant gyane-= (.

Idée de la démonstration [1,2]. Une carte locale tangente a I'identité permet de supposetMue) = (E, 0).
On identifieE & Eg x --- x E,41, on noteL; := L|g;:Ej — E; et'on prouve par récurrence skile résultat
suivant, qui donne pour=rn le Théoreme 0.1 :

Lemme 0.2. Pour0 < k < n, il existe un germey : (E, 0) — (Fg, 0) de transformatiorC1tHolder tangent & la
projection deE sur Fy et tel que le germey : x — (¢r(x), Xk+1, . .., Xn+1) CONjuguer & un germer : (E, 0) —
(E, 0) de la formeh (xo, - . ., Xn+1) = (LoX0, - - -, Lk Xk, 8k (X0, - - -, Xn+1)), OU Oy, gk €St

— lipschitzienne pouy > k,
— holderienne par rapport aux,; avect < k et lipschitzienne par rapport aux autres variables pgut k.

Posongi_1:=h etg_1:=Idg. Pour—1 < k < n, la construction dey41 a partir dey, s'effectue en trouvant
une semi-conjugaisam ;1 deh; a L1, le germep, 1 étant le compose dg et dex — ((x;)1<;j<k, Th+1(x)).
Pour cela, on remarque [3,4] qug,1 est une semi-conjugaison dé¢ a L1 Si et seulement si son graphe est
invariant pariy x Liy1:(x,y) — (hg(x), Lr+1(y)). Il s’agit donc de trouver un germi&.,.1 de sous-variété (le
graphe dery1) invariant park; x Li41 et tangent au graphé.1 de la projectionE — Ej1.

En conjuguanky x L1 par 'automorphismey : (x, y) — (x, y —xx+1) de E x Er41, On Se ramene au cas ol
Vi+1 = E x {0}, etI'on applique & = F; (avec la conventionquE_1 = {0}),J = Exy2x --- X Ey11, K = Ej11
eth =1 o (hg x Ly+1) o 7, le résultat suivant :

Theéoreme 0.3. Soit Ei: I x J x K un produit d’espaces de Banach tels que la normel dmit cltlip en
dehors deD. Soith: (E,0) — (E,0) un germeC?! de la formei (9, x, y) = (A6, f (0, x, y), g(0, x, y)) vérifiant
les conditions suivantes

(i) Dh(0) est donnée pabi(0)(8, x, y) = (A6, Bx + Dy, Cy), ol A est un automorphisme de B un endo-
morphisme d¢&/, D une application linéaire continue d€ dansJ et C un automorphisme d& tels qu'on
ait

p(C)=p(B) <p(A™HT<pA) <1 et p(C Hp(B)p(A) <1

(i) Les derivees partielleds f, 9y f, dxg, dyg sont lipschitziennes.
(i) Les dérivées partielledy, 1, 9y ¢ sont lipschitziennes par rapport@, y) eta-hdldériennes par rapport &,
aveca € (0, 1).
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Il existe alors un germe e de variétéi-invariante V de classecltHolder tangente el a 7 x J x {0}, qui
est donc le graphe d’un germe d’applicatidn: (I x J,0) — (K, 0). Ce germe est de clasg#", tangent 0,
sa dérivée partiell®, @g est lipschitzienne par rapport@, x) et sa dérivée partielldy &g est lipschitzienne par
rapport ax et hdldérienne par rapport &.

Pourl = {0}, ce théoréme est un cas particulier d'un résultat de Chaperon [3,4]. On en déduit que le lemme pour
k =0, donc le théoréme 0.1 pour= 0, est vrai sans hypothése supplémentairezsat sans perte de dérivabilité.

1. Introduction

According to a theoremybHartman [7], everyC1tLP diffeomorphism germ# : (R", 0) — (R", 0) tangent
at 0 to a strict contraction i€ 1tHolder |inearizable. We generalize his result to possibly non-invertible germs in
possibly infinite dimension.

1.1. Hypotheses and notation

Let V be a Banach manifold such that the topology of its model Banach gpae& ),V can be defined by a
norm which isC1*+HP off 0, and leth : (V, p) — (V, p) be aC1*HP map germ ap € V. Assume that the spectrum
of the differentialL := T,k of h at p admits a partition into finitely many compact subsgjs. . ., 0,11 with the
following property: settingy; := min{|z|; z € 0;}, b; :=maX|z|; z € 0;} anda; = b; =0 if o; = @4, we have

O<apt1<bpr1<ap---bi1<ap<bp<l1l and aj+1<bibog<a; (0<i<n)

hence in particulas; # ¢ for i <n. Denote byEo® --- & E, & E,+1 the decomposition of as the direct sum of
L-invariant subspaces such that Sgg¢; ) = o;, and letFy :== Eg® E1 @ --- ® Er, 0<k < n.

Theorem 1.1. Under those hypotheses, is C1tH0ldegsemi-linearizable there exists ac1t"0!de" map germ
vn (V, p) — (F,,0), tangent atp to the projection ofE onto F,, which semi-conjugates to L|r,: we have
ppoh= (L|F,1) °@n-

In particular, if 0,1 = ¥, the germn is invertible andC1tHOer linearizablesincey := ¢, : (V, p) — (E, 0) is
tangent to the identity map arabnjugates: to L: we havep,h :=gpohogp t=L.

Remark 1. The Holder exponent of the derivativeg@f depends on the spectrumb{7,1,2]. The hypothesis of the
theorem is satisfied when the strict contractiois a compact operator having at least one non-zero eigenbalue.
Indeed, we can then take égthe set of those eigenvalug®f L satisfying|i| > bg = p(L)?, asb; the maximum
modulus of the remaining non-zero eigenvalues (if any) and then defitebe the set of those eigenvaluesf

L which satisfyb1bg < |A]| < bg, etc. In the infinite dimensional case, one has to choose #tevhich the process
stops; in finite dimensions, whdnis invertible, we get Hartman'’s theorem if we stop when, = @.

2. Ontheproof of Theorem 1.1
See [1,2]. Using a local chart tangent to the identity map, we may assumethad = (E, 0). We identify

Et0 Eg x --- x Eyy1, SetL; := L|g; : E; — E; and prove by induction ok the following result, which yields
Theorem 1.1 fok = n:

1 Hence applications to nonlinear parabgiartial differential equations [2].
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Lemma 2.1. For 0 < k < n, there exists ac1tHolder germ ¢ : (E, 0) — (F,0), tangent to the projection
E — Fg, such thatgg : x — (@i (x), Xk+1, - .., Xy4+1) CONjugatesh to a germhy: (E,0) — (E,0) of the form
hi(x0, ..., xn+1) = (Loxo, - ., LgXk, 8k (X0, -« -y Xnt1)), Whereaxj gris

— Lipschitzian forj > k,
— Hdlderian with respect to the,'s with £ < k and Lipschitzian with respect to the other variables fog k.

Seth_1:=h and ¢_1 :=Idg. For —1 < k < n, we constructy,1 from ¢ in the following way: we
find a semi-conjugacyri41 of h; to Li+1 and define the gernpr,1 to be the composed map @f and
x = ((xj)1g<k> Tk+1(x)). Now, note [3,4] thatr 1 is a semi-conjugacy ofy to L, if and only if its graph is
invariant byay x Lii1: (x, y) = (hx(x), Ly+1(y)). Thus, we have to find a submanifold geW.1 (the graph of
mr+1) invariant bya; x Liy1 and tangent to the graph.1 of the projectionE — Exy1.

Conjugatingh; x Liy1 by the automorphismy : (x, y) — (x,y — xx+1) of E x Er41, we are in the situa
tion whereVy1 = E x {0} and we can deduce Lemma 2.1 from the following result, applield=toF; (setting
F_1:={0)), J = Ex42 X --- X Ent1, K = Exp1andh = 1 o (hg x Lit1) o7, 1

Theorem 2.2. LeLE =1 x J x K be a product of Banach spaces such that the norm isfC1tLP off 0, and
leth:(E,0) — (E,0) be ac! map germ of the form (0, x, y) = (A0, (0, x, y), g8, x, y)) with the following
properties

(i) Dh(0) is given byDh(0)(8, x, y) = (A6, Bx + Dy, Cy), whereA is an automorphism of, B is an endo-
morphism of/, D is a continuous linear map & into J and C is an automorphism ok, satisfying

p(C)=p(B) <p(A™HT<pA) <1 and p(C Hp(B)p(A) < 1.

(i) The partial derivative$, f, 9, f, d,g, d,g are Lipschitzian.
(iif) The partial derivativesy f, dgg are Lipschitzian with respect tox, y) and Holderian of exponert € (0, 1)
with respect t@.

Then, there exists a-invariant germV at 0 € E of a ¢1tHdlder sypmanifold, tangent té x J x {0} and,
therefore, graph of a1tHolder man germdg: (I x J, 0) — (K, 0) tangent to0, with the following propertieghe
partial derivatived, @g is Lipschitzian with respect t@, x) and the partial derivativey &g is Lipschitzian with
respect tar and Holderian with respect t6.

ForI = {0}, Theorem 2.2 is a particular case of a result by Chaperon [3,4]. It follows that our lemrna=for
and therefore Theorem 1.1 far= 0 is true for an arbitrary Banach spaEewith no loss of smoothness.

3. On the proof of Theorem 2.2

By the pseudo-unstable manifold theorem [€,%9r every g € (0, «] satisfyingp(A~1)~1+A) > p(B), there
exists ah-invariantC1*+# submanifold germ at @ E tangent tol. This submanifold germ is the graph ot d+#
germy : (1,0) — (J x K, 0) tangent to 0. Hence, using the local change of varialsles, y) — (@, (x, y) — x(0))
we may add to the hypotheses of the theorem fhét 0, 0) = 0 andg(6,0,0) =0

2 This is the place where we need the hypothesis on the noim of
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Leta andb be positive numbers satisfyirg< p(C~1)~1 < p(B) < a anda p(A) < b. Choose the norms on
1, J, K sothat we have

b<|CY 1< |Bl<a and a|A|<b.
Let &, be the Banach space of those sequences (z,)uen = (xn, Yndnen in J x K satisfying |z| :=
supimax{a~"|x,|, b~"|ynl}; n € N} < oo, endowed with the norm so defined. Identifyindo the pair(x, y),
wherex := (xp)nen @ndy := (yu)neN, WE may viewé, , as the product of the two Banach spacgsand Cp
consisting respectively of those sequencés J with |x| :=supla™|x,|; n € N} < oo and those sequencesn
K satisfying|y| :=supgb™"|y,|; n € N} < co. Set a

F(0,2) = (Xnr1— f(A"0, Xu, yn), Ynt1 — (A"0, Xn, ), cn- (1)

It follows from our hypotheses that theinvariant manifold germ we are looking for must be contained in
the h-invariant germ of thoséd, zg) such thatg is the first component of a sequence &, , with F(6,z) =0
Hence, Theorem 2.2 will be proven if we can show that the lattEwariant germ is the graph of a mam with
the required properties.

Lemma 3.1. Formula(1) defines al map germF : (I x &,., (0, 0)) — (&4, 0) with the following properties

(i) The partial derivatived, F is Lipschitzian with respect i@, z).
(i) The partial derivativedy F is Lipschitzian with respect tpand Hoélderian with respect t@.
(iii) The partial derivative ofF at (0, Q) with respect ta(yo, (z,)»>0) iS an isomorphism of the subspaﬁ’agh =
{z€&.p:x0=0}0Nt0&, .

It follows from Lemma 3.1 and the implicit function theorem that(0), near(0,0) € I x &4, IS the graph
of a function® : (I x J,(0,0)) — (£, 0. That function is of clas€'l, its partial derivatived, @ is Lipschitzian
with respect ta®, x), its partial denvatwé)gqb is Lipschitzian with respect to and Holderian with respect #.
Hence, ther-invariant manifold gern¥’ is the graph of the first componed: (I x J,0) — (K, 0) of @, and it
has the required smoothness properties. We shall alse gtad it is tangent to 0, which completes the proof of
Theorem 2.2.

Proof of Lemma 3.1(iii). ComposingF with the projections, we see that (if it is differentiable) its differential is
obtained by componentwise differentiation, hence

DF (0, Q)(Gv (%n, yn)neN) = (Xp+1 — Bxp — Dyn, yn+1 — Cyn)nen.
SettingJ, := {x € J,: xo =0}, we have to show thaf: x — (x,+1 — Bx,)nen iS an isomorphism off, onto 7,
thatD 1y > (Dyn)neN is a continuous linear map and thﬂa.tz = (Vn+1 — Cyn)nen IS an automorphism of;.
— B is obtained by composing the isomorphisﬁj 3 x > (Xp+DneN € J; and the endomorphism —
(x0, (x, — Bx,—1)n>0) Of J,, which is an automorphism of the form “H strict contraction” since we have
a"|Bx,-1l <a YBl(a " Plx, ) <a YBllx] and o YB| <1

— D s continuous since we have™|Dy,| < |D|(b™"|ya|) < DIyl
— C is obtained by composing the automorphisrm> (—Cyn)nen Of Kpp and the endomorphism = (y, —

C 1y, 41D)nen Of Kp, which is an automorphism of the form “Hd strict contraction” since we have
b7"|C gl <BICTH (B P ygal) <BICT Myl and bICTH < 1.

The rest of the proof of Lemma 3.1 is a little too long to be given here, but it only requires some care.
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Why @y is tangent td). The graph ofD® (0) is the kernel ofD F (0, 0). By the proof of Lemma 3.1(iii), a§ is
invertible, this kernel consists of sequengesith y = 0.

Remark 2. Our proof of Theorem 1.1 follows essentially the same lines as Hartman’s in [7]: his first step is just a
proof of the version of the pseudo-unstable manifold theorem needed, the main difference being in the second stef
where we use the approach via invariant manifolds and the Perron—Irwin method initiated in [3]. This answers a
guestion asked by Jirgen Moser in 1993 when Marc Chaperon gave a talk on [3] in Oberwolfach.

Apparently, it is not known whether every*t1P strict contraction germ in an infinite dimensional space is
Cl-linearizable.

This Note is an account of the first chapter of the author’s doctoral dissertation [1].
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