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Abstract

Let £2 be a smooth bounded domain&? (N > 2) and I'y, be a non-empty open and closed subset@f Denote by
either the Dirichlet or the mixed boundary operatorIgg := 352 \ oo When I # 352. We consider the nonlinear elliptic
problemAu + au = b(x) f (u) in §2, subject toBu = 0 on I'g whenIg # (J, wherea is a real number, is a continuous non-
negative function o2, while f > 0 is continuous o0, co) such thatf (1) /u is increasing orf0, cc). Assuming thatf varies
rapidly at infinity with indexco (i.e., lim,— oo f(Au)/f(u) = A% for all » > 0), we establish the uniqueness of the positive
solution satisfying: = co on I', and describe its blow-up rate via the extreme value th8argite thisarticle: F.-C. Cirstea,

C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Une phénomeéne de variation extréme pour quelque problemes elliptiques non linéaires avec explosion au bdsdit
£2 un domaine borné, régulier @& (N > 2) et I'n, # ¥ un sous-ensemble ouvert et ferméad@. On désigne paB ou bien
une condition de Dirichlet obien une condition mixte surg := 352 \ I'x Si I'nc # 352. On étudie le ppbleme elliptique non-
linaireAu + au = b(x) f (u) danss2, avec la conditioBu = 0 surl'g si I'g # @, oUa est un réel est une fonction continue
non-négative dan® et f > 0 est continue syi0, co) telle quef (1) /u est strictement croissante g0 co). Supposons qug
varie rapidement a I'infini d’indexo (i.e., lim, o0 f(Au)/f () = A°° pour toutr > 0), on établit alors I'unicité de la solution
positive avea: = oo sur I, et on décrit le taux d’explosion au bord en utilisant la théorie des valeurs extreoueiter cet
article: F.-C. Cirstea, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Version francaise abrégée

L'étude des solutions explosant au bord a été abordée, pour la premiére fois, en 1916 par Bieberbach [2] poul
I'équation Au = & dans un domaine borné, régulier de R2. Il a montré qu'il y a une seule solution positive
u € C%(2) telle que la différence(x) — In(d(x)~?) est bornée quandi(x) := dist(x, 32) — 0. Rademacher [7]
a montré que ce résultat demeure pour des domaines bornés et régulieks dans

On établitici I'unicité et le comportement asymptotique des solutions avec explosion au bord pour quelque pro-
blémes elliptiques avec des non-linéarifés) quivarient rapidementa l'infind’indexoco : lim, .« f (Au) /f (u) =
A% pour touti > 0.

Une fonction croissantg est ditea variation de typd™ a I'infini (notée f € I') si f est définie sur un intervalle
(D, 00), lim,_, o f(y) = oo et s'il existe une fonctiog : (D, oo) — (0, oo) (appelée fonction auxiliaire) telle que
IMmy_oo fO+280)/f(y) = €, pour touti € R (voir [8]). Supposons qug < I', alors f varie rapidement a
P'infini d'index oo (voir [3]).

Soit £2 un domaine borné, régulier ®&" (N > 2) etI'y, # @ un sous-ensemble ouvert et ferméade (éven-
tuellementl'y, = 9£2). On définitl'z = 352 \ I's pour le cad ', # 32. On désigne palB I'opérateur de Dirichlet
Du :=u ou bien I'opérateur de Neumann/Rolidu = % + B(x)u suros2, ouv est le vecteur unité de la normale
extérieure sup2 et 0< B € CL#(982),0< pu < 1.

Soitb € C%#(§2) une fonction non négative daw telle queb > 0 surl'z si B =R. On définit$2g interieur
de 205 := {x € £2: b(x) = 0}. On suppose qués2g est régulier (éventuellement vide) £ est un ensemble
connexe tel que2p C £2 eth > 0 dans2 \ £20. Soit A 1 la premiére valeur propre de-A) dansHol(Qo) (avec
Aoo.1 = +00 Si 29 = ¥). On définitIC 'ensemble des fonctioris: (0, v) — (0, oo) de class&l, croissantes, telles
que limo( [y k(s) ds/k())® :=¢;, pouri =0, 1.

Etant donnée une fonctiol croissante suR, on définitH < comme l'inverse (continue a gauchg) (y) :=
inf{s: H(s) > y}. On considére le probleme elliptique singuli&,), plus précisement :

—Au=au—b(x)f(u) dansf2, wu=-400 SUrly, Si I =012,
—Au=au—b(x)f(u) dans2, u=-4o0c0 SUrly, Bu=0 surlp, Sily #0352,

ola € R, f > 0 est une fonction localement Lipschitz §0r co) telle que I'applicationf («)/u soit strictement
croissante suf0, co). On démontre le résultat suivant d’unicité :

Théoreme 0.1. Soit f une fonction a variation de typE a I'infini avec la fonction auxiliaireg. Supposons que
pour tout ensemble connexe ouvert et ferfjéde I il existek € IC avecty # O tel que

0< Limingb(x)/kz(d(x)) et limsuph(x)/k*(d(x)) <oo, oud(x)=dist(x, I'S).
X)—=> d(x)—0

Alors, pour chaque < A 1, le probléme P,) admet une seule solution positivg et, de plus,
ua(x)/¢p(d(x)) — 1 quandd(x) — 0, ol¢(t) = w(_(l/[tk(t)]z) (t > 0 assez petjt

ety (u) =sup f(y)/g(y): @ <y <u}estdéfini poun > o (¢ > 0assez grang

1. Introduction and main result

The topic of blow-up solutions has been initidten 1916 by Bieberbach [2] for the equatiaxu = €' in
a smooth bounded domai? c R2. He showed that there is a unique positive solutioa C?(£2) such that
u(x) — In(d(x)~2) is bounded ag/(x) = dist(x, 352) — 0. Problems of this type arise in Riemannian geometry;
if a Riemannian metric of the forrds|? = €™ |dx|2 has constant Gaussian curvature? then Au = c2e.
Rademacher [7] extended the result of Bieberbach on smooth bounded donigfs in
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Our aim is to give the uniqueness and asymptotic behaviour of blow-up solutions to a general class of semilinear
elliptic problems involving non-linearitieg () rapidly varying(at infinity) with indexoco, i.e.,
3 oo, ifA>1,
im LA g7 s
wweo S o, ifo<a<1.
This study answers a research question formulated to the author by Prof. N. Dancer in 2003.
In this Note we establish a subtle connection between the blow-up rate of the solution and the rapid variation of
f atinfinity using theextreme value theorn [8]).

Definition 1.1 (see [8]). A non-decreasing functighis I"-varying atoo (written f € I") if f is defined oD, o),
f(00) =00 and there ig : (D, 0o) — (0, 00) such that lim_. f(y +A1g(y)/f(y) = e, vireR.

The functiong is called arauxiliary functionand is unique up to asymptotic equivalence (see [8]).
Remark 1.1f f e I', thenf is rapidly varying(at infinity) of indexoo, cf. Proposition 3.10.3 in [3].

Let £2 be a smooth bounded domaini’ (N > 2) and I'y, be a non-empty open and closed subselof
(possibly, o = 052). Seti'g = 082 \ I'nx When Ty # 0£2. Denote byB either the Dirichlet boundary operator
Du :=u or the Neumann/Robin boundary operaiu = 3—;‘ + B(x)u, wherev is the outward unit normal tds2
andg > 0isinCL*(32), u € (0, 1). We consider the elliptic probleiti, ), namely:

—Au=au—b(x)f(u) ing, Q)
if I'no = 342, and the boundary value problem,
—Au=au—>b(x)f(u) ing2, Bu=0 onlg, (2)

if I'no # 02, Wwheref e C[0, co) is locally Lipschitz,a € R is a parameter ankl> 0 is in C%#($2).

A C2(£2)-solution of (1) andC2(52 U I'g)-solution of (2), respectively satisfyingx) > 0in £2 andu(x) — 0o
as distx, ') — 0 is called elow-up solutiorof (1) and (2), respectively.

Let 20 be the interior of the se®q;, := {x € £2: b(x) = 0}. We assume, throughout, th&f2g satisfies the
exterior cone condition (possibl§2o = ), 20 is connected2o C 2 andb > 0 on2 \ Q. If 'y, # 352, then we
requireb > 0 onI'g if B="TR. Note that we allowb > 0 on s, and onI'z whenB =D.

Let Ao0.1 be the first Dirichlet eigenvalue ¢ A) in Hol(.Qo) (With Ao 1 = 00 if £20=10).

As in [5], K denotes the set of all positive, non-decreasing functtoag1(0, v), for somev > 0, that satisfy
lim, o+ (Jo k(s) ds/ k(1))@ := ¢;, with i =0, 1. Recall thato = 0 and¢; [0, 1], for everyk € K.

A positive measurable functiod defined on D, oo), for someD > 0, is calledregularly varying(at infinity)
with indexg € R, written Z € RV,, if lim o Z(&u)/Zu) = &4, for all ¢ > 0. Wheng = 0 we say thatZ is
slowly varying (see [8]). Byf1(u) ~ f2(u) asu — oo we mean lim_. « f1(u)/f2(u) =1.

When f varies regularly ato with (real) index greater than 1, the uniqgueness and asymptotic behaviour of the
blow-up solution to problems likéM,,) has been treated in [4-6].

In [4], the authors prove the uniqueness of the blow-up solutjoto (M, ), for anya < A 1, provided that for
each connected open and closed sub¥ebf I, there exists € K such that

0< Li(m)ingb(x)/kz(d(x)) and limsup(x)/k?(d(x)) < oo, whered(x) :=dist(x, I'S,), (3)
X)—=> d(x)—0

while f € RV,41 (o > 0) satisfiegA): f > 0 is locally Lipschitz continuous of, co) and f(u) /u is increasing
for u > 0. The blow-up rate of, is also given when (3) is slightly more restrictive.

If H is a non-decreasing function dR, then we define the (left continuous) inverse Bfby: H < (y) =
inf{s: H(s) > y}.

In this Note we treat thextremecase whery e I" (instead off € RV, 1) and obtain the following:
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Theorem 1.2.Let (A) hold and f be I"-varying atoo with auxiliary functiong. Assume that for each connected
open and closed subsgf, of Iy, there exists € K with £1 # 0 such that(3) is fulfilled.
Then, for anyt < 1.1, (M,) has a unique blow-up solutian,, which satisfies

ua(¥)/p(d(x)) — 1 asd(x):=dist(x, I'S) — O, (4)
whereg is given by,

o) = tp‘_(l/[tk(t)]z) for t > 0 small (5)
andv is defined on some intervit, co) C (0, co) by,

Yw) =sup{f(»)/e(M: a<y<u}, Vuza. (6)
Corollary 1.1. If f(u) =€* —1 (¢ > 0) in Theoreml.2, then the unique blow-up solutiory satisfies ﬁ';f& —
— % asd(x) —> 0.

We point out that Theorem 1.2 does not concern the quotiemt@f) and? (d(x)), as established in Bandle—
Marcus [1] (fora = 0 andb = 1), whereY" is a chosen solution of the singular problerfi(r) = f (u(r)) on (0, 1)
for somer > 0, u(r) — oo asr — OT. In contrast, the functiop in (4) does not have enough regularity to use it
directly in constructing upper and lower solutions n€gr. The idea is to build smoother versionsgoivhich are
asymptotically equivalent tg at the origin. This will be achieved in Lemmas 2.2 and 2.3 via the extreme value
theory.

We note an extreme variation phenomenon given that the solugidiiows-up atl"y, in a slow fashion (cf.
Remark 3) whilef varies rapidly at infinity.

2. Approach

We recall some concepts which appear ia #€xtreme value theory (see [8] or [3]).

Definition 2.1. A non-negative, non-decreasing functi¥ndefined on(z, co) is IT-varying (writtenV € IT) if
there exists a functiofi(x) > 0 such that lim_ - (V (Au) — V(1)) /6 (1) =logx, for » > 0.

The functior? is called arauxiliary functionand is unique up to asymptotic equivalence.

If V1 e IT, with auxiliary functionf (u), we sayVi and V» are IT-equivalent (writtenVy a Vo) if (Vi(u) —
Va(u))/0(u) — ¢ € R asu — oo. In this casé/, € IT with auxiliary functiond ().

Lemma 2.2.1f f € I, with auxiliary functiong, then there exists a twice differentiabile iy £ with Va(u) >
f @), Ve RV 1, limy oo —uVy (1) / Vy(u) = 1, andlim, ., o V2(u)/f < (u) = 1. Furthermore, iff is continu-
ous and increasing ofD, c0), thenlim,,_, o, f (V2(u))/u = C(Const) > 0 and

(V20 (1/ V) )(u) ~¥ () asu— oo, wherey is defined by6). (7)
Proof. By [8, Propositions 0.9 and 0.12f,< e IT with auxiliary functiong o f< € RVp. Thus, by Proposi-
tion 0.16 in [8], there exists a twice diﬁerentiaﬁl’@g f with Va(u) > f<(w), V; € RV_y, IimOo —u‘\//%—((uu)) =1.

u— 2

Since V, € IT is increasing, we have lim, o, Vo(u)/(g o f <) (1) = oo and V2 € RV (see p. 35 in [8]). Using
Va2 £, we deduce lim_ e Va(u)/f < (u) = 1.

Assuming thatf is continuous and increasing 0B, o), then f < («) coincides withf ~1(x) (the inverse off
atu) for u > 0 large. ByV» a f<,we have lim_ o (Vo(u) — f<())/(g o f ) (u) =c € R. By Definition 1.1,
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we get lim,— o f(V2(u))/u = €& > 0. By (6), we infer that(ys o /) (u) =suplz/(g o f)(2): f(e) <z <u}
(e >0islarge),sothatr o f<~ e RVi and(yr o f ) (u) ~u/(go f)(u) asu — oo (use Theorem 1.5. 3 |n [3])-

By the construction o# in [8, p. 34] and Proposition 0.15 in [8], we get im o uVy(u)/(g o f)(u) = 1.
Consequentlyy o f <) (u) ~ 1/ V,(u) asu — oo. It follows that(y o f) " (u) = (f o ¥ ) () ~ (1/ V)~ (u)
as u — oo. By the Uniform Convergence Theorem (see [3] or [8]) aWglu) ~ f~1(u) asu — oo, we
achieve (7). O

We sayZ(u), defined foru > D, is anormalisedregularly varying function of indey (in short, Z eNRV, ) if
Zisa positiveC-function such that linps oo uZ’ (u)/Z(u) g . By the Karamata Representation Theorem (see
[8, p. 17]), we have:

Remark 2. For eachZ € RV, there existZ € NRV, such thalZ (u) ~ Z(u) asu — oo.
If fel andk e, sety(t) =(1/ VZ’)‘_(l/[tk(t)]z), for ¢ > 0 small (withV> from Lemma 2.2).

Lemma 2.3.Suppos¢g € I is continuous and increasing on some interg@l co). If k e I with 21 # 0 then there
existsy e C?(0, ) satisfyinglim,_ o+ % (t)/x (t) = 1 and the following(i) lim,_, ¢+ & A,(t) =lim,_ g+ £ A,,U) =0and

2441 . V
lim,_ o+ X[(;?(’j)](z’) = &4 (i) lim,_o+ Pr(t) = lim,_ o+ VZ&S;;—[XX((I’))]Z = 0 and lim,_ o+ P2(t) =
- k() (foV) (R (1)) _  CE2
im, o+ OV 22+

Proof. By Lemma 2.2, 1V,(u) € NRVy so that(1/V;) < (u) € NRV1. Sincek € K with £; # 0, we have
k(1/u) € NRVi_1/, (see [4]). Thereforey(1/u) € NRV,,,. By Karamata’s Theorem [8, p. 17], we get
%[X(l/u)] € RV_142/¢,. Hence,—x'(1/u) € RViy2/¢,. By Remark 2, there existg e C2(0,7) such that
—x'(1/u) e NRVip2/¢, andx’(1/u) ~ x'(1/u) asu — oo.

It follows that lim,_,o+ x'(1)/x' (1) = 1= lim,_ o+ x )/ x (@) and lim_, o+ 1x"(t)/x'(t) = — (1 + 2/£1). Con-
sequently,x (1/u) € NRVy/¢, (that is, lim_ o+ tx'(t)/x (t) = —2/¢1). Thus, (i) follows. Moreover, we have
lim,_ o+ log x(t)/logtr = —2/¢1 and lim_, o+ log(— x'(#))/logt = —(1 + 2/¢1).

Since lim,_.  log Vé(u)/ logu = —1 and lim,_, o, log Vo(u) / logu = 0, we find lim_, g+ log P1(t) = —o0

Using V; € NRV_1 and x(1) ~ x(t) ast — 0", by the Uniform Convergence Theorem, we obtain
12k2(t)/ V3 (% (1) ~ t?k%(t)/ V5(x (1)) = 1 ast — OF. From this and Lemma 2.2, we infer that Jiny+ Pa() =
lim,_gr L0 UoV2G0) cg

U 23 (1) xX(®) 2(2+¢y)
Remark 3.1f f € I' is continuous and increasing 0P, oo) andk € K with ¢1 # 0, then by Lemmas 2.2 and 2.3,
we have lim_ g+ (V20 x)(t)/¢(t) = 1, wheregp is given by (5) and V2 o x)(1/u) belongs toRVjp.

Proof of Theorem 1.2. By Lemma 2.2, (Va(u)) ~ Cu asu — oo and (Vz(u))? € RV, for anyg € R. Thus,
lim,— o f(u)/u? = 0o so that the Keller—-Osserman condition holds (i/&"[F (s)]"¥/2ds < oo, whereF (1) =
fot f(s)ds). Hence(M,) possesses blow-up solutions if and only ik A 1 (see [4] or [6]).

Fix a < Aso,1. Let IS, be an arbitrary connected open and closed subsBiofSetd (x) = dist(x, I'S).

By (3), there exist some positive constapts y, ands such that_ < b(x)/k?(d(x)) < y, for all x € £2 with
d(x) < 28. ChooseB_ € (0,y_/2) and B, € (2y,,o0). We diminishs > 0 such that: (i) (x) is a C2-function
on {x € £2: d(x) < 268}; (ii) k is non-decreasing ofD, 25); (iii) x”(z) > 0 on (0, 25), wherey is provided by
Lemma 2.3. Let € (0, §) be arbitrary. WithV, given by Lemma 2.2, we define

uét(x) = Vz(m(ﬁ¢)_l)2 (d(x) :Fa)) >0, Vxefwitho/2<d(x)Fo/2<25—0/2, (8)

wherem := (C¢1/2)~1 (C > 0 from Lemma2 2). For simplicity, we putt(x) := m(,BjF)‘ xd(x)Fo).
We prove that, by diminishing > 0, u% andu, become upper and lower solutions near the boundary:

t[—Auf —auE +bx) fwi)] >0, VxeRwitho/2<d(x)Fo/2<25—a/2. (9)
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One can see that

J:I:V// J:I: A2 Al

TV UD T 1) 5 0) + Ad()
Vo(J=)  xx” x”

We denote byS*(d ¥ o) the last factor in the right-hand side of (10). It follows thaf—Auf — au® +
b(x) fuH)] = EmB) 718" dF o) V(I HKE(d F o), where

yiBz K¥dFo) fud) a Bz V()
X'dFo) Vy(JEx)  m {"(dF o) Va(JEx))
= TidFo)+TodFo)—ST(dFo).

By Lemmas 2.2 and 2.3, lijas—0T1(d F o) = (y£/Bx)€1/(2+ £1), liMyzs—0 ST(d Fo)=11/(2+ 1) and
liMg+o—0T2(d F0) =0. Hence im0 K*dFo)= (yx/Bx+ — 1)€1/(2+ £1). This proves (9).

Aug =m(Bz) 13" (d(x) F o) V3(J5) [1 + (d00) F 0)}- (10)

K¥dFo)= —S*dFo)

Proof of (4). Let ¢ > 0 be small such that is less than the first Dirichlet eigenvalue Gf A) in the domain
E;:={x e RN\ Q: d(x) <¢}. Setls = {x € 2: d(x) <8} and 21 := Ez; U {x € 2: d(x) < 8}, (where§ > 0
is as in (9)). Letp € C%#(§21) be such that & p(x) < b(x) for x € 2 with d(x) <8, p=0in E{ andp > 0in
EZ; \ E;. Denote byw a blow-up solution of-Au = au — p(x) f (1) in £21. Note thatw is uniformly bounded on
I', andw=oo0o0nalsN§2.

Letu, be an arbitrary blow-up solution @f1,). By (9) and(A), we find:

—A(ug+w)—a(g +w)+bx)flug+w) =>0=>—Au, —au, +b(x)f(uy) inls,
At +w)—a@l+w)+bx) fuf +w)=0>—Auy, —aug +b(x) f(ug) inls\ Iy,
(g +w)lor; =00 >uglary,  and (uf +w)lyn7,) =00 > aly 7, )-

By Lemma 2.1 in [6], we geli, +w > u in Iy andul +w > u, in Iy \ I,. Letting o — 0, we arrive at
Vo(m(By) 11 (d(x))) — w(x) < ug < Va(m(B_)"15(d(x))) + w(x), for eachx € £ with 0 < d(x) < §. Since
V2 € RV, by the Uniform Convergence Theorem and Remark 3, we conclude (4). The uniqueness of the blow-up
solution follows in a standard way (see e.qg., [4] or [6])1
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