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Abstract

Let Ω be a smooth bounded domain inR
N (N � 2) andΓ∞ be a non-empty open and closed subset of∂Ω. Denote byB

either the Dirichlet or the mixed boundary operator onΓB := ∂Ω \ Γ∞ whenΓ∞ �= ∂Ω. We consider the nonlinear ellipti
problem�u + au = b(x)f (u) in Ω, subject toBu = 0 onΓB whenΓB �= ∅, wherea is a real number,b is a continuous non
negative function onΩ, while f � 0 is continuous on[0,∞) such thatf (u)/u is increasing on(0,∞). Assuming thatf varies
rapidly at infinity with index∞ (i.e., limu→∞ f (λu)/f (u) = λ∞ for all λ > 0), we establish the uniqueness of the posi
solution satisfyingu = ∞ onΓ∞ and describe its blow-up rate via the extreme value theory.To cite this article: F.-C. Cîrstea,
C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Une phénomène de variation extrême pour quelque problèmes elliptiques non linéaires avec explosion au bord.Soit
Ω un domaine borné, régulier deRN (N � 2) etΓ∞ �= ∅ un sous-ensemble ouvert et fermé de∂Ω. On désigne parB ou bien
une condition de Dirichlet oubien une condition mixte surΓB := ∂Ω \Γ∞ si Γ∞ �= ∂Ω. On étudie le problème elliptique non-
linéaire�u + au = b(x)f (u) dansΩ, avec la conditionBu = 0 surΓB si ΓB �= ∅, oùa est un réel,b est une fonction continu
non-négative dansΩ etf � 0 est continue sur[0,∞) telle quef (u)/u est strictement croissante sur(0,∞). Supposons quef
varie rapidement à l’infini d’index∞ (i.e., limu→∞ f (λu)/f (u) = λ∞ pour toutλ > 0), on établit alors l’unicité de la solutio
positive avecu = ∞ surΓ∞ et on décrit le taux d’explosion au bord en utilisant la théorie des valeurs extrêmes.Pour citer cet
article : F.-C. Cîrstea, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version française abrégée

L’étude des solutions explosant au bord a été abordée, pour la première fois, en 1916 par Bieberbach
l’équation�u = eu dans un domaine borné, régulierΩ de R

2. Il a montré qu’il y a une seule solution positiv
u ∈ C2(Ω) telle que la différenceu(x) − ln(d(x)−2) est bornée quandd(x) := dist(x, ∂Ω) → 0. Rademacher [7
a montré que ce résultat demeure pour des domaines bornés et réguliers dansR

3.
On établit ici l’unicité et le comportement asymptotique des solutions avec explosion au bord pour quelq

blèmes elliptiques avec des non-linéaritésf (u) quivarient rapidement à l’infinid’index∞ : limu→∞ f (λu)/f (u) =
λ∞ pour toutλ > 0.

Une fonction croissantef est diteà variation de typeΓ à l’infini (notéef ∈ Γ ) si f est définie sur un intervall
(D,∞), limy→∞ f (y) = ∞ et s’il existe une fonctiong : (D,∞) → (0,∞) (appelée fonction auxiliaire) telle qu
limy→∞ f (y + λg(y))/f (y) = eλ, pour toutλ ∈ R (voir [8]). Supposons quef ∈ Γ , alorsf varie rapidement à
l’infini d’index ∞ (voir [3]).

Soit Ω un domaine borné, régulier deRN (N � 2) etΓ∞ �= ∅ un sous-ensemble ouvert et fermé de∂Ω (éven-
tuellementΓ∞ = ∂Ω). On définitΓB = ∂Ω \Γ∞ pour le casΓ∞ �= ∂Ω . On désigne parB l’opérateur de Dirichlet
Du := u ou bien l’opérateur de Neumann/RobinRu = ∂u

∂ν
+ β(x)u sur∂Ω , oùν est le vecteur unité de la norma

extérieure sur∂Ω et 0� β ∈ C1,µ(∂Ω), 0< µ < 1.
Soit b ∈ C0,µ(Ω) une fonction non négative dansΩ telle queb > 0 surΓB si B = R. On définitΩ0 interieur

de Ω0,b := {x ∈ Ω : b(x) = 0}. On suppose que∂Ω0 est régulier (éventuellement vide) etΩ0 est un ensembl
connexe tel queΩ0 ⊂ Ω et b > 0 dansΩ \ Ω0. Soitλ∞,1 la première valeur propre de(−�) dansH 1

0 (Ω0) (avec
λ∞,1 = +∞ si Ω0 = ∅). On définitK l’ensemble des fonctionsk : (0, ν) → (0,∞) de classeC1, croissantes, telle
que limt↘0(

∫ t

0 k(s)ds/k(t))(i) := �i , pouri = 0,1.
Etant donnée une fonctionH croissante surR, on définitH← comme l’inverse (continue à gauche)H←(y) :=

inf{s: H(s) � y}. On considère le problème elliptique singulier(Pa), plus précisement :{−�u = au − b(x)f (u) dansΩ, u = +∞ surΓ∞, si Γ∞ = ∂Ω,

−�u = au − b(x)f (u) dansΩ, u = +∞ surΓ∞, Bu = 0 surΓB, si Γ∞ �= ∂Ω,

où a ∈ R, f � 0 est une fonction localement Lipschitz sur[0,∞) telle que l’applicationf (u)/u soit strictement
croissante sur(0,∞). On démontre le résultat suivant d’unicité :

Théorème 0.1. Soitf une fonction à variation de typeΓ à l’infini avec la fonction auxiliaireg. Supposons qu
pour tout ensemble connexe ouvert et ferméΓ c∞ deΓ∞ il existek ∈ K avec�1 �= 0 tel que

0< lim inf
d(x)→0

b(x)/k2(d(x)
)

et lim sup
d(x)→0

b(x)/k2(d(x)
)
< ∞, oùd(x) = dist(x,Γ c∞).

Alors, pour chaquea < λ∞,1, le problème(Pa) admet une seule solution positiveua et, de plus,

ua(x)/φ(d(x)) → 1 quandd(x) → 0, oùφ(t) = ψ←(
1/

[
tk(t)

]2)
(t > 0 assez petit)

etψ(u) = sup{f (y)/g(y): α � y � u} est défini pouru � α (α > 0 assez grand).

1. Introduction and main result

The topic of blow-up solutions has been initiated in 1916 by Bieberbach [2] for the equation�u = eu in
a smooth bounded domainΩ ⊂ R

2. He showed that there is a unique positive solutionu ∈ C2(Ω) such that
u(x) − ln(d(x)−2) is bounded asd(x) = dist(x, ∂Ω) → 0. Problems of this type arise in Riemannian geome
if a Riemannian metric of the form|ds|2 = e2u(x)|dx|2 has constant Gaussian curvature−c2 then�u = c2e2u.
Rademacher [7] extended the result of Bieberbach on smooth bounded domains inR

3.
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Our aim is to give the uniqueness and asymptotic behaviour of blow-up solutions to a general class of se
elliptic problems involving non-linearitiesf (u) rapidly varying(at infinity) with index∞, i.e.,

lim
u→∞

f (λu)

f (u)
=

{∞, if λ > 1,

1, if λ = 1,

0, if 0 < λ < 1.

This study answers a research question formulated to the author by Prof. N. Dancer in 2003.
In this Note we establish a subtle connection between the blow-up rate of the solution and the rapid var

f at infinity using theextreme value theory(in [8]).

Definition 1.1 (see [8]). A non-decreasing functionf is Γ -varying at∞ (writtenf ∈ Γ ) if f is defined on(D,∞),
f (∞) = ∞ and there isg : (D,∞) → (0,∞) such that limy→∞ f (y + λg(y))/f (y) = eλ, ∀λ ∈ R.

The functiong is called anauxiliary functionand is unique up to asymptotic equivalence (see [8]).

Remark 1. If f ∈ Γ , thenf is rapidly varying(at infinity) of index∞, cf. Proposition 3.10.3 in [3].

Let Ω be a smooth bounded domain inR
N (N � 2) andΓ∞ be a non-empty open and closed subset of∂Ω

(possibly,Γ∞ = ∂Ω). SetΓB = ∂Ω \ Γ∞ whenΓ∞ �= ∂Ω . Denote byB either the Dirichlet boundary operat
Du := u or the Neumann/Robin boundary operatorRu = ∂u

∂ν
+ β(x)u, whereν is the outward unit normal to∂Ω

andβ � 0 is inC1,µ(∂Ω), µ ∈ (0,1). We consider the elliptic problem(Ma), namely:

−�u = au − b(x)f (u) in Ω, (1)

if Γ∞ = ∂Ω , and the boundary value problem,

−�u = au − b(x)f (u) in Ω, Bu = 0 onΓB, (2)

if Γ∞ �= ∂Ω , wheref ∈ C[0,∞) is locally Lipschitz,a ∈ R is a parameter andb � 0 is in C0,µ(Ω).
A C2(Ω)-solution of (1) andC2(Ω ∪ΓB)-solution of (2), respectively satisfyingu(x) � 0 in Ω andu(x) → ∞

as dist(x,Γ∞) → 0 is called ablow-up solutionof (1) and (2), respectively.
Let Ω0 be the interior of the setΩ0,b := {x ∈ Ω : b(x) = 0}. We assume, throughout, that∂Ω0 satisfies the

exterior cone condition (possibly,Ω0 = ∅), Ω0 is connected,Ω0 ⊂ Ω andb > 0 onΩ \Ω0. If Γ∞ �= ∂Ω , then we
requireb > 0 onΓB if B =R. Note that we allowb � 0 onΓ∞ and onΓB whenB =D.

Let λ∞,1 be the first Dirichlet eigenvalue of(−�) in H 1
0 (Ω0) (with λ∞,1 = ∞ if Ω0 = ∅).

As in [5], K denotes the set of all positive, non-decreasing functionsk ∈ C1(0, ν), for someν > 0, that satisfy
limt→0+(

∫ t

0 k(s)ds/k(t))(i) := �i , with i = 0,1. Recall that�0 = 0 and�1 ∈ [0,1], for everyk ∈ K.
A positive measurable functionZ defined on[D,∞), for someD > 0, is calledregularly varying(at infinity)

with indexq ∈ R, written Z ∈ RVq , if lim u→∞ Z(ξu)/Z(u) = ξq , for all ξ > 0. Whenq = 0 we say thatZ is
slowly varying (see [8]). Byf1(u) ∼ f2(u) asu → ∞ we mean limu→∞ f1(u)/f2(u) = 1.

Whenf varies regularly at∞ with (real) index greater than 1, the uniqueness and asymptotic behaviour
blow-up solution to problems like(Ma) has been treated in [4–6].

In [4], the authors prove the uniqueness of the blow-up solutionua to (Ma), for anya < λ∞,1, provided that for
each connected open and closed subsetΓ c∞ of Γ∞ there existsk ∈ K such that

0< lim inf
d(x)→0

b(x)/k2(d(x)
)

and lim sup
d(x)→0

b(x)/k2(d(x)
)
< ∞, whered(x) := dist(x,Γ c∞), (3)

while f ∈ RVρ+1 (ρ > 0) satisfies(A): f � 0 is locally Lipschitz continuous on[0,∞) andf (u)/u is increasing
for u > 0. The blow-up rate ofua is also given when (3) is slightly more restrictive.

If H is a non-decreasing function onR, then we define the (left continuous) inverse ofH by: H←(y) =
inf{s: H(s) � y}.

In this Note we treat theextremecase whenf ∈ Γ (instead off ∈ RVρ+1) and obtain the following:
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Theorem 1.2.Let (A) hold andf beΓ -varying at∞ with auxiliary functiong. Assume that for each connect
open and closed subsetΓ c∞ of Γ∞ there existsk ∈ K with �1 �= 0 such that(3) is fulfilled.

Then, for anya < λ∞,1, (Ma) has a unique blow-up solutionua , which satisfies

ua(x)/φ
(
d(x)

) → 1 asd(x) := dist(x,Γ c∞) → 0, (4)

whereφ is given by,

φ(t) = ψ←(
1/

[
tk(t)

]2)
for t > 0 small, (5)

andψ is defined on some interval[α,∞) ⊂ (0,∞) by,

ψ(u) = sup
{
f (y)/g(y): α � y � u

}
, ∀u � α. (6)

Corollary 1.1. If f (u) = ecu − 1 (c > 0) in Theorem1.2, then the unique blow-up solutionua satisfies: ua(x)
lnd(x)

→
− 2

c �1
asd(x) → 0.

We point out that Theorem 1.2 does not concern the quotient ofua(x) andΥ (d(x)), as established in Bandle
Marcus [1] (fora = 0 andb = 1), whereΥ is a chosen solution of the singular problem:u′′(r) = f (u(r)) on (0, τ )

for someτ > 0, u(r) → ∞ asr → 0+. In contrast, the functionφ in (4) does not have enough regularity to us
directly in constructing upper and lower solutions nearΓ c∞. The idea is to build smoother versions ofφ which are
asymptotically equivalent toφ at the origin. This will be achieved in Lemmas 2.2 and 2.3 via the extreme v
theory.

We note an extreme variation phenomenon given that the solutionua blows-up atΓ∞ in a slow fashion (cf.
Remark 3) whilef varies rapidly at infinity.

2. Approach

We recall some concepts which appear in the extreme value theory (see [8] or [3]).

Definition 2.1. A non-negative, non-decreasing functionV defined on(z,∞) is Π -varying (writtenV ∈ Π ) if
there exists a functionθ(u) > 0 such that limu→∞(V (λu) − V (u))/θ(u) = logλ, for λ > 0.

The functionθ is called anauxiliary functionand is unique up to asymptotic equivalence.

If V1 ∈ Π , with auxiliary functionθ(u), we sayV1 andV2 areΠ -equivalent (writtenV1
Π∼ V2) if (V1(u) −

V2(u))/θ(u) → c ∈ R asu → ∞. In this caseV2 ∈ Π with auxiliary functionθ(u).

Lemma 2.2.If f ∈ Γ , with auxiliary functiong, then there exists a twice differentiableV2
Π∼ f ← with V2(u) >

f ←(u), V ′
2 ∈ RV−1, limu→∞ −uV ′′

2 (u)/V ′
2(u) = 1, andlimu→∞ V2(u)/f ←(u) = 1. Furthermore, iff is continu-

ous and increasing on(D,∞), thenlimu→∞ f (V2(u))/u = C(Const.) > 0 and(
V2 ◦ (1/V ′

2)
←)

(u) ∼ ψ←(u) asu → ∞, whereψ is defined by(6). (7)

Proof. By [8, Propositions 0.9 and 0.12],f ← ∈ Π with auxiliary functiong ◦ f ← ∈ RV0. Thus, by Proposi

tion 0.16 in [8], there exists a twice differentiableV2
Π∼ f ← with V2(u) > f ←(u), V ′

2 ∈ RV−1, lim
u→∞−u

V ′′
2 (u)

V ′
2(u)

= 1.

SinceV2 ∈ Π is increasing, we have limu→∞ V2(u)/(g ◦ f ←)(u) = ∞ andV2 ∈ RV0 (see p. 35 in [8]). Using

V2
Π∼ f ←, we deduce limu→∞ V2(u)/f ←(u) = 1.
Assuming thatf is continuous and increasing on(D,∞), thenf ←(u) coincides withf −1(u) (the inverse off

at u) for u > 0 large. ByV2
Π∼ f ←, we have limu→∞(V2(u) − f ←(u))/(g ◦ f ←)(u) = c ∈ R. By Definition 1.1,
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we get limu→∞ f (V2(u))/u = ec > 0. By (6), we infer that(ψ ◦ f ←)(u) = sup{z/(g ◦ f ←)(z): f (α) � z � u}
(α > 0 is large), so thatψ ◦ f ← ∈ RV1 and(ψ ◦ f ←)(u) ∼ u/(g ◦ f ←)(u) asu → ∞ (use Theorem 1.5.3 in [3])

By the construction ofV2 in [8, p. 34] and Proposition 0.15 in [8], we get limu→∞ uV ′
2(u)/(g ◦ f ←)(u) = 1.

Consequently,(ψ ◦ f ←)(u) ∼ 1/V ′
2(u) asu → ∞. It follows that(ψ ◦ f ←)←(u) = (f ◦ ψ←)(u) ∼ (1/V ′

2)
←(u)

as u → ∞. By the Uniform Convergence Theorem (see [3] or [8]) andV2(u) ∼ f −1(u) as u → ∞, we
achieve (7). �

We sayẐ(u), defined foru > D, is anormalisedregularly varying function of indexq (in short,Ẑ ∈ NRVq ) if
Ẑ is a positiveC1-function such that limu→∞ uẐ′(u)/Ẑ(u) = q . By the Karamata Representation Theorem (
[8, p. 17]), we have:

Remark 2. For eachZ ∈ RVq , there existŝZ ∈ NRVq such that̂Z(u) ∼ Z(u) asu → ∞.

If f ∈ Γ andk ∈K, setχ(t) = (1/V ′
2)

←(1/[tk(t)]2), for t > 0 small (withV2 from Lemma 2.2).

Lemma 2.3.Supposef ∈ Γ is continuous and increasing on some interval(D,∞). If k ∈ K with �1 �= 0, then there
existsχ̂ ∈ C2(0, τ ) satisfyinglimt→0+ χ̂(t)/χ(t) = 1 and the following: (i) lim t→0+ χ̂ (t )

χ̂ ′(t) = limt→0+ χ̂ ′(t)
χ̂ ′′(t) = 0 and

limt→0+ χ̂(t )χ̂ ′′(t)
[χ̂ ′(t)]2 = 2+�1

2 ; (ii) lim t→0+ P1(t) := limt→0+ V2(χ̂(t))

V ′
2(χ̂(t))

χ̂(t)

[χ̂ ′(t)]2 = 0 and limt→0+ P2(t) :=
limt→0+ k2(t)(f◦V2)(χ̂(t))

χ̂ ′′(t)V ′
2(χ̂(t))

= C�2
1

2(2+�1)
.

Proof. By Lemma 2.2, 1/V ′
2(u) ∈ NRV1 so that (1/V ′

2)
←(u) ∈ NRV1. Since k ∈ K with �1 �= 0, we have

k(1/u) ∈ NRV1−1/�1 (see [4]). Therefore,χ(1/u) ∈ NRV2/�1. By Karamata’s Theorem [8, p. 17], we g
d

du
[χ(1/u)] ∈ RV−1+2/�1. Hence,−χ ′(1/u) ∈ RV1+2/�1. By Remark 2, there existŝχ ∈ C2(0, τ ) such that

−χ̂ ′(1/u) ∈ NRV1+2/�1 andχ̂ ′(1/u) ∼ χ ′(1/u) asu → ∞.
It follows that limt→0+ χ̂ ′(t)/χ ′(t) = 1 = limt→0+ χ̂(t)/χ(t) and limt→0+ tχ̂ ′′(t)/χ̂ ′(t) = −(1 + 2/�1). Con-

sequently,χ̂ (1/u) ∈ NRV2/�1 (that is, limt→0+ tχ̂ ′(t)/χ(t) = −2/�1). Thus, (i) follows. Moreover, we hav
limt→0+ logχ̂(t)/ logt = −2/�1 and limt→0+ log(−χ̂ ′(t))/ logt = −(1+ 2/�1).

Since limu→∞ logV ′
2(u)/ logu = −1 and limu→∞ logV2(u)/ logu = 0, we find limt→0+ logP1(t) = −∞.

Using V ′
2 ∈ NRV−1 and χ̂(t) ∼ χ(t) as t → 0+, by the Uniform Convergence Theorem, we obt

t2k2(t)/V ′
2(χ̂(t)) ∼ t2k2(t)/V ′

2(χ(t)) = 1 ast → 0+. From this and Lemma 2.2, we infer that limt→0+ P2(t) =
limt→0+ χ̂(t )

t2χ̂ ′′(t)
(f ◦V2)(χ̂(t))

χ̂(t)
= C�2

1
2(2+�1)

. �
Remark 3. If f ∈ Γ is continuous and increasing on(D,∞) andk ∈ K with �1 �= 0, then by Lemmas 2.2 and 2.
we have limt→0+(V2 ◦ χ̂)(t)/φ(t) = 1, whereφ is given by (5) and(V2 ◦ χ̂)(1/u) belongs toRV0.

Proof of Theorem 1.2. By Lemma 2.2,f (V2(u)) ∼ Cu asu → ∞ and(V2(u))q ∈ RV0, for anyq ∈ R. Thus,
limu→∞ f (u)/u2 = ∞ so that the Keller–Osserman condition holds (i.e.,

∫ ∞
1 [F(s)]−1/2 ds < ∞, whereF(t) =∫ t

0 f (s)ds). Hence,(Ma) possesses blow-up solutions if and only ifa < λ∞,1 (see [4] or [6]).
Fix a < λ∞,1. Let Γ c∞ be an arbitrary connected open and closed subset ofΓ∞. Setd(x) = dist(x,Γ c∞).
By (3), there exist some positive constantsγ−, γ+ andδ such thatγ− � b(x)/k2(d(x)) � γ+, for all x ∈ Ω with

d(x) � 2δ. Chooseβ− ∈ (0, γ−/2) andβ+ ∈ (2γ+,∞). We diminishδ > 0 such that: (i)d(x) is a C2-function
on {x ∈ Ω : d(x) < 2δ}; (ii) k is non-decreasing on(0,2δ); (iii) χ̂ ′′(t) > 0 on (0,2δ), whereχ̂ is provided by
Lemma 2.3. Letσ ∈ (0, δ) be arbitrary. WithV2 given by Lemma 2.2, we define

u±
σ (x) := V2

(
m(β∓)−1χ̂

(
d(x) ∓ σ

))
> 0, ∀x ∈ Ω with σ/2 < d(x) ∓ σ/2 < 2δ − σ/2, (8)

wherem := (C�1/2)−1 (C > 0 from Lemma 2.2). For simplicity, we putJ±(x) := m(β∓)−1χ̂(d(x) ∓ σ).
We prove that, by diminishingδ > 0, u+

σ andu−
σ become upper and lower solutions near the boundary:

±[−�u±
σ − au±

σ + b(x)f (u±
σ )

]
� 0, ∀x ∈ Ω with σ/2 < d(x) ∓ σ/2 < 2δ − σ/2. (9)
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One can see that

�u±
σ = m(β∓)−1χ̂ ′′(d(x) ∓ σ

)
V ′

2(J
±)

[
1+ J±V ′′

2 (J±)

V ′
2(J

±)

[χ̂ ′]2
χ̂ χ̂ ′′

(
d(x) ∓ σ

) + �d(x)
χ̂ ′

χ̂ ′′
(
d(x) ∓ σ

)]
. (10)

We denote byS±(d ∓ σ) the last factor in the right-hand side of (10). It follows that±[−�u±
σ − au±

σ +
b(x)f (u±

σ )] � ±m(β∓)−1χ̂ ′′(d ∓ σ)V ′
2(J

±)K±(d ∓ σ), where

K±(d ∓ σ) = γ∓β∓
m

k2(d ∓ σ)

χ̂ ′′(d ∓ σ)

f (u±
σ )

V ′
2(J

±(x))
− a

m

β∓
χ̂ ′′(d ∓ σ)

V2(J
±(x))

V ′
2(J

±(x))
− S±(d ∓ σ)

=: T1(d ∓ σ) + T2(d ∓ σ) − S±(d ∓ σ).

By Lemmas 2.2 and 2.3, limd∓σ→0 T1(d ∓ σ) = (γ∓/β∓)�1/(2 + �1), limd∓σ→0 S±(d ∓ σ) = �1/(2 + �1) and
limd∓σ→0 T2(d ∓ σ) = 0. Hence limd∓σ→0 K±(d ∓ σ) = (γ∓/β∓ − 1)�1/(2+ �1). This proves (9).

Proof of (4). Let ζ > 0 be small such thata is less than the first Dirichlet eigenvalue of(−�) in the domain
Eζ := {x ∈ R

N \ Ω: d(x) < ζ }. SetIδ = {x ∈ Ω : d(x) < δ} andΩ1 := E2ζ ∪ {x ∈ Ω: d(x) < δ}, (whereδ > 0
is as in (9)). Letp ∈ C0,µ(Ω1) be such that 0< p(x) � b(x) for x ∈ Ω with d(x) � δ, p = 0 in Eζ andp > 0 in
E2ζ \ Eζ . Denote byw a blow-up solution of−�u = au− p(x)f (u) in Ω1. Note thatw is uniformly bounded on
Γ c∞ andw = ∞ on∂Iδ ∩ Ω .

Let ua be an arbitrary blow-up solution of(Ma). By (9) and(A), we find:
−�(ua + w) − a(ua + w) + b(x)f (ua + w) � 0 � −�u−

σ − au−
σ + b(x)f (u−

σ ) in Iδ,

−�(u+
σ + w) − a(u+

σ + w) + b(x)f (u+
σ + w) � 0 � −�ua − aua + b(x)f (ua) in Iδ \ Iσ ,

(ua + w)|∂Iδ = ∞ > u−
σ |∂Iδ and (u+

σ + w)|∂(Iδ\Iσ ) = ∞ > ua |∂(Iδ\Iσ ).

By Lemma 2.1 in [6], we getua + w � u−
σ in Iδ andu+

σ + w � ua in Iδ \ Īσ . Letting σ → 0, we arrive at
V2(m(β+)−1χ̂(d(x))) − w(x) � ua � V2(m(β−)−1χ̂(d(x))) + w(x), for eachx ∈ Ω with 0 < d(x) < δ. Since
V2 ∈ RV0, by the Uniform Convergence Theorem and Remark 3, we conclude (4). The uniqueness of the b
solution follows in a standard way (see e.g., [4] or [6]).�
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