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Abstract

Let M be a connected, closed, oriented and smooth manifold of dimedsicet L M be the space of loops i¥. Chas and
Sullivan introduced the loop product, an associative product of degieen the homology of. M. In this Note we aim at
identifying 3-manifolds with “non-trivial” loop productdo cite thisarticle: H. Abbaspour, C. R. Acad. Sci. Paris, Ser. | 338
(2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Le produit de Chas—Sullivan pour les variétés de dimension ourM, une variété connexe, orientée et lisse de dimension
d, soit LM I'espace des lacets libres dé. Chas et Sullivan ont défini un produit associatif de deg#ésur 'hnomologie de
LM. Dans cette Note on vise a identifier les variétés de dimension 3 qui ont des produits de Chas—Sullivan «non-triviaux ».
Pour citer cet article: H. Abbaspour, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

Soit M une variété connexe, orientée et lisse de dimengioBoit S* le cercle unité avec un point marqué,
disons 1. Unlacet est une application continug:S' — M. L'espaceLM de tous les lacets darig s’appelle
I'espace des lacets librede M. Cet espace n’est pas connexe. En fait, il y a une bijection entre les composantes
connexes dd. M et les classes de conjugaisonsti€M) ; Ho(LM) est donc le groupe abélien libre engendré par
les classes de conjugaison@g M). Dans [2], Chas et Sullivan ont défini un produit de degeésur H,(LM),
notée: H;(LM) ® Hj(LM) — Hi_:,_j_d(LM).

Théoreme 0.1(Chas—Sullivan)Le groupe abélien graduB,._,(L M), muni du produit de @as—Sullivan est une
algébre graduée commutative.
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Considérons l'applicatiop : H,(LM) — H,(M) induite parf — f (1) et I'applicationi : H,(M) — H,(LM)
induite par l'inclusion des lacets constants. Op ai = idg, ). |l existe donc une écomposition canonique
Ho(LM) = H.(M)® Ay, 00 Ay = Kerp.

Définition 0.2. On dit queM a des produits de Chas—Sullivan non-triviaux si la restrictionedie A, est non-
triviale.

Nous allons caractériser les variétés de dimension 3 ayant des produits de Chas—Sullivan non-triviaux. Pour cel:
on introduit la définition suivante :

Définition 0.3. Soit M une variété fermée de dimensi8n Alors M est algébriquement hyperbolique si le
revétement universel de est contractible efr1(M) n’a aucun sous-groupe abélien de rakg

Selon la conjecture de géométrisation de Thurstayliétés algébriguement hyperboliques sont hyperbo-
liques. Le résultat principal de cette note est le théoréme suivant ;

Théoreme 0.4 Soit M une variété fermée et orientée de dimenslon

(i) SiM estalgébriquement hyperbolique aldiset tous ses revétements finis ont des produits de Chas—Sullivan
triviaux.

(ii) SiM n’est pas algébriguement hyperboliqgue aldfsou un revétement double d¢ a des produits de Chas—
Sullivan non-triviaux.

La preuve utilise la décomposition d’'une variété de dimension trois en variétés premieres [5], ainsi que la
décomposition JSJ le long de tores [3,4]. Les détails se trouvent dans [1].

1. Introduction

Throughout this articleM is a connected oriented smooth manifold &fdis the unit circle with a marked
point 1. Aloopin M is a continuous mag :S' — M and LM, thefree loop spacef M, is the space of all
loops inM. Note thatZL M is not connected and there is a bijection between the connected componkmsawid
the conjugacy classes afi (M); henceHy(L M) is the free Abelian group generated by the conjugacy classes of
m1(M). The standard action of the unit circle &i/ induces an operator of degreeA.; H,(LM) — Hy+1(LM).

In [2] Chas and Sullivan introduced a product of degret on H,(LM) calledthe loop productand denoted
o Hi{(LM)® H;(LM) — H;y;j_q(LM), whered is the dimension oM. They proved the following:

Theorem 1.1.The graded Abelian groupl,_,(L M) equipped with the loop product is a graded commutative
algebra.

Letp: H(LM) — H,(M) be the map induced b+ f(1) andi: H,(M) — H,(LM) be the map induced by
the inclusion of constant loops. We hawei =id g, (y), and hencéd.(LM) = H.(M) @ Ay, whereA y; = Ker p.

Definition 1.2. The manifoldM has non-trivial loop products if the restriction ©fo A, is non-trivial.

The aim of this Note is to characterize the closed 3-manifolds with non-trivial loop products. For stating our
result we need the following definition.
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Definition 1.3. A closed 3-manifoldV is said to bealgebraically hyperbolidgf its universal cover is contractible
andswr1(M) has no rank 2 Abelian subgroup.

According to Thurston’s geometrization conjecture, algebraically hyperbolic 3-manifolds are actually hyper-
bolic.
The following is the main result of this Note.

Theorem 1.4.Let M be a close@B-manifold.

(i) If M is algebraically hyperbolic thet and all its finite covers have trivial loop products.
(i) If M is not algebraically hyperbolic them or some double cover @ff has non-trivial loop products.

The detailed proof can be found in [1]. In this note we try to give a sketch of the proof and some examples of
three manifolds with non-trivial loop products.

Notation. The based loop space #f is denoted? M. Fora € n1(M), Cy, is its centralizer int1(M) and[«] is its
conjugacy class. For a conjugacy clés (L M), denotes the corresponding connected componehibf The
projection onA y; is denotedp,,, . For the spaceX andY whereY C X, Y is the closure ot in X.

2. Proof of part (i): algebraically hyperbolic 3-manifolds

Let M be an algebraically hyperbolic 3-manifold. Sinke has contractible universal cover, it follows from

the long exact sequence associated with the fibraddf — LM £ M that each connected componentZo¥f
has also a contractible universal cover. Moreover, one can prove that each connected coipdngntis an
Eilenberg—Maclane spadé(C,, 1). In [1] we showed thaf,, for « £ 1, has homological dimension 1 by proving
that C,, is a subgroup of). This proves thatd ;; = @[a#m H,(K(Cgq, 1)) is concentrated in degree at most 1,
and therefore vanishes o .

3. Proof of part (ii): non-algebraically hyperbolic 3-manifolds

The first step is to construct examples of non-trivial loop products for 3-manifolds with finite fundamental
group,St x §2 and Seifert manifolds. Then we use the prime decomposition [5] or the torus decomposition [3,4] to
construct homology classesinV with non-trivial loop products whem has a suitable non-trivial decomposition.
Here we give some examples of such constructions. We refer the reader to [1] for more details.

3.1. 83

Sinces? is a Lie group, there exits a homeomorphigms® x 253 — LS3. This gives rise to an isomorphism
of algebras:

ot (5. 0) @ (FL(25). ) — (. (LS. ), ()

wheren denotes the usual intersection product and the Pontrjagin product.

It is known that(H,(£253), x) = Z[x] wherex has degree 2. Let € H3(S%) be the fundamental class of
$3. We sety; = j.(n ® x) and y» = j.(u ® x2). Notice thatp(y;) =0, fori € {1, 2}, because the homology
of $2 vanishes in dimension 5 and 7 respectively, thus Ags. Under isomorphism (1)y; e y2 corresponds to
(u® x)(u ®x?) = n ®x3 0 henceyy o y2 # 0. Therefores® has non-trivial loop products.
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7 (1,p)
Fig. 1.5 x $2. Fig. 2. M = M1#M>.

3.2. 51 x 82

Let » and p be two distinct points ir52. We choosé1, p) as the base point &' x $2. The mapx — (x, p),
x € S, gives rise to an elementof 71(St x $2).

Consider the mapy : St — $1 x $2 defined byy (x) = (x, b). Note thaty as a loop with the marked point
(1, b), represents a homology clagse Ho((L (St x SZ))[n]).

Let ¢: 52 — St x S2 be the map defined by(y) = (1, y). The images ofy and¢ intersect exactly atl, b).
We write ¢ (§2) as a union of circles, any two of them having only the paihtp) in common. This gives rise to
a one-dimensional family of loops ifi x $? (see Fig. 1). Note that the free homotopy type of the loops of this
1-dimensional family is the one of the trivial loop. One can compose the loops of this family with a fixed loop
whose marked point i€l, p) and modify their free homotopy type. Suppose that we have done this modification
with a fixed loop which does not megtand represents a non-trivial element 71 (S x $2) whereu # 5. This
new 1-dimensional family of loops represents a homology efagsH1 ((L(S* x 52))(,).

We prove thapASlxsz(AlIJ) * Py, o(AP) # 0 which implies thas! x $2 has non-trivial loop products. Since

PAslxsz(A‘I’) ° PAslxsz(qu) belongs toHo(L (S x §2)), and hence it can be expressed as a sum of conjugacy
classes witht-1 or —1 as the coefficients. Indeed it equadfyu] + [1] &[] £ [1]. Since 1 n andu are distinct
therefore three terms out of four are distinct and hence there cannot be a complete cancellation.

3.3. Connected sums
Proposition 3.1.Suppose tha¥l = M1#M> andwr1(M;) # 1,i = 1, 2. ThenM has non-trivial loop products.

Let X c M be the 2-sphere separating the two componMﬁsandMO, whereM,?, for k € {1, 2}, is M}, with
a ball removed. Just like Section 3.2, the 2-sphErgives rise to a 1-dimensional family of loops which have the
same marked point € M. We setp to be the base point a¥/ (Fig. 2). The loops in this 1-dimensional family
have the free homotopy type of the one of the trivial loop. In order to modify their free homotopy type, one can
compose the loops of this 1-dimensional family with a fixed loop whose marked pginSappose that we have
done this modification using a fixed logp(Fig. 2) which represents a non-trivial elemént 71(M). The new
1-dimensional family of loops represents a homology class Hi((LM)n).-

Now consider a simple smooth curye: S — M which intersectsY exactly at 2 points and has the free
homotopy typdxixz] wherex; £ 1 € m1(M;), i = 1,2 (Fig. 2). Note thatry (M) = w1(M1) * m1(M>2) andxixo
is regarded as an element of this free product. We choose this curve so that it does not intedseatioop,yr
represents a homology clagse Ho((LM)[x,x,]). We claim that there exist some choicesc@fx, andh such that
pay(A¥) e pay, (AP) #0€ Ho(LM).

In expandingpASM2 (A¥) @ pay ,(AP) we get eight terms. By passing to mod 2 only two terms remain,
namely[x1x2h] and[x2x1k]. Now we must show that there exist choicegaluch that these two conjugacy classes
are different. Indeedl = x1x» is a convenient choice since

[x1x2h] = [x1xox1x2]  and  [xpx1h] = [x2x1x1x2] = [x2x3]

and the reduced words x2x1x, andx2x3 are cyclically different.
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3.4. Manifolds containing non-separating tori

Proposition 3.2. Suppose that/ is a closed oriente@-manifold which contains a non-separating two sided
m1-injective2-torusT. ThenM has non-trivial loop products.

Let ¢: St x ST — T c M be a homeomorphism. We s¢t1, 1) as the base point aff. Consider the one-
dimensional family of loopsp, defined by, (s) = ¢ (¢, s) (longitudes ofT in Fig. 3). This 1-family of loops
represents a homology clagsin H1((LM)(n), whereh is the element ofr1 (M) represented by;.

Now consider a closed simple curye St — M which meets” transversally at exactly one poitd, 1). Note
thaty represents an elemegie 71(M) and also gives rise to a homology clagss Ho((LM)(g)).

We show thatpa,, (A¥) e pa, (A®) #0e Ho(LM). Similar to S* x §2 we havepa,, (A¥) e pa,, (A®) =
+[gh] £ [h] £ [g] £[1].

To prove the claim, it is sufficient to show thaf, [#] and[g] are distinct. Sinc& is 1-injective thenh] # 1.

Note that the loop) intersectsI’” exactly at one point hence the intersection product of the two homology classes
(in M) thaty and T represent are non-trivial and in particular the homology classes are non-trivial, therefore
[g] # [1]. A similar argument shows th§g] # [4].

3.5. Manifolds with a hyperbolic factor

Proposition 3.3.Let M be a3-manifold which contains a separating two sidegdinjective torus T. Suppose that
M \ T has two connected componeMs and M> such that

(i) M has a hyperbolic interior with finite volume. _
(i) Either M2 has a complete hyperbolic structure of finite volume, or elggis a Seifert manifold and
My + St x ST x [0, 1].

ThenM has non-trivial loop products.

Let¢: ST x ST — T c M be a homeomorphism. We choogél, 1) as the base point. Just like the previous
casey gives rise to a one-dimensional family of loaps ¢ € S* (longitudes off in Fig. 4). This 1-family of loops
represents a homology clagse Hi((LM)[x1), whereh € w1 (M) is the element represented dy.

Now consider a simple smooth curve: S — M which intersects’ exactly at 2 points and it has the free
homotopy typdxix2] wherex; € 71(M;), i = 1, 2. Note thatr1(M) = w1(M1) *x,(r) 71(M2) andx1xz is regarded
as an element of this amalgamated free product.

As a loopy represents a homology clagse Ho((LM)[x,x,1). We claim that there exist choices of, x» and
h such thatpa,, (A¥) e pa,, (A®) # 0 Ho(LM).

In computingpASM2 (A¥) e pay o (AP) we get eight terms. By passing to mod 2 only two terms survive,
namely[x1x2h] and[x2x14]. Now we must show that there are some choices 0f> andi such that these two

v ¥

Fig. 3. Non-separating torus. Fig. 4. Separating torus.
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conjugacy classes are different. The following lemma gives some sufficient conditions po thal and[x2x14]
are distinct. We refer the reader to [1] for the proof of this lemma.

Lemma 3.4.Suppose that'1, G2 and H are three groups andl = G1 N Go. Letx1 € G1\ H andx2 € G2\ H
andh € H such that

@) x;*HxiNH =1,
(b) x2h # hxy.

Thenx1xph andxzx1h are not conjugate irG1 g Go.

In our caseG; = m1(M;), i =1, 2, andH = m1(T). SinceM; has a hyperbolic interior of finite volumey (T)
consists of parabolic elements B8fSL (2, C) with a common fixed point. Theml‘l(nl(T))xl N1 (T) =1 for
x1 € m1(M1) \ m1(T) since conjugation with an element outside Bfchanges the fixed point. Therefore there
exists a choice of;.

If M, has a hyperbolic interior with finite volume then it follows from the same reasoning as before that there
is a choice ofr, so that (a) is satisfied. 1, is a Seifert manifold, all we have to do it to modify the embedding
¢ so thath is not in the center ofr1(M>) which is generated by a power of the normal fiber. Therefore under the
hypothesis above there are choicesnfx, andy such that the conditions of Lemma 3.4 are satisfied.
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