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Abstract

The two-dimensional standing wave problem, for an infinitely deep layer, is considered, based on the formulatio
problem as a second order non local PDE. Despite the presence of infinitely many resonances in the linearized proble
the Nash–Moser implicit function theorem to prove the existence of standing waves corresponding to values of the amε
having 0 as a Lebesgue point.To cite this article: G. Iooss et al., C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Ondes de gravité stationnaires en profondeur infinie.On considère le problème des ondes de gravité stationnaire
clapotis) en profondeur infinie, mis sous la forme d’une EDP du second ordre non locale. Malgré la dégénérescen
du problème linéarisé, nous adaptons le théorème des fonctions implicites de Nash–Moser pour montrer l’existence
stationnaires pour un ensemble de valeurs de l’amplitudeε ayant 0 comme point de Lebesgue.Pour citer cet article : G. Iooss
et al., C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

On s’intéresse à l’écoulement potentiel bidimensionnel des ondes de gravité stationnaires (le clapotis
de la formulation (4) qui fait intervenir une EDP du second ordreF(w,µ) = 0 non locale vérifiée par la fonctio
w(x, t), périodique et paire enx et t . Il y a un unique paramètreµ. Ce paramètre fait intervenir la gravité, la pério
temporelle et la longueur d’onde dans la direction horizontale. Dans l’Éq. (4)H désigne la transformée de Hilbe
périodique (en variable d’espace), un point ou un accent désigne respectivement une dérivée partielle par
t ou àx.

La linéarisation enw = 0 permet de définir un opérateur linéaireLµ dont le noyau est de dimension infinie po
toute valeur rationnelle deµ (voir le Lemme 1.1). Choisissant la valeur critique 1 pourµ, on sait grâce à [2] e
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1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.01.002
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[5] qu’il y a une infinité de solutions approchées sous la forme de développements en sériesw
(N)
ε de puissances d

l’amplitudeε des vagues, avecµ = 1 + ε2/4, dont la forme est donnée au Lemme 1.2. Le pseudo-inverse dL1
est borné, non régularisant dans toutH

m,ee
�� (défini en (5)), alors que les termes non linéaires deF contiennent des

dérivées du second ordre enx et t . Il est alors nécessaire d’adapter le théorème des fonctions implicites de
Moser pour obtenir un résultat d’existence pour les solutions correspondant auxw

(N)
ε précédents. Le principa

résultat de cette Note est le théorème suivant

Théorème 0.1.Pour m assez grand,p � 4,N � p + 1, et ε0 > 0 assez petit, il existe un ensemble mesura
E ⊂ (0, ε0), avec0 comme point de Lebesgue(voir (17)), tel que pour toutε ∈ E et µ = 1 + ε2/4, il existe une
solutionw deF(w,µ) = 0 dans l’espaceHm,ee

�� dont le développement asymptotique à l’ordrep−1 enε est donné

parw(p−1)
ε , avecw(1) = cosx cost .

Remarque.On conjecture que ce théorème est encore vrai pour toute autre solution correspondant à l’un dw
(N)
ε

donnés au Lemme 1.2, mais la démonstration nécessite encore du travail.
La principale difficulté pour appliquer la méthode de Newton utilisée dans le théorème de Nash–Mose

savoir inverser l’opérateur linéarisé en tout pointw �= 0. L’opérateur linéaire obtenu donne une EDP du sec
ordre non locale, à coefficients périodiques, voisine de celle, hyperbolique, correspondant àL1, mais contenant e
plus des dérivées du second ordre enxx et enxt. Le pas fondamental permettant d’utiliser la méthode dévelop
par Plotnikov et Toland dans [7], est fourni par le Théorème 2.1, qui montre qu’après un changement de v
adéquat, l’équation linéarisée pour la nouvelle variableϕ s’écrit sous la forme (10) où n’interviennent que le s
terme∂ttϕ avec une dérivée partielle du second ordre, un terme non local∂y{qHϕ} avec une dérivée du premi
ordre eny (nouvelle coordonnée d’espace), un termeG(ϕ) quasi uni-dimensionnel (Q1D) comme défini dans
(régularisant eny), et un termec(F , ϕ) s’annulant lorsqu’on linéarise en un pointw solution deF(w,µ) = 0.

Ensuite, la méthode de moyennisation de [7] (voir le Théorème 3.1) fait apparaître deux coefficients c
δ et κ dépendant du point de linéarisationw, l’opérateur linéaire à inverser étant la somme d’un opéra
A, diagonal en composantes de Fourier, et d’un opérateur−B régularisant dans un sens approprié, spécifié
Théorème 2.2 (voir 13). Considérant maintenant le cas où le développement dew commence parε cosx cost
avecµ = 1 + ε2/4 on montre que l’inversibilité deA−B repose d’une part sur l’inversibilité de la restricti
Mε de A−B au noyau deL1, d’autre part sur l’étude de l’inverse de la restrictionΛ(0)

ε de A−B au
supplémentaire du noyau, opérateur qui fait intervenirun problème de petits diviseurs. On impose alors un
condition diophantienne (16) sur(δ, κ) que l’on contrôle au long de l’itération de la méthode de Newton. C
aboutit à ne montrer l’existence des ondes stationnaires que pourε ∈ E où 0 est point de Lebesgue (17).

1. Formulation of the problem and the existence result

We consider an infinitely deep layer of perfect incompressible fluid in two-dimensional potential motion
gravity with a free surface without surface tension. We are interested in solutions which are periodic in time
the horizontal direction, and invariant under reflection in the vertical axis. The existence of solutions in th
depth case was proved recently by Plotnikov and Toland in [7]. The problem we consider below has the ad
difficulty of being infinitely degenerate at the linearized level, as was noticed a long time ago (see, for in
Poisson [8], Cauchy [3], Airy [1], Stokes [9]).

The formulation we take for the standing wave problem was introduced by Dyachenko et al. [4], where(w,φ)

is a pair of unknown functions of(x, t), both even and 2π -periodic inx, andw and∂φ/∂t being even and 2π -
periodic int . In the following we denote byH the spatial periodic Hilbert transform, such that

Hcosnx = −sin|n|x, Hsinnx = sgn(n)cosnx (n �= 0). (1)

The system satisfied by(w,φ) can be written as follows (see [4] and [6])
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(1+Hw′)ẇ −w′Hẇ −Hφ′ = 0, (2)

(1+Hw′)(φ̇ −µw)− φ′Hẇ +H
(
w′(φ̇ −µw)− ẇφ′)= 0, (3)

where a dot means a partial time(t) derivative, and a prime means a partial space (x) derivative. With these
equations, the free surface is given parametrically in physical coordinates(ξ, η) by

(ξ, η)= (
x +Hw(x, t),−w(x, t)

)
, (x, t) ∈ R2.

The functionφ(x, t) is the value of the velocity potential on the free surface, whileµ is the bifurcation paramete
µ = gT 2/(2πλ) whereT is the time period,λ is the spatial period, andg is the gravitational acceleration. It
shown in [6] that the formulation (2), (3) is equivalent to the classical formulation for sufficiently smooth solu

Let us define the basic (Sobolev) spacesHm
�� =Hm{(R/2πZ)2}, then Eqs. (2), (3) are equivalent to thesecond

order nonlocal PDE:

F(w,µ)=: ∂t (Lw′ẇ)−µHw′ +H∂x

{
1

D
H(Lw′ ẇHLw′ẇ)+ (HLw′ẇ)H

(
1

D
Lw′ẇ

)}
= 0, (4)

where

Lw′f = (1+Hw′)f −w′Hf, D = (1+Hw′)2 +w′2.
Notice that a constant may be added to a solution to yield another solution. Therefore there is no

generality in seeking solutions of (4) with zero mean with respect to space and time together.
Let us define form� 0 suitable spaces for the study of this nonlinear system:

H
m,ee
�� = {

w ∈ Hm
�� ; w is even inx and int, w has zero average

}
, (5)

H
m,eo
�� = {

φ ∈Hm
�� ; φ is even inx and odd int

}
,

and so on, depending on evenness or oddness with respect tox and tot . Then, form � 3, F is an analytic map
fromH

m,ee
�� × R to H

m−2,ee
�� .

The linearization of (4) at the origin is

Lµu =:DwF(0,µ)u= ü−µH∂xu.

We claim the following

Lemma 1.1. If µ /∈ Q the kernel ofLµ in H
m,ee
�� is {0}. For µ = 1 the kernel ofL1 in H

m,ee
�� is the subspace

E0 ∩H
m,ee
�� , with

E0 = span
{
Aq cosq2x cosqt; Aq ∈ R, q ∈ N

}
.

For other rational values ofµ, the kernel ofLµ is infinite dimensional, and is easily deduced fromE0. For f ∈
H

m,ee
�� which is orthogonal toE0 in L2

��, there is a uniqueu ∈ H
m,ee
�� , orthogonal toE0 in L2

��, which is solution of
L1u = f.

Since the pseudo-inverse ofL1 is not regularizing and since the nonlinear terms in (4) lose two degre
regularity, we need to adapt the Nash–Moser implicit function theorem for the bifurcation problem.

Now, it is known that approximate solutions of the standing wave problem exist up to an arbitrary poweε,

whereµ= 1+ ε2/4. We have the following [5]

Lemma 1.2.There are infinitely many approximate solutionsw of (4) under the form of asymptotic expansions
powers of the amplitudeε of the wave

w(N)
ε =

∑
1�n�N

εnw(n), µ = 1+ ε2

4
, w(1) =

∑
q∈I

εq

q2 cosq2x cosqt, εq = ±1, I ⊂ N,
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ε is such that

F
(
w(N)
ε ,1+ ε2

4

)
= εN+1Qε,

whereQε is bounded in anyHm,ee
�� whenε → 0 (see[2] for I = {1}, [5] for the general result).

The main result of this Note is the following

Theorem 1.3.For m large enough,p � 4,N � p + 1 and ε0 > 0 small enough, there is a measurable setE ⊂
(0, ε0), with 0 as a Lebesgue point(see(17)), such that for anyε ∈ E andµ= 1+ ε2/4, there exists a solutionw
of F(w,µ) = 0 in H

m,ee
�� , whose asymptotic expansion isw(N)

ε , with w(1) = cosx cost, ‖w −w
(N)
ε ‖Hm = O(εp).

Remark 1. Same theorem holds when we take any rational value ofµ, instead of 1.

Remark 2. We conjecture that the above theorem also holds for any other type of asymptotic formw
(N)
ε of the

solutionw, indicated at Lemma 1.2. Notice that in this case the setE of “good values” ofε may depend on th
form ofw(1).

We give below a sketch of the quite technical proof of this theorem. The basic point, which is the key
using the Nash–Moser implicit function theorem, is that we can control the inverses of linearized operators
from (4) whenw is small andε lies in a carefully-chosen parameter setE .

2. Linearized operator at a nonzero point

Since there are infinitely many formal solutions, we specialize by looking forw in the form

w = w(N)
ε + εpw, p � 4, N � p + 1, µ= 1+ ε2/4, (6)

wherew is of order 1. The equation to solve is then

F (w, ε)=: ε−pF
(
w(N)
ε + εpw,1+ ε2/4

)= 0, (7)

whereF(0, ε) = εN+1−pQε. For w ∈ H
m,ee
�� �= 0, m � 4 and 0� ε � ε0 small enough, let consider the line

equation

∂wF(w, ε)u= f, (8)

and make the change of variablev = Lw′u for the perturbationu of w. It is then possible to write (8) as

∂t
(
v̇ − ∂x(av)

)+H∂x
{
aH

(
v̇ − ∂x(av)

)}−H∂x
{
(µ− b)v

}+ Γ (F , v) = f (9)

with

a =H
(

1

D
Lw′ẇ

)
+ 1

D
H(Lw′ ẇ),

b =D−1{a2Lw′w′′ − 2aLw′ẇ′ +Lw′ẅ +µ(D − 1−Hw′)+Lw′w′′(D−2)(π0Lw′ ẇ)2
}
,

Γ (F , v) = −H∂x

{
H(F)H

(
v

D

)}
+H∂x

{
1

D
π0v̇ − 1

D
H∂x

(
v

D

)
(π0Lw′ẇ)

} t∫
π0(F)ds,
0
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where we denote byπ0 the average with respect tox, andΓ (F , v) vanishes whenw is a solution ofF(w,µ) = 0.
The form of (9) suggests a change of coordinates to remove terms which contain second order derivativxx

and inxt , except for those which involveF(w,µ). Such a change of coordinates is defined by

y = x + d(x, t)=: Ut (x), ∂td = a(1+ ∂xd), d|t=0 = 0.

From now on a tilde (~) means that a function of(x, t) is expressed in coordinates(y, t), and a hat (^) will
indicate a function of(y, t) expressed as a function of(x, t), via the formulae

ũ(y, t)= u
(
U−1
t (y), t

)
, v̂(x, t)= v

(
Ut (x), t

)
.

Then we have the identity{
v̇ − ∂x(av)

}̃ = p−1∂t {pṽ},
where we define the new coefficientp by

p(y, t) = e− ∫ t0 ã′(y,τ )dτ = 1− ∂y d̃(y, t).

Now we introduce the linear operatorsSω andS, defined forω ∈ Hm
�� , m� 3, andw ∈ Hm

�� , by the formulae

Sωu=H(ωu)−ωHu, Su= (̃
H(û)

)−Hu.

Both operators havesmoothing properties. More precisely they are quasi one dimensional (Q1D) operato
order(0, β) onHs if β + s � m− 3 for Sω, and ifβ + s � m− 5 for S. The definition of Q1D operators follow
[7] (see Definition 7.6).

The change of coordinates defined above kills the second order derivatives inxx andxt . More precisely, we
show the following

Theorem 2.1. Assumew ∈ H
m,ee
�� �= 0, m � 7, and 0 � ε � ε0. Then consider the linearized equatio

∂wF(w, ε)u = f, and make the change of variableϕ = pL̃w′u. Thenϕ(y, t) ∈H
k,ee
�� , k �m− 3, satisfies

∂ttϕ − ∂y{qHϕ} + G(ϕ)+ c(F , ϕ)= pf̃ , (10)

whereF = 0 whenw is solution of(4), and where

q = (µ− b̃)/p ∈ C
m−4,ee
�� , c(F , ϕ)= {

pΓ
(
F , p̂−1ϕ

)}̃
,

andG is a Q1D operator of order(1, β) onHs for 0 � β + s �m− 6 defined by

G(ϕ)= −∂y
{
S(qϕ)+ Sqϕ+{HSa

(
p̂−1∂tϕ

)}̃ }
.

Moreover operatorsG andc(F , ·) satisfy the following estimates fors � 1∥∥G1,l−sG(ϕ)
∥∥
Hs � cl(M6)‖w‖Hl+6‖ϕ‖Hs , l � s,∥∥c(F , ϕ)

∥∥
Hs � cs(M7)

{‖F‖Hs+1‖ϕ‖H3 + ‖F‖H2

(‖w‖Hs+6‖ϕ‖L2 + ‖ϕ‖Hs+2

)}
,

whereMj is defined by‖w‖Hj �Mj , and for any realα,β we denote byGα,β the operator onHs
�� defined by

F(Gα,βu)(ζ )= F(u)
(
1+ |ζt |

)−α(1+ |ζx|
)β
, ζ ∈ Z2,

whereF denotes the Fourier expansion.

We are now in a position to use the method developed by Plotnikov and Toland in [7], which consists in
a suitable change of variables which transforms the linear equation (10) into a simpler one, where the main
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constant coefficients, these coefficients depending on the pointw where we linearize. The remaining part is a Q
operator which means that we can invert the full linear operator, provided Diophantine conditions, which
on two coefficients in the equation, are fullfilled. More precisely, we can show the following

Theorem 2.2.Consider the linearization∂wF(w, ε)u= f of (7)atw ∈ H
m,ee
�� ,m� 12. Then for‖w‖Hm bounded

and0� ε � ε0 small enough, there is a change of variable of the form

ϑ =P−1{pL̃w′u ◦Q−1}=P−1θ = [
1+ α0 + β0H+ (α1 + β1H)∂−1

τ + (α2 + β2H)∂−2
τ

]
θ,

(ξ, τ )=Q(y, t) = (
y + d0(y), t + e0(y, t)

)
,

αj , βj ∈C
m−5−j
�� , d0 ∈ C

m−3,o
� , e0 ∈ C

m−4,eo
�� ,

such thatϑ satisfies

∂ττϑ − (1+ δ)H∂ξϑ − κϑ − (λ0 + λ1H)∂−2
τ ϑ − V(ϑ)− σ(F , ϑ) = h, (11)

whereh =P−1{[pf̃ (1+ ė0)
−2] ◦Q−1} and whereδ andκ are constant coefficients(depending smoothly onw ),

defined by

1

1+ δ
= 2π

π∫
−π

( π∫
−π

q(y, t)1/2 dt

)−2

dy, κ = (1+ δ)2

16π2

π∫
−π

π∫
−π

1+ ė0

1+ d ′
0

{
ë2

0q
−2 − e′2

0

}
dy dt,

λ0 andλ1 ∈ Cm−9
�� , andV = V1 + V2 + V3 whereV1 andV2 are Q1D operators inHs of order (β + 2, β) and

(0, β − 1) respectively when0 � β + s � m − 11, andV3 is such that∂3
τV3 is bounded inHs, 0 � s � m − 11.

The operatorsVj andσ satisfy the same type of technical estimates asG andc in Theorem2.1. Moreover, using

the decomposition(6) of w, wherew(N)
ε is given by Lemma1.2, there are smooth scalar functionsδ1 andκ1 of ε

such that∣∣∣∣δ − ε2

4
− ε3δ1(ε)

∣∣∣∣� εpc(M4)‖w‖H4,∣∣∣∣κ − ε4

4

(
card(I)− 1

2

)∑
l∈I

l2 − ε5κ1(ε)

∣∣∣∣� εp+2c(M4 )‖w‖H5,

(12)

holds, and the coefficientsλ0, λ1 are O(ε2) while the Q1D operatorV is O(ε).

3. Inversion of the approximate linearized operator

In this section we invert the linear operatorA−B where

Aϑ = ∂ττϑ − (1+ δ)H∂ξϑ − κϑ, Bϑ = (λ0 + λ1H)∂−2
τ ϑ + V(ϑ), (13)

which is not exactly the linear operator occuring in (11), because we have omittedσ(F , ϑ). This term, which
vanishes whenw is solution of the problem, allows us to use the version of the Nash–Moser implicit fun
theorem in [7], to find an inverse of the approximate linear operatorA−B, with suitable estimates (not give
here).

Let us decomposeϑ and define a projectionP0 as follows

ϑ =Θ + εΥ, Θ = P0ϑ =
∑
q�1

u
(q)

q2 cosq2ξ cosqτ, Υ =
∑

n�=q2, n+q>0

y
(q)
n cosnξ cosqτ. (14)

Then define new operators
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Mε = ε−2P0(A−B)P0, Eε = ε−1P0B(I − P0), Kε = ε−2(I − P0)BP0,

Λ(0)
ε = (I − P0)A(I − P0), Λ(1)

ε = ε−1(I − P0)B(I − P0),

and the system to be inverted reads

MεΘ − EεΥ = ε−2P0h,
(
Λ(0)

ε − εΛ(1)
ε

)
Υ − εKεΘ = ε−1(I − P0)h. (15)

In the casewhen the basic formal expansion is built in Lemma1.2 with I = {1}, we can show that the operat
M−1

ε Eε is bounded by a constant independent ofε, in any spaceL((I − P0)H
k,ee
�� ,P0H

k,ee
�� ), and the operator

KεM−1
ε Eε andΛ(1)

ε have the same Q1D properties asB, uniformly in ε. Then the inversion reduces to the invers

of Λ(0)
ε wherea small divisor problem, depending on the coefficientsδ andκ , appears.

Remark 3. We know a priori from the above theorem thatB = O(ε) holds for any choice of subsetI ⊂ N. The
above property forM−1

ε Eε andKεM−1
ε Eε would be also true for other finite subsetsI , if one can prove (heav

calculations would be required) that

BP0 = O
(
ε2), and M−1

0 is regularizing of order 1 inξ, or 2 in τ

holds for suchI (this is true forI = {1}).
Now fix c > 0 and look for solutions for which(δ, κ) satisfies the Diophantine condition∣∣q2 − (1+ δ)p + κ

∣∣� c/q2, (p, q) ∈ N2, p �= q2. (16)

It can be shown that the linear operatorA−B is then invertible with a loss of two derivatives inτ , or one derivative
in ξ for ϑ with respect toh in (15), the norm of its inverse being of order O(ε−2). Returning to the approximat
linear equation

∂wF(w, ε)u−Γ (F ,Lw′u)= f

we find that the operator on the left has an inverse inL(H s,ee
�� ,H

s−2,ee
�� ) the norm of which we can estimate

terms ofw and is O(ε−2) asε → 0. This factorε−2 is then controlled along the iteration process by choosinN

large enough in (6). Control of the Diophantine condition (16) can be achieved along the Newton iteration
of the Nash–Moser theorem, thanks to (12). This finally leads to Theorem 1.3 for a setE of “goodεs” such that

(1/r)meas
{
E∩(0, r)}→ 1 asr → 0. (17)
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