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Abstract

We prove that the complex interpolation space[Ap0
ν ,A

p1
ν ]θ , 0 < θ < 1, between two weighted Bergman spacesA

p0
ν

and A
p1
ν on the tube inC

n, n � 3, over an irreducible symmetric cone ofR
n is the weighted Bergman spaceAp

ν with
1/p = (1 − θ)/p0 + θ/p1. Here,ν > n/r − 1 and 1� p0 < p1 < 2 + ν/(n/r − 1) wherer denotes the rank of the cone. W
then construct an analytic family of operators and an atomic decomposition of functions, which are related to this inter
result.To cite this article: D. Békollé et al., C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Interpolation complexe entre deux espaces de Bergman à poids dans des tubes au-dessus de cônes symétriques.Nous
donnons une démonstration du fait que par la méthode complexe, l’espace d’interpolation[Ap0

ν ,A
p1
ν ]θ , 0< θ < 1, entre deux

espaces de Bergman à poidsA
p0
ν etAp1

ν est l’espace de Bergman à poidsAp
ν , avec 1/p = (1− θ)/p0 + θ/p1, dans le tube de

C
n, n� 3, au-dessus d’un cône symétrique irréductible deR

n. Ici, ν > n/r − 1, 1� p0 <p1 < 2+ ν/(n/r − 1), oùr désigne
le rang du cône. Nous construisons ensuite une famille analytique d’opérateurs et une décomposition atomique de
qui sont en relation avec ce résultat d’interpolation.Pour citer cet article : D. Békollé et al., C. R. Acad. Sci. Paris, Ser. I 337
(2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Soit TΩ le tube deCn, n � 3, au-dessus d’un cône symétrique irréductibleΩ de Rn. Comme dans [4], nou
désignons parr le rang du côneΩ, et par∆(x) le déterminant dex ∈ Rn. Pour 1� p <∞ andν > n/r − 1, on
écrit Lp

ν = Lp(TΩ,∆(y)
ν−n/r dx dy). L’espace de Bergman à poidsAp

ν est le sous-espace fermé de l’espace
BanachLp

ν formé par les fonctions holomorphes.
Nous donnons d’abord une démonstration du théorème suivant :

Théorème.On suppose que1 � p0 < p1 < 2 + ν
n/r−1 , 0< θ < 1. Alors l’espace d’interpolation[Ap0

ν ,A
p1
ν ]θ est

égal àAp
ν , avec 1

p
= 1−θ

p0
+ θ

p1
, et les normes sur les deux espaces sont équivalentes.
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1631-073X/03/$ – see front matter 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights
reserved.
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Dans la suite, nous posonsQν = 1+ ν
n/r−1 . Il suffit de démontrer ce théorème pourp0 = 1 et 2<p1 <Qν +1.

Quel que soitα > n
r

− 1, nous désignons parPα le projecteur de Bergman relatif à la mesure∆(y)α−n/r dx dy,
i.e., le projecteur orthogonal de l’espace de HilbertL2

α sur son sous-espace ferméA2
α. On déduit d’un résultat d

[3] que l’opérateurP2ν+n/r se prolonge en un projecteur continu deL
p
ν surAp

ν si 1� p <Qν, et il s’ensuit que s
1< q3 <Qν, [A1

ν,A
q3
ν ]θ =A

q2
ν , où 1

q2
= 1− θ + θ

q3
. D’autre part, il est démontré dans [2] quePν se prolonge en

un projecteur continu deLp
ν surAp

ν si (Qν + 1)′ <p <Qν + 1. Il s’ensuit que si(Qν + 1)′ < q2 < q4 <Qν + 1,
[Aq2

ν ,A
q4
ν ]θ =A

q3
ν , où 1

q3
= 1−θ

q2
+ θ

q4
. On conclut alors en utilisant le théorème de réitération de Wolff (cf. [6]

En même temps, pour établir l’inclusionAp
ν ⊂ [A1

ν,A
p1
ν ]θ , il est naturel de chercher une application holomor

explicite dans la bandeS = {z ∈ C: 0 � Rez � 1}, à valeurs dansAp0
ν +A1

ν, qui coïncide enθ avec une fonction
f donnée dansAp

ν . Pour cela, nous nous basons sur une décomposition atomique adaptée de l’espace de B
Plus précisément, soit{wj = uj + ivj }j∈N∗ unδ-réseau du tube, 0< δ < 1. On dit qu’une suite{λj }j∈N∗ appartient
à lpν si la somme

∑
j |λj |p∆(vj )ν+n/r est finie. Nous considérons la famille analytique{Tz}z∈S d’opérateurs définis

sur l’espace des suites finies de nombres complexes, à valeurs dans l’espace des fonctions mesurab
tube, comme suit :Tz({λj })= cν+(ν+n/r)z e(z−θ)2

∑
j λj∆(vj )

ν+(ν+n/r)z+n/r∆−ν−(ν+n/r)z−n/r ((· − �wj)/i). Nous
démontrons le théorème suivant :

Théorème.Soientθ ∈ ]0,1[, 1� p1 <Qν + 1. On pose1
p

= 1− θ + θ
p1

etα(z)= p(1− z+ z
p1
). Alors quel que

soit {λj } ∈ l
p
ν , si l’on définit

λj (z)=
{

|λj |α(z) λj
|λj | si λj �= 0,

0 sinon

l’application f (z) = Tz({λj (z)}) est une application holomorphe deS dansA1
ν + A

p1
ν . De plus, quel que soi

g ∈A
p
ν , il existe une suite{λj } ∈ l

p
ν telle queg s’obtient exactement sous la formeg = f (θ).

1. Introduction

Let n be an integer such thatn � 3. We denote byΩ an irreducible symmetric cone inRn. Referring to [4],
we denote by(·|·) the canonical scalar product inRn, by r the rank of the coneΩ , by ∆(x) the determinant o
x ∈ R

n and bye the identity element ofRn regarded as a Euclidean Jordan algebra. The Gamma function oΩ is
defined by$Ω(λ)= ∫

Ω
e−(x|e)∆(x)λ−n/r dx with λ ∈ C satisfyingReλ > n

r
− 1. It is well known that fory ∈Ω

andReλ > n
r

− 1,∫
Ω

e−(x|y)∆(x)λ−n/r dx = $Ω(λ)∆(y)
−λ. (1)

Explicitly, $Ω(λ)= πn/r−1$(λ)$(λ− d
2) · · ·$(λ− (r −1) d2), whered = 2n/r−1

r−1 . We shall denoteTΩ = Rn + iΩ
the tube domain over the coneΩ. If we fix λ ∈ C such thatReλ > n

r
− 1, then the integral function defined o

TΩ by ζ �→ 1
$Ω(λ)

∫
Ω e−(x|ζ/i)∆(x)λ−n/r dx is absolutely convergent and defines a holomorphic function onTΩ .

By (1), this holomorphic function is an extension of the function∆(y)−λ defined onΩ , so we shall denote i
by ∆−λ(

ζ
i ). For 1� p < ∞ andν > n

r
− 1, we writeLp

ν = Lp(TΩ,∆(y)
ν−n/r dx dy). The weighted Bergma

spaceAp
ν is the closed subspace of the Banach spaceL

p
ν consisting of holomorphic functions. The weight

Bergman projectorPν of TΩ is the orthogonal projector of the Hilbert spaceL2
ν onto its closed subspaceA2

ν . It
is well known that for everyf ∈ L2

ν , Pνf (ζ ) = ∫
TΩ

Bν(ζ,u + iv)f (u+ iv)∆(v)ν−n/r dudv, whereBν(ζ,w) =
cν∆

−ν−n/r (
ζ−�w

i ) is the weighted Bergman kernel ofTΩ, with cν = (2π)−n2rν[$Ω(ν)]−1$Ω(ν + n
r
) (cf. [3]). In

the sequel, for everyγ ∈ C such thatReγ > n
r

− 1, we adopt the notationcγ = 2rγ (2π)−n[$Ω(γ )]−1$Ω(γ + n
r
).
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Moreover, it can be shown that for everyγ ∈ C such thatReγ > n
r

− 1, the operatorPγ defined onL2
Reγ by

Pγ f (ζ )= cγ
∫
TΩ

∆−γ−n/r ((ζ −u+ iv)/i)f (u+ iv)∆(v)γ−n/r dudv, is a bounded operator fromL2
Reγ toA2

Reγ .

In the sequel, we writeQν = 1+ ν
n/r−1. We start with the following theorem:

Theorem 1.1.Suppose1 � p0 < p1 <Qν + 1 and0< θ < 1. Then[Ap0
ν ,A

p1
ν ]θ = A

p
ν with 1

p
= 1−θ

p0
+ θ

p1
, and

the norms on the two spaces are equivalent.

For a proof, it suffices to takep0 = 1 and 2< p1 <Qν + 1. Let A1 = A1
ν and Aj = A

qj
ν , j = 2,3,4, with

1 � qj <∞. We point out thatA1 ∩A4 is a dense subspace of the spacesA2 andA3 (cf. [2] and [3]). Furthermore
we can deduce from a result of [3] that the operatorP2ν+n/r extends to a bounded projector fromLp

ν to A
p
ν when

1 � p < Qν. As a consequence, if 1< q3 <Qν , the complex interpolation space[A1,A3]θ is equal toA2 with
1
q2

= 1− θ + θ
q3
. On the other hand, it was proved in [2] thatPν extends to a bounded projector fromLp

ν to A
p
ν

when(Qν +1)′ <p <Qν +1. Hence, if(Qν +1)′ < q2 < q4 <Qν +1, then[A2,A4]θ =A3 with 1
q3

= 1−θ
q2

+ θ
q4
.

The conclusion then follows using Wolff’s abstract reiteration theorem (cf. [6]).
However, to get the continuous inclusionAp

ν ⊂ [Ap0
ν ,A

p1
ν ]θ , with p0,p1 ∈ [1,Qν + 1), 1

p
= 1−θ

p0
+ θ

p1
, and

0< θ < 1, it is natural to look for an explicit holomorphic mapping on the stripS = {z ∈ C: 0 � Rez � 1}, with
values inAp0

ν +A
p1
ν , which coincides atθ with a given functionf ∈A

p
ν in such a way thatf ∈ [Ap0

ν ,A
p1
ν ]θ . Our

result (see Theorem 4.1 below for a precise statement) will rely on an adapted atomic decomposition of f
in the Bergman spaceAp

ν .

2. Lp-boundedness and surjectivity of an analytic family of operators

In the sequel, we keepθ ∈ (0,1) fixed. LetS = {z ∈ C: 0 � Rez� 1}. We shall consider the analytic family o
linear operators{Pz}z∈S, mapping the space of simple functions inL1

ν into the space of measurable functions
TΩ, defined as follows:

Pzf (ζ )= e(z−θ)2cν+(ν+n/r)z

∫
TΩ

∆−ν−(ν+n/r)z−n/r

(
ζ − u+ iv

i

)
f (u+ iv)∆(v)ν+(ν+n/r)z−n/r dudv.

The analytic family{Pz}z∈S is admissible in the sense of [5], p. 205.

Theorem 2.1.Let t ∈ R, 2< q0 <Qν + 1 andq1 = 1.
(i) For k = 0,1, the operatorPk+it is bounded fromLqk

ν to A
qk
ν and‖Pk+it f ‖

A
qk
ν

� mk‖f ‖
L
qk
ν

wheremk is a
constant independent oft .

(ii) For 1
q

= 1− θ + θ
q0
, the operatorPθ is a bounded projector fromLq

ν to A
q
ν .

Proof. (i) For k = 1, one has|P1+itf (ζ )| � e(1−θ)2−t2+π(ν+n/r)|t ||cν+(ν+n/r)(1+it )|Λ(|f |)(ζ ), whereΛg(ζ ) =∫
TΩ

|∆−2ν−2n/r((ζ −u+ iv)/i)|g(u+ iv)∆(v)2ν dudv. The positive integral operatorΛ is bounded onL1
ν because

for everyu+ iv ∈ TΩ ,
∫
TΩ

|∆−2ν−2n/r((σ − u+ i(τ + v))/i)|∆(τ)ν−n/r dσ dτ � c∆−ν−n/r (v). This is proved in
[3]. Moreover, it is easy to obtain that‖P1+it‖ is bounded by a constant independent oft .

In the case wherek = 0, we write L
p,q
ν = Lq(Lp(Rn,du),∆ν−n/r(v)dv), 1 � p,q � ∞, and we denote

by A
p,q
ν the mixed norm weighted Bergman space which is the closed subspace ofL

p,q
ν consisting of

holomorphic functions. The operatorPit is bounded fromL∞,r1
ν to A

∞,r1
ν with its operator norm bounde

by a constant independent oft, if Q′
ν < r1 < Qν (see [3]). On the other hand, one shows that‖Pit‖

A
2,r0
ν

�
c−1
ν |cν+i(ν+n/r)t |‖Ri(ν+n/r)tg‖ 2,r0 , whereg(ζ ) = f (ζ )∆i(ν+n/r)t (Imζ ), and for allg ∈ L2

ν andReα > − ν+1
2 ,
Aν
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Rαg(ζ ) = cν
∫
TΩ

∆−ν−n/r−α((ζ − u+ iv)/i)g(u + iv)∆ν−n/r (v)dudv. If we denote byΘα the restriction ofRα

to A2
ν, thenRi(ν+n/r)t = eν,γ,tΘi(ν+n/r)t−γ ◦Rγ , wheren/r−1

2 < γ < ν+1
2 and

eν,γ,t = $Ω(ν + n/r)$Ω(ν + n/r + i(ν + n/r)t)

$Ω(ν + γ + n/r)$Ω(ν − γ + n/r + i(ν + n/r)t)
.

Using results from [2] and [3], it can be shown that the operatorsRγ andΘi(ν+n/r)t−γ are respectively bounde

from L
2,r0
ν to A

2,r0
ν+γ r0

and fromA
2,r0
ν+γ r0

to A
2,r0
ν if Q′

ν < r0 < 2Qν. Moreover,‖Θi(ν+n/r)t−γ ‖ � c|βν,γ,t |, where

βν,γ,t = $Ω(ν+n/r)
$Ω(ν−γ+n/r+i(ν+n/r)t)

. These results were proved in [1] for the particular case of the tube over the Lo
cone. It then follows that for those values ofr0, ‖Pit f ‖

A
2,r0
ν

� K‖f ‖
L

2,r0
ν

, where the constantK does not depen

on t . The announced result follows from the fact that[L∞,r1
ν ,L

2,r0
ν ]ϕ = L

q0
ν for someϕ ∈ (0,1).

(ii) The boundedness result forPθ follows from (i) through the interpolation of the analytic family{Pz}z∈S of
operators (see [5], pp. 205–207).✷

3. lp-boundedness of an analytic family of atomic decomposition operators

Definition 3.1. A sequence{wj }j∈N is called aδ-lattice inTΩ , 0< δ < 1, if: (1) the Bergman balls with cente
wj and radiusδ2 are pairwise disjoint; (2) the Bergman balls with centerwj and radiusδ form a cover ofTΩ with
finite overlapping, i.e., there is a positive integerN such that each point ofTΩ belongs to at mostN of these balls.

The existence of aδ-lattice inTΩ is proved in [3], p. 66.
In the sequel, we fix aδ-lattice{wj = uj + ivj }j∈N. We say that a sequence{λj } of complex numbers belong

to l
p
ν if the sum

∑
j |λj |p∆(vj )ν+n/r is finite. On the other hand, the topological dual space of a normed spaA

will be denotedA7, and ifT is a linear operator, its adjoint will be denotedT 7. Moreover, as usual,p′ denotes the
conjugate exponent ofp ∈ [1,∞).

We consider the analytic family{Tz}z∈S of linear operators, mapping the space of complex finite sequence
the space of measurable functions inTΩ, as follows:

Tz
({λj }) = cν+(ν+n/r)z e(z−θ)2

∑
j

λj∆(vj )
ν+(ν+n/r)z+n/r∆−ν−(ν+n/r)z−n/r

( · − �wj

i

)
.

This analytic family of operators is also admissible.

Theorem 3.2.Let t ∈ R, 2< q0 <Qν + 1, q1 = 1.

(i) For k = 0,1, the operatorTk+it is bounded fromlqkν to A
qk
ν . More precisely, there exists a constantMk

independent oft such that∥∥Tk+it
({λj })∥∥Aqk

ν
�Mk

∥∥{λj }
∥∥
l
qk
ν
.

(ii) For ϕ ∈ (0,1), 1
q

= 1− ϕ + ϕ
q0

, the operatorTϕ is bounded fromlqν toA
q
ν .

(iii) Moreover, ifδ is small enough, the operatorTθ : lqν →A
q
ν , 1

q
= 1− θ + θ

q0
, is also onto.

Proof. (i) The casek = 1 follows by a direct computation. Suppose next thatk = 0. An easy computation give
that for everyg ∈ (A

q0
ν )

7,

T 7
it g = {

P7
it g(wj )

}
j
. (2)
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t

Furthermore,

P7
itg(ζ )=∆(Imζ )−i(ν+n/r)tH (ζ ), (3)

where

H(ζ )= e(−θ−it )2cν−i(ν+n/r)t

〈
g,∆−ν−n/r−i(ν+n/r)t

(
.− ζ̄

i

)〉
(A

q0
ν )7,A

q0
ν

.

It follows that

‖P7
it g‖

L
q′
0
ν

= ‖H‖
A
q′

0
ν

. (4)

Moreover, by Theorem 2.1, we get

‖P7
it g‖

L
q′
0
ν

�m′
0‖g‖

(A
q0
ν )7

, (5)

where the constantm′
0 does not depend ont . So the functionH belongs toAq ′

0
ν . We use the following lemma:

Lemma 3.3(cf. [3]). Letp � 1 andf ∈A
p
ν . There exists a constantdδ > 0 such that∥∥{

f (wj )
}
j

∥∥
l
p
ν

� dδ‖f ‖Ap
ν

(6)

and if δ is small enough, we have the converse inequality:

‖f ‖Ap
ν

� 2dδ
∥∥{
f (wj )

}
j

∥∥
l
p
ν
. (7)

Combining (2), (6) and (5) in this order implies

‖T 7
it g‖

l
q′
0

ν

= ∥∥{
P7

it g(wj )
}∥∥

l
q′
0

ν

� dδ‖P7
it g‖

L
q′
0
ν

� dδm
′
0‖g‖

(A
q0
ν )7

.

It then follows that‖Tit ({λj })‖Aq0
ν

�M0‖{λj }‖lq0
ν
, whereM0 is a constant independent oft .

(ii) The result follows from (i) using the interpolation of the analytic family{Tz}z∈S of operators.
(iii) If δ is small enough, then by (7), we get:

‖P7
θg‖

L
q′
ν

� 2dδ‖T 7
θ g‖

l
q′
ν
. (8)

By assertion (ii) of Theorem 2.1, there exists a constanta such that

‖g‖(Aq
ν )

7 � a‖P7
θg‖

L
q′
ν
; (9)

so, by (8) and (9), we obtain‖g‖(Aq
ν )7

� 2adδ‖T ∗
θ g‖

l
q′
ν

and thus,Tθ is onto. ✷

4. An explicit analytic mapping onS, with values inAp0
ν +A

p1
ν

Let F(A1
ν,A

p1
ν ) denote the space of all mappingsf : S → A1

ν + A
p1
ν such that (1)f is analytic in the

interior of S; (2) f is continuous and bounded onS; (3) the mappingst �→ f (k + it), k = 0,1, are continuous
from R to A

qk
ν with q0 = p1 and q1 = 1. The spaceF(A1

ν,A
p1
ν ) is a Banach space with the norm‖f ‖F :=

maxk=0,1{supt∈R ‖f (k + it)‖
A
pk
ν

}. Moreover,[A1
ν,A

p1
ν ]θ = {g ∈ A1

ν + A
p1
ν : ∃f ∈ F(A1

ν,A
p0
ν ), g = f (θ)} is the

complex interpolation space betweenA1
ν andAp1

ν ; this space is a Banach space under the norm‖g‖[A1
ν ,A

p1
ν ]θ =

‖g‖θ = inf{‖f ‖F : g = f (θ), f ∈ F(A1
ν,A

p1
ν )}. Since[L1

ν,L
p1
ν ]θ = L

p
ν with equality of norms, it is easy to ge
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that[A1
ν,A

p1
ν ]θ ⊂A

p
ν with bounded inclusion. To get the converse inclusion, as we said, we want to give an e

functionf ∈ F(A1
ν,A

p1
ν ) such thatf (θ) coincides with a given functiong ∈A

p
ν .

Theorem 4.1.Let 0< θ < 1, 2<p1 <Qν + 1 andp0 = 1. Definep by 1
p

= 1− θ + θ
p1

and for everyz ∈ S, write

α(z)= p(1− z+ z
p1
). (1) Then for every{λj } ∈ l

p
ν , if we define

λj (z)=
{

|λj |α(z) λj
|λj | if λj �= 0,

0 otherwise,

the analytic mappingf (z)= Tz({λj (z)}) is an element ofF(A1
ν,A

p1
ν ).

(2) For everyg ∈A
p
ν , there exists a sequence{λj } ∈ l

p
ν such thatg = Tθ ({λj }) if δ is small enough. Moreove

g = f (θ).

Proof. (1) For every positive integerm, the functionfm(z) = Tz({λj (z)}mj=1) is an element ofF(A1
ν,A

p1
ν ). We

point out that‖{λj (k + it)}‖pk
l
pk
ν

= ‖{λj }‖plpν and so, by assertion (i) of Theorem 3.2,

‖f − fm‖F = max
{
sup
t∈R

∥∥Tit
({
λj (it)

}
j�m+1

)∥∥
A
p1
ν
,sup
t∈R

∥∥T1+it
({
λj (1+ it)

}
j�m+1

)∥∥
A1
ν

}

� M max
{∥∥{λj }j�m+1

∥∥p/p1

l
p
ν

,
∥∥{λj }j�m+1

∥∥p
l
p
ν

}
.

Since{λj } ∈ l
p
ν , we get limm→∞ ‖f − fm‖F = 0 and hencef belongs to the Banach spaceF(Ap0

ν ,A1
ν).

(2) By assertion (iii) of Theorem 3.2, there exists a sequence{λj } ∈ l
p
ν such thatg admits the atomic

decompositiong = Tθ ({λj }). For this sequence{λj } ∈ l
p
ν , if we define{λj (z)} as in assertion (1), then{λj (θ)} =

{λj } and henceg = Tθ ({λj (θ)})= f (θ). ✷
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