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Abstract

We prove that the complex interpolation spaeg®, A5y, 0 < 6 < 1, between two weighted Bergman space®’
and AP on the tube inC", n > 3, over an irreducible symmetric cone &" is the weighted Bergman spacg, with
1/p=1-06)/po+6/p1. Herev > n/r — 1 and 1< pg < p1 <2+ v/(n/r — 1) wherer denotes the rank of the cone. We
then construct an analytic family of operators and an atomic decomposition of functions, which are related to this interpolation
result.To citethisarticle: D. Békolléet al., C. R. Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Interpolation complexe entre deux espaces de Bergman a poids dans des tubes au-dessus de cones symétrioies.
donnons une démonstration du fait que par la méthode complexe, I'espace d'interpoidfior 1]y, 0 < 6 < 1, entre deux
espaces de Bergman a poidl§° et AL* est I'espace de Bergman a poid§, avec ¥p = (1—6)/pg + 6/ p1, dans le tube de
C", n > 3, au-dessus d’'un cdne symétrique irréductibl®8elci, v > n/r — 1, 1< pg < p1 <2+ v/(n/r — 1), our désigne
le rang du cbéne. Nous construisons ensuite une famille analytique d’opérateurs et une décomposition atomique de fonctions
qui sont en relation avec ce résultat d’'interpolatiBour citer cet article: D. Békollé et al., C. R. Acad. Sci. Paris, Ser. | 337
(2003).
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Version frangaise abrégée

Soit T, le tube deC”, n > 3, au-dessus d’'un cdne symétrique irréductif@lade R”. Comme dans [4], nous
désignons par le rang du cone?, et parA(x) le déterminant de € R”. Pour 1< p <oo andv > n/r — 1, on
écrit LY = LP(Tg, A(y)"~"/" dxdy). Lespace de Bergman a poidg est le sous-espace fermé de I'espace de
BanachL? formé par les fonctions holomorphes.

Nous donnons d’abord une démonstration du théoreme suivant :

Théoréme.On suppose qum< po<pL<2+ n/+1 0 < 0 < 1. Alors I'espace d’interpolatiofiA}°, AJ*]s est
égal aA?, avec 1 9 + , etles normes sur les deux espaces sont équivalentes.

E-mail addressesibekolle@uycdc.uninet.cm (D. Békollé), j_gonessa@yahoo.fr (J. Gonessa), cnana@uycdc.uninet.cm (C. Nana).

1631-073X/03/$ — see front mattél 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights
reserved.
doi:10.1016/S1631-073X(03)00257-7



14 D. Békollé et al. / C. R. Acad. Sci. Paris, Ser. | 337 (2003) 13-18

Dans la suite, nous posos, = 1+ ﬁ I suffit de démontrer ce théoréme pqey=1et2< p1 < 0, + 1.
Quel que soitx > © — 1, nous désignons pak, le projecteur de Bergman relatif a la mesutey)® /" dx dy,
i.e., le projecteur orthogonal de I'espace de Hiltiejtsur son sous-espace fermé. On déduit d'un résultat de
[3] que l'opérateutP,, 1,/ S€ prolonge en un projecteur continubgsurA? si1< p < Q,, etil s’ensuit que si
l<g3<0,, [A%, A%, = A% ou q—12 =1-6+ %. D’autre part, il est démontré dans [2] q&e se prolonge en
un projecteur continu d&’ surA? si(Q, +1) <p < 0, + 1. llsensuitque siQ, +1) <g2<qa < Q, + 1,

[AT2, Al*1p = AT3, ou q—ls = % + %. On conclut alors en utilisant le théoréme de réitération de Wolff (cf. [6]).

En méme temps, pour établir I'inclusietf c [A%, APy, il est naturel de chercher une application holomorphe
explicite dans la bandg = {z € C: 0 < ez < 1}, a valeurs dand’° + A%, qui coincide e avec une fonction
f donnée dand?’. Pour cela, nous nous basons sur une décomposition atomique adaptée de I'espace de Bergmar
Plus précisément, sditv; = u j +iv;} jen+ uné-réseau du tube, @ § < 1. On dit qu’une suitg ;} jen+ appartient
alf sila sommey_; |2 [P A(v;)V /" estfinie. Nous considérons la famille analytiq@e} . s d’opérateurs définis
sur I'espace des suites finies de nombres complexes, a valeurs dans I'espace des fonctions mesurables dans
tube, comme suit T ({A;}) = cut(vtn/r)z gle=0)? Yo kAR TR T gmv=n/nznlr (. — ;) /i). Nous
démontrons le théoréme suivant :

Théoréme.Soient €10, 1[, 1< p1 < Q, +1.On pose[% =1-60+ % eta(z) =p(l—z+ ﬁ). Alors quel que
soit{x;} €1l sil'on définit
Aj .
1j(@) = { 21O sidg #£0,
0 sinon

l'application f(z) = T;({};(z)}) est une application holomorphe cﬂedansA% + AP*. De plus, quel que soit
g € AL, il existe une suitga ;} € 17 telle queg s’obtient exactement sous la forme= f ().

1. Introduction

Let n be an integer such that> 3. We denote by2 an irreducible symmetric cone iR". Referring to [4],
we denote by(-|-) the canonical scalar product ®*, by r the rank of the con&2, by A(x) the determinant of
x € R" and bye the identity element oR” regarded as a Euclidean Jordan algebra. The Gamma functi@risof
defined byl (M) = [, e ®1® A(x)*="/" dx with 1 € C satisfying®Rex > 2 — 1. Itis well known that fory € 2
andfer > = —1,

/ e MA@ dy =T A (1)
2
Explicitly, Te (W) = 7"/" T ()TF( = 4)---T(L — (r — D)%), whered = 2721 We shall denotd’; = R" +i2

the tube domain over the come. If we fix A € C such thatReir > 2 — 1, then the integral function defined on
To by ¢ — % [ € IEM A=/ dx is absolutely convergent and defines a holomorphic functiofign
By (1), this holomorphic function is an extension of the functiofy)~" defined ons2, so we shall denote it
by A™*(%). For 1< p < co andv > 2 — 1, we write L} = L?(Tq, A(y)" /" dx dy). The weighted Bergman
spaceA? is the closed subspace of the Banach spaeconsisting of holomorphic functions. The weighted
Bergman projectoP, of T is the orthogonal projector of the Hilbert spabé onto its closed subspao@,ﬁ. It

is well known that for everyf € L2, P, f(¢) = Jro Bo(Gu+iv) f(u + iv) A()’ " du dv, whereB, (¢, w) =
ch_”‘"/’(@) is the weighted Bergman kernel 8%, with ¢, = (27) "2’ [To ()] o + =) (cf. [3]). In
the sequel, for every € C such thatiey > © — 1, we adopt the notation, = 277 (27) "[To()] Ta(y + o).



D. Békollé et al. / C. R. Acad. Sci. Paris, Ser. | 337 (2003) 13-18 15

. : 2
Moreover, it can be shown that for evepye C such thatiey > © — 1, the operatorP, defined OnLg,e, by

P, f(Q)=cy [r, ATV —u+iv) /i) f (u +iv) A()Y " du dv, is a bounded operator from%aey to Agﬁiey.
In the sequel, we writg, =1+ n/+_1 We start with the following theorem:

Theorem 1.1.Supposd < po < p1 < Oy + 1 and0 < 6 < 1. Then[A}°, APy = AL with % = % + %, and
the norms on the two spaces are equivalent.

For a proof, it suffices to takpo =1 and 2< p1 < Q, + 1. Let A; = A% and A; = Al Jj =2,3,4, with
1< g; < oco. We point out thatd1 N A4 is a dense subspace of the spadgsind Az (cf. [2] and [3]). Furthermore,
we can deduce from a result of [3] that the operagr,,/ extends to a bounded projector fraf to A} when
11< p < Q,. As a consequence, if & g3 < Q,, the complex interpolation spa¢d i, Az]y is equal toA, with

i 1-60+ %. On the other hand, it was proved in [2] thBt extends to a bounded projector fraif to AL

when(Q,+1) < p < 0, + 1. Hence, if(Q, +1) < g2 < ga < O, + 1, then[As, Asly = A3 with q—13 = % + %
The conclusion then follows using Wolff’s abstract reiteration theorem (cf. [6]).
However, to get the continuous inclusierd c [A%°, APy, with po, p1 € [1, Q) + 1), 2 = % + il, and
0 <6 <1, itis natural to look for an explicit holomorphic mapping on the sfig {z € C: 6< Rez < f}, with
values inA?° + AL*, which coincides af with a given functionf € A% in such a way thay € [A]°, AJ*]5. Our
result (see Theorem 4.1 below for a precise statement) will rely on an adapted atomic decomposition of functions
in the Bergman spac?’ .

2. L?-boundedness and surjectivity of an analytic family of operators

In the sequel, we keepe (0, 1) fixed. LetS = {z € C: 0 < Rez < 1}. We shall consider the analytic family of
linear operatorgP,}.cs, mapping the space of simple functions[uﬁ into the space of measurable functions on
T, defined as follows:

_9)2 o -
PZf(C):e(Z ? Cv+(v+n/r)Z/A v=(vtn/r)z n/r(

Te

The analytic family{P_}.cs is admissible in the sense of [5], p. 205.

C—u+iv

| )f (u +iv) A(u)V /D=0 gy dy,

Theorem 2.1.LetreR,2<qgo< @y, +1landg; =1.

(i) For k = 0, 1, the operatorP; i, is bounded fronL¥ to A% and IPkeric f1l gax < mll 1l o wheremy is a
constant independent of

(i) For 51 =1-60+ %, the operatoiP is a bounded projector from{ to AZ.

Proof. (i) For k = 1, one hasiPyi f(¢)] < e =0/l e, i sin| A F(E). where Ag(¢) =
Jry |AT27727 (¢ —u+iv) /D) g (u+iv) A(v)? du dv. The positive integral operatef is bounded orL.} because
for everyu +iv € T, [;, |A=2 =207 (6 — u + (T + ) /D) A(T)" ™" do dr < cA™"""/"(v). This is proved in
[3]. Moreover, it is easy to obtain th#iP1.; || is bounded by a constant independent.of

In the case wheré = 0, we write L)Y = L9(LP(R", du), A"~/ (v)dv), 1 < p,q < oo, and we denote
by AY? the mixed norm weighted Bergman space which is the closed subspaég ‘bfconsisting of
holomorphic functions. The operat®;; is bounded fromL{>"* to Ay™"™ with its operator norm bounded
by a constant independent of if Q) <r1 < Q, (see [3]). On the other hand, one shows thI,HAz.rO <

e Hevsiwsn/milIRiw-4n/migll 20, Whereg(e) = £(£)A#/01(3my), and for allg € L andRea > —451,
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Ryg() =cy fTQ ATV ( — w4 i) /D) g (u + 1v) AV (v) du du. If we denote by®,, the restriction ofR,
t0 A2, theNRi(y+n/ri = €v.y.tOi(vn/ryi—y © Ry, Where™21 < < 141 and
FoWw4+n/r)To@+n/r+i(v+n/r)t)
CoW+y+n/rTe@—y+n/r+i@+n/ri’
Using results from [2] and [3], it can be shown that the operaRyrand ®;(,1,,/);—, are respectively bounded
from L2 to A2’° and fromA2’® to A%"0 if Q!, <ro < 2Q,. MoreoVer,||®in/ri—y |l < c|Buv.y.il, Where

Cvy,t =

v+yro v+yro
Buoys = F_f,(ljjjl/(’v) 757 These results were proved in [1] for the particular case of the tube over the Lorentz

cone. It then Tyollows that for those valuesf || Pi; f || 4270 < K| fI L2700 where the constarit does not depend

ont. The announced result follows from the fact tI[]IaEO ", §’°]¢ = L° for somey € (0, 1).
(i) The boundedness result fey follows from (i) through the interpolation of the analytic famfily.},cs of
operators (see [5], pp. 205-207)a

3. IP-boundedness of an analytic family of atomic decomposition operators

Definition 3.1. A sequencdw;} ey is called as-lattice in T, 0 < § < 1, if: (1) the Bergman balls with center
w; and radius% are pairwise disjoint; (2) the Bergman balls with centgrand radius form a cover ofT, with
finite overlapping, i.e., there is a positive integésuch that each point df; belongs to at mosv of these balls.

The existence of &-lattice inTg; is proved in [3], p. 66.

In the sequel, we fix &-lattice {w; = u; +iv;};en. We say that a sequen€k;} of complex numbers belongs
to [} if the suij [Aj |1’A(vj)”+”/’ is finite. On the other hand, the topological dual space of a normed gpace
will be denotedA*, and if T is a linear operator, its adjoint will be denot&d. Moreover, as usuap’ denotes the
conjugate exponent of € [1, co).

We consider the analytic familjyT, }.cs of linear operators, mapping the space of complex finite sequences into
the space of measurable functiongin, as follows:

C— W
T, ({)»]}) = Cyt(vtn/r)z e(z—9)2 Z)\jA(Uj)u+(u+n/r)z+n/rA—v—(u-i—n/r)z—n/r (%)
J

This analytic family of operators is also admissible.
Theorem 3.2 LetreR,2<go< Qv +1,q1=1.

(i) For k =0, 1, the operatorT;,i; is bounded from{* to Af*. More precisely, there exists a constaW,
independent of such that

| Tiesie (1) [ age < Mic25)

(i) For g e (0, 1), 2=1-¢+ &, the operatorT,, is bounded front] to A{.
(iii) Moreover, ifs is small enough, the operatdp : 17 — A, 1 1= =1-6+ q—o, is also onto.

1k

Proof. (i) The casek = 1 follows by a direct computation. Suppose next that 0. An easy computation gives
that for everyg € (A1°)*,

Tig={Pigw)};. (2)
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Furthermore,
Py g(0) = A@ME) VT (1), (3)

where

_g_in?2 o i .=
H© =8 e s 4o (5E))
| (AZO)*
It follows that
P} gl qO—IIHII a0 (4)
Moreover, by Theorem 2.1, we get

where the constant;, does not depend an So the function belongs toA? °. We use the following lemma:

Lemma 3.3(cf. [3]). Let p > 1 and f € AL. There exists a constadj > 0 such that
{r@p} e <dsll £l (6)
and if§ is small enough, we have the converse inequality

||f||Ag<2d5}|{f(wj)}j}l€. o

Combining (2), (6) and (5) in this order implies

L <dslPigll

tg|| ‘10 H{ g(wj)} <d8mo||g||(A‘fO),

‘10 ‘10

It then follows that| 7i; ({A; Dl a0 < Moll{%; }”1‘10 whereMy is a constant independentof
(ii) The result follows from (i) using the |nterpolat|on of the analytic fam{ift} s of operators.
(i) If & is small enough, then by (7), we get:

IIPEgIIsz < Zdalng*glllg/- (8)
By assertion (ii) of Theorem 2.1, there exists a consgaguch that
gl gy <allPigl ¢ 9)

so, by (8) and (9), we obtaifg|l 44 < 2ad5||T9*g|| v » and thus Ty isonto. O

4. An explicit analytic mapping on S, with values in A2° + Af*

Let F(A%,A{fl) denote the space of all mappings: S — A% + AP* such that (1)f is analytic in the
interior of S; (2) f is continuous and bounded &1 (3) the mappings — f(k + ir), k = 0,1, are continuous
from R to AY* with go = p1 andg1 = 1. The spaceF (AL, AfY) is a Banach space with the norjif||r :=
MaX—0,1(SUPg Il f (k + 1)l ;re }. Moreover,[A}, Al'le = {g € A} + Al*: 3f € F(A}, A®), g = f(0)} is the
complex interpolation space betweﬂlﬁ and AP*; this space is a Banach space under the ”MWAg,Afl]g =

lglle =inf{llfllr: g = f(0), f € F(AL, ADY)}. Since[LL, LIy = LY with equality of norms, it is easy to get
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that[AL, APy c AT with bounded inclusion. To get the converse inclusion, as we said, we want to give an explicit
function f € F(AL, A7) such thatf (9) coincides with a given functiog € A?.

Theorem4.1.Let0O<6 <1,2< p1 < Q,+1andpo=1. Definep by% =1-60+ % and for every; € S, write
a(z)=pl-—z+ ﬁ). (1) Then for everya;} e 17, if we define
Aj .
0 otherwise
the analytic mappingf (z) = T;({1(2)}) is an element oF(A%, APY).
(2) For everyg € AV, there exists a sequenék;} € 17 such thatg = To({A;}) if & is small enough. Moreover,
g=f©.

Proof. (1) For every positive integen, the functionf,,(z) = T, ({A; (z)};."zl) is an element oF(A%, APYH. We

point out that| {A ; (k + it)}||ﬁfk = ||{Aj}||ﬁ, and so, by assertion (i) of Theorem 3.2,

If = fullF = maX[sumlTn({M(it)} ismia) aressup|Tagic ({2, A+in} o, ) ||A1}
terR teR v

< Mmax{ [ {3}z m1 f}/mv

{Aj}tjzmt1 ||ng J.

Since{x;} €1f, we getlim,—.o |l f — fmllF =0 and hencef belongs to the Banach spaggA?°, A%).

(2) By assertion (jiii) of Theorem 3.2, there exists a sequeiige € I/ such thatg admits the atomic
decompositiorg = Ty ({2 ;}). For this sequencg;} € 1, if we define{i;(z)} as in assertion (1), thefd ; (6)} =
{r;}and hencg =Ty ({1;()}) = f(0). O
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