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Abstract

We consider a class of problems originating from a Raman laser amplification model, for which the equations can b
as a Poisson system with boundary conditions. Once reformulated, this system becomes an integro-differential equ
we study here in some detail. In particular, we show the existence of a smooth solution under general assumptions,
its uniqueness for boundary values that are not too far apart. Eventually, we completely solve the question of uniqu
systems of dimensions one and two.To cite this article: F. Castella et al., C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Analyse d’un système de Poisson avec conditions aux deux bouts. Nous étudions une classe de problèmes dont l’orig
provient d’un modèle décrivant l’effet d’amplification Raman dans une fibre optique. Les équations s’écrivent sous l
d’un système de Poisson avec conditions aux deux bouts. Après réduction, ce système s’écrit sous la forme d’une
intégro-différentielle. Nous étudions ici cette classe de systèmes. Nous montrons l’existence d’une solution dans le ca
et l’unicité pour des données petites du problème. Pour des données quelconques, nous prouvons l’unicité en dimen
deux.Pour citer cet article : F. Castella et al., C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Le problème étudié dans cette Note tire son origine d’un modèle décrivant le phénomène d’amplification
dans une fibre optique dopée. Dans le cas d’une fibre idéalisée, nous montrons dans [3] que les équations
peuvent être écrites sous la forme (1), oùG une matrice antisymétrique, et où le hamiltonien est de la fo
H(u,d)= ∑N

i=1di sinhui . Ici, u est un vecteur de dimensionN � 2 de fonctions définies sur[0,1], d ∈ R
N est

un vecteurinconnuet les conditions aux limites sont de la formeu(0)= u0 et u(1)= u1 avecu0 et u1 dansR
N .

Les coefficientsdi sont des invariants de Casimir de la structure de Poisson sous-jacente (voir [4]).
Plus généralement, nous considérons des problèmes de la forme suivante : soitf une fonction continuemen

différentiable deR dansR telle que∀v ∈ R, on aitf (v) � 1. Pour une matrice quelconqueG d’ordreN � 1

E-mail addresses:Francois.Castella@univ-rennes1.fr (F. Castella), Philippe.Chartier@irisa.fr (P. Chartier), Erwan.Faou@irisa.fr
(E. Faou).
1631-073X/03/$ – see front matter 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights
reserved.
doi:10.1016/S1631-073X(03)00184-5
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et pouru0 et u1 donnés dansRN , nous considérons les équations (3)–(5) oùu ∈ C1([0,1];R
N), f (u(x)) est le

vecteur de dimensionN de composantesf (ui(x)), i = 1, . . . ,N , et oùD est une matrice diagonale de coefficie
inconnusdi .

En intégrant et en utilisant les conditions aux limites, on peut « éliminer » les paramètresdi , i = 1, . . . ,N : si
u est solution, on trouveδu := u(1)− u(0)=GD

∫ 1
0 f (u(x))dx. SiG est inversible, on poseq =G−1(δu), et on

trouve l’équationD‖f (u)‖1 = q où‖f (u)‖1 désigne le vecteur formé des normes L1 desf (ui) sur[0,1]. Dans le
cas général, soitq une solution deGq = δu, et soitQ la matrice diagonale avec lesqi comme éléments diagonau
Toute solution du système (7), (8) oùf (u(x))/‖f (u)‖1 désigne le vecteur de composantesf (ui(x))/‖f (ui)‖1, est
alors solution du problème d’origine (3)–(5). Dans cette Note, on prouve les résultats suivants : soitG une matrice
(éventuellement singulière et non antisymétrique) de tailleN � 1, et soitQ une matrice diagonale. Alors pour to
u0 ∈ R

N le problème (7), (8) possède au moins une solution régulièreu∗. De plus, il existe unε > 0 tel que pour
tout‖Q‖∞ � ε, la solutionu∗ est unique dans L∞([0,1];R

N).
Pour des valeurs quelconques deQ, nous montrons les résultats suivants : siN = 1, alors pour tous réelsG,Q

etu0, le système (7), (8) a une unique solutionu∗ in L∞([0,1];R).
Si N = 2 et siG est une matrice antisymétrique, alors pour toute matrice diagonaleQ et pour toutu0 ∈ R

2, le
système (7), (8) a une unique solutionu∗ in L∞([0,1];R

2).
Pour N = 1, on montre l’unicité en se ramenant au cas d’une équation différentielle. PourN = 2 et G

antisymétrique, on utilise le fait qu’il existe un invariant (le hamiltonien du problème d’origine) pour obten
relation entre les normes L1 et se ramener au cas d’un système différentiel.

1. Introduction

The problem described in this Note originates from a model of Raman laser amplification in an optic fib
Standard discrete models of this phenomenon (see [1] or [6]) lead to a system of differential equations o
Volterra form with boundary conditions (see, for instance, [4]). These equations describe how high-fre
waves traveling forward and backward in the fiber disseminate part of their energy to low-frequency waves
a prey-predator process (Raman effect).

The numerical approximation of this problem seems difficult to obtain: for instance, theshootingmethod
(see [2]) is to be banned due to the presence of nonlinearities (most initial values would lead to blow
finite time); more elaborated methods, such as finite differences, collocation, or multiple shooting, are p
alternatives, but might become prohibitively costly in a large dimension.

In this Note, we formulate the problem as aCauchy problem for a system of integro-differential equationswith
mild nonlinearity. Using standard techniques (Schauder’s theorem), the existence of solutions can thus
proved (see Section 4). Uniqueness for boundary values that are not too far apart and an arbitrary dim
shown in Section 5, while ad-hoc techniques allow for the treatment of the one and two-dimensional ca
arbitrary boundary values.

2. Setting of the problem

In an idealized situation, the equations governing the phenomenon of Raman laser amplification in an
device are of Lotka–Volterra form (see [1] or [6]). In [3], we proved that they may be written as the follo
Poisson system

u′ =G∇uH(u, d) with H(u,d)=
N∑
di sinhui, (1)
i=1
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whereu is an unknown vector of dimensionN � 2 of functions defined on the interval[0,1], d an unknown
element ofRN, G a skew symmetric matrix andH(u,d) the Hamiltonian of the problem.1 Note that thedi are
Casimir invariants of the underlying Poisson structure (see [4]). The boundary conditions are of the formu(0)= u0
andu(1)= u1 whereu0 andu1 are fixed inR

N .
We generalize this problem in the following way: letf be continuously differentiable function fromR to R,

satisfying

∀v ∈ R, f (v)� 1. (2)

For a given (possibly nonskew symmetric) matrixG of orderN � 1, givenu0 andu1 in R
N , we consider the

system of ordinary differential equations

u′(x)=GDf
(
u(x)

)
, for x ∈ [0,1], (3)

u(0)= u0, (4)

u(1)= u1, (5)

whereu ∈ C1([0,1];R
N), f (u(x)) is theN -dimensional vector with componentsf (ui(x)), i = 1, . . . ,N , and

whereD is a diagonal matrix of free parametersdi that have to be determined.

3. Reformulation of the problem

Writing the boundary conditions, we can immediately obtain an equation for the parametersdi, i = 1, . . . ,N ,
in terms of the L1-norms that we denote for short

∥∥f (ui)∥∥1 =
1∫

0

∣∣f (
ui(x)

)∣∣dx =
1∫

0

f
(
ui(x)

)
dx, for i = 1, . . . ,N.

If a solutionu exists, we have indeed

δu := u1 − u0 = u(1)− u(0)=GD

1∫
0

f
(
u(x)

)
dx. (6)

If G is assumed to be invertible, then we can defineq =G−1(δu) and getD‖f (u)‖1 = q where‖f (u)‖1 denotes
the vector of L1-norms off (ui). This can be written as

di = 1

‖f (ui)‖1

N∑
j=1

ωij (δu)j for i = 1, . . . ,N,

whereΩ = (ωij ) =G−1. More generally, letq be a solution ofGq = δu, and letQ be the diagonal matrix with
diagonal elementsqi . Then any solution of the system

u′(x)=GQ
f (u(x))

‖f (u)‖1
, for x ∈ [0,1], (7)

u(0)= u0 ∈ R
N, (8)

is a solution of the system (3)–(5). Here, we have used the consistent notation

1 At this stage, getting a canonical Poisson system requires only to bring theconstant skew-symmetricmatrixG to canonical form.
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f (u(x))

‖f (u)‖1
=

(
f (u1(x))

‖f (u1)‖1
, . . . ,

f (uN(x))

‖f (uN)‖1

)T

.

4. An existence result

We now state the following theorem:

Theorem 4.1. Let G be a ( possibly singular and non skew-symmetric) matrix of sizeN � 1, and letQ be a
diagonal matrix. Then for allu0 ∈ R

N , the initial-value integro-differential problem(7), (8) has at least one
infinitely differentiable solutionu∗.

Proof. Let L∞([0,1];R
N) be the space of bounded functions from[0,1] to R

N , equipped with the standar
L∞-norm, and consider the functionalΦ from L∞([0,1];R

N) to itself, defined by

Φ(u)(x)= u0 +GQ

x∫
0

f (u(y))

‖f (u)‖1
dy, for x ∈ [0,1].

We first notice that‖Φ(u)‖∞ � ‖u0‖∞+‖GQ‖∞, where‖·‖∞ denote either the L∞-norm on[0,1] or the standard
infinity norm for vector and matrix inRN . This means thatΦ(L∞([0,1];R

N)) is bounded by�M := ‖u0‖∞ +
‖GQ‖∞. Then, we thus consider for a realM > 0, the image byΦ of the L∞-ball BM of radiusM. For any
w =Φ(u) inΦ(BM), and for anyx andy in [0,1], we have‖w(x)−w(y)‖∞ � 2‖GQ‖∞ (sup|x|�M f (x))|x−y|,
so thatΦ(BM) is a uniformly equicontinuous bounded set. By Ascoli’s theorem,Φ(BM) is compact and thusΦ is
a compact function from L∞([0,1];R

N) to itself. Now, foru andv in L∞([0,1];R
N) such that‖u− v‖∞ � δ, we

have ∥∥Φ(u)−Φ(v)
∥∥∞ � 2‖GQ‖∞

(
sup

|θ |�‖u‖∞+δ

∣∣f ′(θ)
∣∣)‖u− v‖∞ , (9)

implying thatΦ is continuous. Eventually, Schauder’s theorem implies that there exists a fixed pointu∗ of Φ in
B �M . An easy induction shows thatu∗ is infinitely differentiable. ✷
5. Uniqueness for small values of Q

As announced in the introduction section, showing uniqueness of the solution for any diagonal matrixQ has
proven difficult. However, a weaker result exists:

Theorem 5.1. Let G be a matrix of sizeN � 1 and u0 ∈ R
N . There existsε > 0 such that for all diagona

matrix Q satisfying‖Q‖∞ � ε, the initial-value integro-differential problem(7), (8) has a unique solutionu∗
in L∞([0,1];R

N).

Proof. All we have to show here is that the fixed-pointu∗ of Φ found in Theorem 4.1 is unique. To see this,
consider another fixed-pointv∗ of Φ. As noticed at the end of Theorem 4.1, althoughu∗ andv∗ are only assume
at first place to belong to L∞([0,1];R

N), they are in fact bounded by�M := ‖u0‖∞ +‖GQ‖∞. Hence, estimate (9
with u= u∗ andv = v∗ can be refined as follows∥∥Φ(u∗)−Φ(v∗)

∥∥∞ � 2‖GQ‖∞
(

sup
|θ |�‖u0‖∞+‖GQ‖∞

∣∣f ′(θ)
∣∣)‖u∗ − v∗‖∞ .

Now, let k = 2‖GQ‖∞ (sup|θ |�‖u0‖∞+‖GQ‖∞ |f ′(θ)|). We havek → 0 as‖Q‖∞ → 0. Thus there existsε > 0
such that for‖Q‖∞ � ε, we havek < 1 and the applicationΦ is contractant inB �M . In this case, we thus hav
v∗ = u∗. ✷
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It must be emphasized that for a singular2 matrixG, Eqs. (3)–(5) have several distinct solutions.
Note also that under the hypothesis of Theorem 5.1, the standard Picard-like schemeuk+1 = Φ(uk) converges

towardu∗ linearly.

6. Uniqueness for large values of Q

When the norm ofQ is not small, we are left with the open question of uniqueness of the solution of (7),
ForN = 1, the uniqueness of the solution can be proved as follows: Eqs. (7), (8) can be written here

u′(x)= µ
f (u(x))

‖f (u)‖1
, u(0)= u0 ∈ R, (10)

whereµ ∈ R. Note that we have by integrationu(1)= u0 +µ. If µ= 0, the solutionu(x)≡ u0 is unique. Ifµ �= 0,
we define the functionI (u)= ∫ u

0 (1/f (v))dv. This function is strictly increasing, and it can be checked that
is equivalent to the differential equationu′(x)= (I (u0 + µ)− I (u0))f (u(x)), u(0)= u0 ∈ R, whose solution is
unique. We thus get

Proposition 6.1. If N = 1, for any real numbersG,Q andu0, the initial-value integro-differential problem(7), (8)
has a unique solutionu∗ in L∞([0,1];R).

The uniqueness result forN = 2 andG skew-symmetric is a direct by-product of the existence of an invar
Indeed, we can easily show

Lemma 6.2. LetN � 2,G a skew-symmetricN ×N matrix, andQ a diagonal matrix. LetF be a primitive off ,
u a solution of(7), (8)andq the vector with elements the diagonal elements ofQ. The quantityH(u(x)) defined
by:

H
(
u(x)

) =
N∑
j=1

qj
F (uj (x))

‖f (uj )‖1
,

is invariant along any solutionu.

ForN = 2, the matrixG is of the formG = ( 0 −σ
σ 0

)
with σ ∈ R. Note that ifσ = 0 the solution is obviously

unique. Ifσ �= 0, fromH(u(0))=H(u(1)), we get

q1(
∫ u1(1)
u1(0)

f (u)du)

‖f (u1)‖1
+ q2(

∫ u2(1)
u2(0)

f (u)du)

‖f (u2)‖1
= 0.

If q1(
∫ u1(1)
u1(0)

f (u)du)= q2(
∫ u2(1)
u2(0)

f (u)du)= 0, it is easy to check that the equations degenerate into a sy

of ordinary differential equations with a unique solution. Wheneverq1(
∫ u1(1)
u1(0)

f (u)u)du �= 0, we get the equation

1

‖f (u1)‖1
= λ

‖f (u2)‖1
,

whereλ = −(q2
∫ u2(1)
u2(0)

f (u)du)(q1
∫ u1(1)
u1(0)

f (u)du)−1. As a consequence, we can express the L1-norm of f (u1)

in terms of the L1-norm off (u2). Now if u is a continuously differentiable solution of (7), (8) defined on[0,1],

2 For odd values ofN , this is necessarily the case ifG is skew-symmetric.
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then v, defined on[0, (‖f (u2)‖1)
−1] by v(x) = u(‖f (u2)‖1 x) is a continuously differentiable solution of th

system of ordinary differential equations{
v′

1(x)= −σq2f
(
v2(x)

)
, v1(0)= (u0)1,

v′
2(x)= λσq1f

(
v1(x)

)
, v2(0)= (u0)2,

(11)

and satisfies

(‖f (u2)‖1
)−1∫

0

f
(
v2(x)

)
dx = 1.

However, sincef � 1, this defines(‖f (u2)‖1)
−1 uniquely, given that (11) has a unique solution on an inte

[0,X[, X > 0. We thus have:

Proposition 6.3. If G is a 2-by-2 skew-symmetric matrix,Q is a diagonal matrix, then for allu0 ∈ R
2, the initial-

value integro-differential problem(7), (8) for N = 2 has a unique solutionu∗ in L∞([0,1];R
2).
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