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Abstract

We present some results on a fully nonlinear version of the Yamabe problem and a Harnack type inequality for
conformally invariant fully nonlinear second order elliptic equations.To cite this article: A. Li, Y.Y. Li, C. R. Acad. Sci. Paris,
Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

On étudie une version complètement nonlinéaire du problème de Yamabe. On etablit aussi une inégalité du type Har
des équations elliptiques de second ordre, complètement nonlinéaires, avec invariance conforme. Les démonstration
de ces résultats sont présentées ailleurs.Pour citer cet article : A. Li, Y.Y. Li, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version française abrégée

Étant donnée une variété riemannienne(M,g) de dimensionn � 3, on considère le tenseur de Weyl–Schou
Ag = 1

n−2(Ricg − Rg

2(n−1)g), où Ricg etRg sont la courbure de Ricci et la courbure scalaire associées àg. On dénote
parλ(Ag) les valeurs propres deAg par rapport àg. SoitΓ ⊂ R

n un cône ouvert convexe dont le sommet e
l’origine, symétrique par rapport àλi , tel que{λ ∈ R

n | λi > 0,1 � i � n} ⊂ Γ ⊂ {λ ∈ R
n | ∑n

i=1λi > 0}. Soit
f ∈ C∞(Γ ) ∩ C0(
Γ ) une fonction concave et symétrique par rapport àλi telle quef = 0 sur∂Γ , fλi > 0 surΓ
pour chaque 1� i � n et lims→∞ f (sλ) = ∞ pour toutλ ∈ Γ . Nous avons obtenu les résultats suivants
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Théorème 1 [9]. Soit n � 3. On suppose que(f,Γ ) vérifie les propriétés ci-dessus. Étant donnée une va
riemannienne régulière sans bord(M,g) de dimensionn et localement conformément plate telle queλ(Ag) ∈ Γ

surM, il existe une fonction régulièreu définie surM telle queĝ = u4/(n−2)g vérifief (λ(Aĝ)) = 1, λ(Aĝ) ∈ Γ ,
sur M. De plus, si (M,g) n’est pas conformément difféomorphe à la sphère euclidienne de dimensn,
alors il existe un entier positifm et une constanteC (qui dépend seulement de(M,g), (f,Γ ) et m) tels que
‖u‖Cm(M,g) + ‖u−1‖Cm(M,g) � C pour toute solutionu du problème.

Théorème 2 [9]. Soitn � 3. On suppose queU ⊂ Sn×n vérifie (13) et (14) et queF ∈ C1(U) vérifie (12), (15)
et (16). Pour chaqueR > 0, on dénote parB3R la boule de rayon3R dansR

n. Siu ∈ C2(B3R) est une solution
positive de Éq.(17), alorsu vérifie(18)pour une certaine constanteC(n) qui peut être calculée explicitément.

We present some results in [9], a continuation of our earlier works [7,8]. Let(M,g) be ann-dimensional,
compact, smooth Riemannian manifold without boundary,n � 3, consider the Weyl–Schouten tensorAg =

1
n−2(Ricg − Rg

2(n−1)g), where Ricg andRg denote respectively the Ricci tensor and the scalar curvature asso

with g. We useλ(Ag) to denote the eigenvalues ofAg . Let ĝ = u4/(n−2)g, then (see, e.g., [17]),

Aĝ = −2(n− 2)−1u−1∇2
gu + 2n(n− 2)−2u−2∇gu ⊗ ∇gu − 2(n− 2)−2u−2|∇gu|2gg + Ag. (1)

Let

Γ ⊂ R
n be an open convex cone with vertex at the origin, (2){

λ ∈ R
n | λi > 0,1� i � n

} ⊂ Γ ⊂ {
λ ∈ R

n | λ1 + · · · + λn > 0
}
, (3)

Γ is symmetric in theλi, (4)

f ∈ C∞(Γ ) ∩ C0(
Γ ) be concave and symmetric in theλi, (5)

f = 0 on∂Γ ; fλi > 0 onΓ, ∀1 � i � n, (6)

lim
s→∞f (sλ) = ∞, ∀λ ∈ Γ. (7)

Theorem 1 [9]. For n � 3, let (f,Γ ) satisfy(2)–(7) and let(M,g) be ann-dimensional smooth compact loca
conformally flat Riemannian manifold without boundary satisfying

λ(Ag) ∈ Γ, onM. (8)

Then there exists some smooth positive functionu onM such thatĝ = u4/(n−2)g satisfies

f
(
λ(Aĝ)

) = 1, λ(Aĝ) ∈ Γ onM. (9)

Moreover, if(M,g) is not conformally diffeomorphic to the standardn-sphere, all solutions of the above satis
for any positive integerm, and some constantC depending only on(M,g), (f,Γ ) andm,

‖u‖Cm(M,g) + ∥∥u−1
∥∥
Cm(M,g)

� C. (10)

Remark 1. TheC0 andC1 apriori estimates above do not require the concavity off .

For 1 � k � n, let σk(λ) = ∑
1�i1<···<ik�n λi1 · · ·λik , denote thek-th symmetric function, and letΓk =

{λ ∈ R
n | σ1(λ) > 0, . . . , σk(λ) > 0}. Then (see [2])(f,Γ ) = (σ

1/k
k ,Γk) satisfies the hypothesis in Theorem

For (f,Γ ) = (σ1,Γ1), hypothesis (8) is equivalent toRg > 0 onM, and Theorem 1 in this case is the Yama
problem for locally conformally flat manifolds with positive Yamabe invariants, and the result is due to Scho
13]. The Yamabe conjecture was proved through the work of Yamabe, Trudinger, Aubin and Scho
(f,Γ ) = (σ

1/k
k ,Γk) with k = 2 andn = 4, the result was proved without the locally conformally flatness hypoth
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of the manifold by Chang, Gursky and Yang [3]. For(f,Γ ) = (σ
1/k
k ,Γk) with k = n � 3, some existence resu

was established by Viaclovsky [16] for a class of manifolds which are not necessarily locally conformal
For (f,Γ ) = (σ

1/k
k ,Γk), n � 3, 1� k � n, Theorem 1 was established in [7,8]; while the existence part in

casek �= n
2 was independently obtained by Guan and Wang in [5]. Subsequently, Guan, Viaclovsky and W

proved the algebraic fact thatλ(Ag) ∈ Γk for k � n
2 implies the positivity of the Ricci tensor, and therefore both

existence and compactness results in this case follow from known results. More recently, Gursky and Via
[6] have obtained existence results for(f,Γ ) = (σ

1/k
k ,Γk), n = 3,4, on general Riemannian manifolds.

A Liouville type theorem for(f,Γ ) = (σ
1/k
k ,Γk) was established in [8]. The crucial ingredient in our proo

the Liouville type theorem is a Harnack type inequality for(f,Γ ) = (σ
1/k
k ,Γk) established in the same paper.

[9], we have established the Harnack type inequality for general conformally invariant fully nonlinear secon
elliptic equations. In the following,Sn×n denotes the set ofn × n real symmetric matrices,Sn×n+ ⊂ Sn×n denotes
the set of positive definite matrices, O(n) denotes the set ofn×n real orthogonal matrices, andI denotes then×n

identity matrix. It was show in [8] thatH(·, u,∇u,∇2u) is conformally invariant onRn (see [8] for the definition)
if and only if H(·, u,∇u,∇2u) ≡ F(Au), where

Au := −2(n− 2)−1u−(n+2)/(n−2)∇2u + 2n(n − 2)−2u−2n/(n−2)∇u ⊗ ∇u

− 2(n− 2)−2u−2n(n−2)|∇u|2I, (11)

F
(
O−1MO

) = F(M), ∀M ∈ Sn×n, ∀O ∈ O(n). (12)

Let U ⊂ Sn×n be an open set satisfying

O−1UO = U, ∀O ∈ O(n), (13)

U ∩ {M + tN | 0< t < ∞} is convex∀M ∈ Sn×n, N ∈ Sn×n+ . (14)

Let F ∈ C1(U) satisfy (12) and(
∂F

∂Mij

(M)

)
> 0, ∀M ∈ U, (15)

F(M) �= 1, ∀M ∈ U ∩
{
M ∈ Sn×n | ‖M‖ :=

(∑
i,j

M2
ij

)1/2

< δ

}
. (16)

For Fk(M) := σ
1/k
k (λ(M)), andUk := {M ∈ Sn×n | λ(M) ∈ Γk}, it is well known that(F,U) = (Fk,Uk)

satisfies (13), (14), (12) and (16).

Theorem 2 [9]. For n � 3, let U ⊂ Sn×n satisfy(13)and (14), and letF ∈ C1(U) satisfy(12), (15)and (16). For
R > 0, let BR be a ball inR

n of radiusR, and letu ∈ C2(B3R) be a positive solution of

F
(
Au

) = 1, Au ∈ U, in B3R. (17)

Then, for some constantC(n) depending only onn,(
sup
BR

u
)(

inf
B2R

u
)

� C(n)δ(2−n)/2R2−n, (18)

Remark 2. In Theorem 2, there is no concavity assumption onF and the constantC(n) can be given explicitly.

Remark 3. The Harnack type inequality (18) for(F,U) = (F1,U1) was obtained by Schoen in [14] based
a Liouville type theorem of Caffarelli, Gidas and Spruck in [1]. Li and Zhang gave in [11] a different pro
Schoen’s Harnack type inequality without using the Liouville type theorem. For(F,U) = (Fk,Uk), 1 � k � n,
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the Harnack type inequality was established in our earlier work [8]. There are two new ingredients in ou
of Theorem 2. One is that we have developed, along the line of [8], newC0 andC1 estimates which allow us t
extend the Harnack type inequality in [8] to this generality, and the other is that we have given a direct proo
makes it possible to give an explicit constantC in (18). Arguments in [14,11] and [8] were indirect and theref
no explicit value ofC was available, even in the case(F,U) = (F1,U1).

We first present our proof of Theorem 1, more details can be found in [9]. As explained in [9], we may
assume without loss of generality thatf is homogeneous of degree 1. By (6) and (7), there exists a uniqueb > 0
such thatf (be) = 1, wheree = (1, . . . ,1). By (6), there exists someδ1 > 0 such that

f (λ) < 1, ∀λ ∈ Γ, |λ| < δ1. (19)

Fix some constantδ2 such that

0< δ2 � min
x∈M

f
(
λ
(
Ag(x)

))
. (20)

Let (M̃, g̃) denote the universal cover of(M,g), with i : M̃ → M a covering map and̃g = i∗g. By a theorem of
Schoen and Yau in [15], there exists an injective conformal immersionΦ : (M̃, g̃) → (Sn, g0), whereg0 denotes
the standard metric onSn. Moreover,Ω := Φ(M̃) is eitherSn or an open and dense subset ofS

n. Fix a compact
subsetE of M̃ such thati(E) = M. To prove Theorem 1, we will establish (10) first. Letu ∈ C∞(M) be a positive
solution of (9) withĝ = u4/(n−2)g. We denoteF(Ag) := f (λ(Ag)).

Step1. For some constantC depending only on(M,g), b, δ1 andδ2, we have

C−1 � u � C, |∇gu| � C onM. (21)

Two cases:Case1.Ω = S
n; Case2.Ω �= S

n.

In Case 1,(Φ−1)∗g̃ = η4/(n−2)g0 on S
n, whereη is a positive smooth function onSn. Let ũ = u ◦ i. Since

F(Aũ4/(n−2)g̃) = 1 on M̃ , we haveF(A[(ũ◦Φ−1)η]4/(n−2)g0
) = 1, on S

n. By Corollary 1.1 in [8], (ũ ◦ Φ−1)η =
a|Jϕ|(n−2)/(2n) for some positive constanta and some conformal diffeomorphismϕ of S

n. Sinceϕ∗g0 = |Jϕ |2/ng0,
we havef (a−4/(n−2)(n−1)e) = f (a−4/(n−2)λ(Ag0)) = 1, i.e.,(n−1)a−4/(n−2) = b. Estimate (10) follows easily

In Case 2,(Φ−1)∗g̃ = η4/(n−2)g0 on Ω where, by [15],η is a positive smooth function inΩ satisfying
limz→∂Ω η(z) = ∞. Recall thatΩ is an open and dense subset ofS

n. Let u(x) = maxM u for somex ∈ M, and
let i(x̃) = x for somex̃ ∈ E. By composing with a rotation ofSn, we may assume without loss of generality th
Φ(x̃) = S, the south pole ofSn. LetP :Sn → R

n be the stereographic projection, and letv be the positive function
on the open subsetP(Ω) of R

n determined by(P−1)∗(η4/(n−2)g0) = v4(n−2)gflat, wheregflat denotes the Euclidea
metric onR

n. Then for someε > 0, depending only on(M,g), we haveB9ε := {x ∈ R
n | |x| < 9ε} ⊂ P(Ω),

and distgflat(P (Φ(E)), ∂P (Ω)) > 9ε. Let û = (ũ ◦ Φ−1 ◦ P−1)v on P(Ω), we have, by (1),f (λ(Aû)) = 1 and
λ(Aû) ∈ Γ. By the property ofη, we know that limy→ȳ, y∈P(Ω) û(y) = ∞ for all ȳ ∈ ∂P (Ω) and, if the north pole
of S

n does not belong toΩ , limy∈P(Ω), |y|→∞(|y|n−2û(y)) = ∞. By a moving sphere argument as in [9], we ha
for everyx ∈ R

n satisfying distgflat(x,P (Φ(E))) < 2ε, that

ûx,λ(y) := λn−2

|y − x|n−2 û

(
λ2(y − x)

|y − x|2
)

� û(y), ∀0< λ< 4ε, |y − x| � λ, y ∈ P(Ω). (22)

Lemma 1 [9]. Leta > 0 be a constant and letB8a ⊂ R
n be the ball of radius8a and centered at the origin,n � 3.

Assume thatu ∈ C1(B8a) is a non-negative function satisfying

ux,λ(y) � u(y), ∀x ∈ B4a, y ∈ B8a, 0< λ< 2a, λ < |y − x|,
whereux,λ(y) := (λ/|y|)n−2u(x + λ2(y − x)/|y − x|2). Then|∇u(x)| � ((n− 2)/(2a))u(x), ∀|x| < a.

By (22) and the above calculus lemma, we have|∇(logû)(y)| � C(ε), ∀distgflat(y,P (Φ(E))) < ε.
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Thus, for some constantC depending only on(M,g), |∇g logu| � C onM, and

sup
Bε

û � C inf
Bε

û. (23)

Let β > 0 be the constant such thatξ(y) := β(ε2 − |y|2) has the property that̂u � ξ on Bε, and, for some
ȳ ∈ Bε , û(ȳ) = ξ(ȳ). It follows that∇û(ȳ) = ∇ξ(ȳ), (D2û(ȳ)) � (D2ξ(ȳ)), andAû(ȳ) � Aξ(ȳ). By (23) and the
definition ofξ , we have 1−(|ȳ|/ε)2 � C−1, andC−1 supBε

û � βε2 � C infBε û, whereC depends only on(M,g).

Consequently,Aû(ȳ) � Aξ(ȳ) � Cβ−4/(n−2)I. This, together with the fact thatλ(Aû(ȳ)) ∈ Γ ⊂ Γ1, implies that
|λ(Aû(ȳ))| � Cβ−4/(n−2). Sincef (λ(Aû(ȳ))) = 1, we have, by (19), thatβ � Cδ

(2−n)/4
1 , whereC depends only

on (M,g). Again by (23), we have maxM u = ũ(x̃) � Cû(0) � Cû(ȳ) = Cξ(ȳ) � Cβ � Cδ
(2−n)/4
1 . Let x̄ ∈ M be

a maximum point ofu, it was shown in [8] thatf (u(x̄)−4/(n−2)λ(Ag(x̄))) � 1. This, together with (20), implie

maxM u = u(x̄) � δ
(n−2)/4
2 . Using the upper bound of|∇g logu| on M, we have, for some positive constantC

depending only on(M,g), thatu � C−1 maxM u � C−1δ
(n−2)/4
2 onM. Step 1 is established.

Step2. For some constantC depending only on(M,g), b, δ1 andδ2, |∇2
gu| � C onM.

C2 estimates for(f,Γ ) = (σ
1/k
k ,Γk) were obtained by Viaclovsky [16]. The arguments can be adapted in

situation. Indeed, this is equivalent to settingρ ≡ 1 in the definition ofG(x) in the proof of Theorem 1.6 in [8]
so thatG(x) is defined onM, and Step 2 follows from the computation there (withh ≡ 1) together with Step 1
Sincef is concave inΓ , and since we have establishedC0, C1 andC2 estimates ofu andu−1, estimate (10)
follows from the interior estimates of Evans and Krylov together with the Schauder estimates.

For the existence part of Theorem 1, we only need to treat the case that(M,g) is not conformally diffeomorphic
to a standard sphere. The following homotopy was introduced in [8]: for 0� t � 1, let ft (λ) = f (tλ + (1 −
t)σ1(λ)e) be defined onΓt := {λ ∈ R

n | tλ+(1− t)σ1(λ)e ∈ Γ }. We consider, for 0� t � 1, and forĝ = u4/(n−2)g,

ft

(
λ(Aĝ)

) = 1, λ(Aĝ) ∈ Γt onM. (24)

For 0� t � 1, (ft ,Γt ) satisfies (2)–(6) and (7). Moreover estimate (10) holds for solutions of (24), uniformt .
With this the argument in [8] (using the degree theory for second order fully nonlinear elliptic operators in
yields a solutionu of (9) in C4,α . By standard elliptic theories,u ∈ C∞(M). Theorem 1 is established.

Next we present our proof of Theorem 2. By scaling, it is easy to see that we only need to prove the t
for R = δ = 1, which we assume below. Letu(x̄) = maxB̄1

u. As in the proof of Theorem 1.8 in [8],we can fin
x̃ ∈ B1/4(x̄) such that

u(x̃) � 2(2−n)/2 sup
Bσ (x̃)

u and γ := u(x̃)2/(n−2)σ � 1

2
u(x̄)2/(n−2), (25)

whereσ = (1−|x̃− x̄|)/2� 1/2. If γ � 2n+8n4, then(supB1
u)(infB2 u) � u(x̄)2 � (2γ )(n−2)/2 � C(n), done. So

we assumeγ > 2n+8n4. Let Γ := u(x̃)2/(n−2) � 2γ , and considerw(y) := u(x̃)−1u(x̃ + u(x̃)2/(2−n)y), |y| < Γ.

By superharmonicity ofu,

min
∂BΓ

w = inf
BΓ

w � u(x̃)−1 min
∂B2

u, 1 = w(0) � 2(2−n)/2 sup
Bγ

w. (26)

We know F(Aw) = 1 on BΓ . Fix r = 2n+6n4 < 1
4γ. For |x| < r, considerwx,λ(y) := ( λ

|y−x|)
n−2w(x +

λ2(y−x)

|y−x|2 ), y ∈ BΓ . By the conformal invariance of the equation, we haveF(Awx,λ ) = 1 onBΓ \ Bλ(x). As in [8],
there exists 0< λx < r such thatwx,λ(y) � w(y), ∀0< λ< λx, y ∈ BΓ \Bλ(x), andwx,λ(y) < w(y), ∀0< λ<

λx , y ∈ ∂BΓ . By the moving sphere argument in [8], we only need to treat two cases:
Case1. For some|x| < r and someλ ∈ (0, r), wx,λ touchesw on ∂BΓ .
Case2. For all|x| < r, all λ ∈ (0, r), we havewx,λ(y) � w(y),∀|y − x| � λ, y ∈ BΓ .
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In Case 1, letλ ∈ (0, r) be the smallest number for whichwx,λ touchesw on ∂BΓ . By (26), we have, for som
|y0| = Γ , u(x̃)−1 min∂B2 u � min∂BΓ w = wx,λ(y0). Using (26),wx,λ(y0) � 2(n−2)/2(r/(Γ − r))n−2. Therefore,

σ (n−2)/2u(x̃)min
∂B2

u � 2(n−2)/2σ (n−2)/2u(x̃)2 rn−2

(Γ /2)n−2
= 2(3/2)(n−2)σ (n−2)/2rn−2 � C(n). (27)

We deduce from (25) and (27) that(supB1
u)(infB2 u) � 8n−2rn−2 � C(n).

In Case 2, we have, by Lemma 1 and (26), that|∇w(y)| � 2(n− 2)r−1w(y) � (n− 2)2n/2r−1, ∀|y| � r. Let ε
be the number such thatξ(y) := 1−ε

r
(r − |y|2) satisfiesw � ξ onB√

r and for some|ȳ| < √
r , w(ȳ) = ξ(ȳ). Since

1 = w(0) � ξ(0) = 1− ε andξ(ȳ) > 0, we have 0� ε < 1. By the estimates of|∇w| and the mean value theorem
|w(y) − 1| � (n− 2)2n/2r−1/2, for all |y| � √

r . So 1
2 � 1− (n− 2)2n/2r−1/2 � w(ȳ) = ξ(ȳ) � 1− ε, and there-

fore 0� ε � (n− 2)2n/2r−1/2. Clearly,∇w(ȳ) = ∇ξ(ȳ), |∇ξ(ȳ)| � 2√
r
,D2w(ȳ) � D2ξ(ȳ) = −2(1− ε)r−1I. It

follows thatAw(ȳ) � Aξ(ȳ) � (10n+4)
(n−2)2

22n/(n−2)r−1I. SinceF(Aw(ȳ)) = 1, we have, by (16),(10n+4)
(n−2)2

22n/(n−2)r−1

� 1, violating the choice ofr. Thus we have shown that Case 2 can never occur. Theorem 2 is established.
The results in this Note have been presented by the second author at his 45-minute invited talk at ICM

August 2002 in Beijing. The results have also been presented by the second author in a colloquium talk a
western University on September 27, 2002, in the Geometric Analysis seminar at Princeton University on
18, 2002, in a mini-course in late October 2002 at Università di Milano. On December 2 2002, the second
was informed by P. Guan that he, in collaboration with C.S. Lin and G. Wang, has obtained some related r

Note added in proof

We have recently established general Liouville type theorems for conformally invariant fully nonlinear equ
(arXiv: math.AP/0301239, arXiv: math.AP/0301254, [9]).
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