Available online at www.sciencedirect.com e, COMPIES RENDS

A3 N
SCIENCE@DIHECT® 1@%?1
;J ajwf
«s@‘“ MATHEMATIQUE

ELSEVIER C.R. Acad. Sci. Paris, Ser. | 336 (2003) 147152

Partial Differential Equations

Limit at infinity for travelling waves in the Gross—Pitaevskii
equation

Limite a I'infini des ondes progressives dans I'équation
de Gross—Pitaevskii

Philippe Gravejat

Laboratoire Jacques-Louis Lions, Université Pierre et Marie Curie (Paris-6), BC 187, 4, place Jussieu, 75252 Paris cedex 05, France
Received and accepted 27 November 2002

Presented by Haim Brezis

Abstract

We study the decay of the travelling waves of finite energy in the Gross—Pitaevskii equation in dimension greater than three
and prove their uniform convergence to a constant of modulus one at infioitite this article: P. Gravejat, C. R. Acad. Sci.
Paris, Ser. | 336 (2003).
0 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Nous étudions la limite a I'infini des ondes progressives d’énergie finie dans I'équation de Gross—Pitaevskii en dimension
supérieure ou égale a trois et nous montrons leur convergence uniforme vers une constante de mBduteciter cet
article: P. Gravgjat, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
0 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version francaise abrégée

Dans cet article, nous étudions les ondes progressivisvitesse: > 0 pour I'équation de Gross—Pitaevskii
id;u = Au+u(1— |ul? de la formeu(t, x) = v(x1 — ct, ..., xy). L'équation vérifiée pav que nous étudierons
désormais est

icorv + Av + v(l— |v|2) =0.

L'équation de Gross—Pitaevskii est un modéle physique qui décrit la superconductivité et la superfluidité et qui est
associé a I'énergieE (v) = 3 [un VoI + 3 [on (1 —[v[?)2.

Jones et Roberts [7] se sont intéressés aux ondes progressives d'énergie finie parce qu’elles sont supposé
expliquer la dynamique en temps long des solutions générales : ils ont ainsi conjecturé gu’elles n’existent que
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lorsque O< ¢ < /2, ce que nous supposerons désormais, et qu’elles ont une limite & I'infini qui est une constante
de module un.

Béthuel et Saut [2,3] les ont étudiées sur le plan mathématique et ont notamment montré leur existence er
dimension deux lorsqueest petit, et I'existence de leur limite a I'infini :

Théoreme 0.1En dimension deux, une onde progressive pour I'équation de Gross—Pitaevskii de Qitesse
V2 et d’énergie finie vérifie & une constante multiplicative de module umgds — 1.

[x]—+00

En dimension trois, Béthuel, Orlandi et Smets [1] ont prouvé leur existence lorsgsiepetit, et, en toute
dimension, Farina [5] a donné une borne universelle sur leur module. Dans cet article, nous allons compléter leur:
travaux en dimension supérieure ou égale a trois par le théoréme suivant :

Théoreme 0.2En dimension supérieure ou égale a trois, une onde progressive pour I'équation de Gross—Pitaevskii

de vitess® < ¢ < +/2 et d’énergie finie vérifie & une constante multiplicative de module unzmxes‘ ‘—> 1
X|——4+00

Dans la suite, nous esquisserons la preuve de ce théoréme : nous déterminerons d’abord la régularité des ond
progressives avant d’énoncer un argument général pour I'étude de la limite & I'infini d’'une fonction.

1. Introduction

In this article, we will focus on the travelling waves of speed 0 in the Gross—Pitaevskii equatiodii =
Au+u(1— |u|? which are of the form (¢, x) = v(x1 — ct, . .., xx). The simplified equation far, which we will
study now, is

ic81v+Av+v(l— |v|2)=O. (1)

The Gross—Pitaevskii equation is a physical model for superconductivity and superfluidity which is associated to
the energyZ(v) = 3 fon Vo2 + 1 fon 1 —v?)2.

The travelling waves of finite energy are supposed to explain the long time dynamics of general solutions and
were first considered by Jones and Roberts [7]: they conjectured that they only exist whe8, which will be
supposed henceforth, and that they have a limit at infinity which is a constant of modulus one.

Béthuel and Saut [2,3] first studied mathematically these travelling waves: they showed their existence in
dimension two wher is small, and also gave a mathematical proof for their decay at infinity. In fact, they proved
the following theorem:

Theorem 1.1.In dimension two, a travelling wave for the Gross—Pitaevskii equation of finite energy and speed
0 < ¢ < +/2 satisfies up to a multiplicative constant of modulus one

v(x) — 1.
|x[—+00

In dimension three, Béthuel, Orlandi and Smets [1] showed their existence avteeemall, and in every
dimension, Farina [5] proved a universal bound for their modulus. In this paper, we will complete these results
for the dimensions greater than three by proving the following theorem

Theorem 1.2.In dimension greater than three, a travelling wave for the Gross—Pitaevskii equation of finite energy
and speed < ¢ < +/2 satisfies up to a multiplicative constant of modulus one

v(ix) — 1
|x]—4o00
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This paper will be organized around the proof of this theorem: in a first part, we will study the local and Sobolev
regularity of the travelling waves and, in a second part, we will give a general argument to study their decay at
infinity.

2. Regularity of travelling waves

In this part, we will study the regularity of a travelling wave of finite energy and of speed:& +/2 in
dimensionN greater than two: we will prove the following proposition thanks to arguments from Béthuel and Saut
[2,3].

Proposition 2.1.1f v is a solution of Eq(1) in L%C(RN) of finite energy, then is regular, bounded and its gradient
belongs to all the spaceg*?(RV) for k e N and p € 11, +00].

Proof. We begin by establishing the following lemma which is valid evenif +/2:
Lemma 2.2.v is regular, bounded and its gradient belongs to all the spagé< (RV) for k e Nandp € [2, +o0].

The proof of this lemma is adapted from a bootstrap argument introduced in the article of Béthuel and Saut [2],
so, we will only give its sketch, and only in dimension three because the general proof is identical with small
changes of Sobolev indices.

We first consider a pointy in R® and we denot€, the unit ball with centerg. Then, we consider the solutions
v1 andv; of the equations

—Avy=gv) :=v(1—|v?) +icdv onQ,

Av1=0 onQ,
vy=0 o0noK.

v1=v O0noJ and {

Since the energy of is finite, g(v) is uniformly bounded i.#/3(%), which means thaftg (v) | .43 is bounded
by a constant which only depends enand E(v) but not onzg. By standard elliptic theory, and Sobolev
embeddingsy; andv; are also uniformly bounded ih*(2) and W24/3(Q2) respectively.

If we denotew, the ball with center;g and with radius%, by Caccioppoli inequalitiesy; is uniformly
bounded inW24/3(w) and in W31%11(w), so,v is uniformly bounded inW24/3(w). Furthermore, we compute
Vg() = Vol — [v]?) — 2(v - Vv)v +icd1 Vv, and thenVg(v) is uniformly bounded in.1%11(w). By standard
elliptic theory, and Sobolev embeddings, we finally get thist uniformly bounded irC%/12(w).

Thus,v is continuous and bounded &¥. Then, its gradienty = Vv satisfies

2 2
—Aw —icow + <% +2>w = w(l— |v|2) —2(v-w)v + (% + 2>w =h(w),

so, from the previous inequalities(w) belongs toL2(R3), which proves thaiw belongs toH2(R®%). Sow is
continuous and bounded, and by iterating, we can concludetisategular, bounded and that all its derivatives
belong to the spacds*(R3) andL>° (R3). Then, we end this proof by using a standard interpolation result between
L?-spaces.

We deduce from this first lemma the following lemma:

Lemma 2.3.The modulug of v satisfies

px) — 1L

[x]—+o00
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Indeed, if we denotey = 1 — p2, 52 is uniformly continuous because is bounded and Lipschitzian by
Lemma 2.2. AszN n? is finite, n converges uniformly to 0 at infinity which ends the proof of this lemma.

Thus, p does not vanish at the neighborhood of infinity: so, we can write therep € and compute the
following equations satisfied by and6:

div(p2V6) = —= 3102,
(02V8) = =510 2
—Ap+pIVOIZ+cpind = p(1— p?).

Thanks to this polar form, we can now conclude the proof of Proposition 2.1 by the following lemma:
Lemma 2.4.The gradient ob belongs to all the space&*” (RV) for k e Nand p € 11, 2[.

This proof is also adapted from an article of Béthuel and Saut [3], and so, we will only give its sketch. We
first notice by Lemma 2.3 that does not vanish at the neighborhood of infinity, and, in order to simplify, we
will suppose thap does not vanish oR”" : the general situation is technically slightly more involved, but follows
essentially the same idea (see [6]).

So, we begin by denoting = 2n2 — 2cnd16 + 2|Vv|? andR = V6. BecausdVv|2 = |V p|? + p?|V6|?, and
by Lemmas 2.2 and 2.3, we can establish thand R are in all the space®@*-?(R") for k e N andp € [1, +o0].
Besides, we compute thanks to (2.1) using the Fourier transformation

(I€1% + 2)7(&) — 2ic&10(8) = & (&),
ve e RV, R - e
£120(5) + 'gslﬁ@) =—iY &R ®).

DenotingL and(L j 1)1< j<n the operators associated to the Fourier multiplie(s) = |£12/(|&|* + 2|&|? — c%2),
respectivelyk ; 1(¢) = $j$1/|§|2, we can assert

N
n:L<a+2cZLj,1(Rj)>-

j=1

Furthermore, the Riesz operator theory checks that the opedtpi$:< <y are multipliers on all the spaces
LP(RN) for p €11, +oo[, and,K is a regular bounded function @& \ {0} which satisfies

N
[T()a8r -0 K ) € L2 (RY)
j=1

as soon asky, ..., ky) € {0, 1}V satisfies 0< Z?’:lkj < N. Therefore, by Lizorkin theorem [8] (see also [9]),
L is a multiplier on all the spaces”(RY) for p € 11, +o0[ too. By the previous statements enand R, we
conclude that is in all the space&” (RV) for p € 11, +o0[, and by the equation

N

) ic .
Vie{l... N}, 9;0=——Lja)—iY Ljx(Ry.
2 k=1

where(L; 1)1<.k<n IS the operator associated to the Fourier multipkgr, () = sjsk/lélz, V@ is also in all the
spaced.” (RV) for p € 11, +ool.

By iterating this process to all the derivativesodndVeé by Lemma 2.2, we conclude thatandVé belong to
all the spaces$v*? (RN) for k e N and p € 11, +o0[. Sincen = 1 — p? andp is in all the spaced*>°(R") for
k e N, and sinceVu|?2 = |Vp|? + p?|VO|%, Lemma 2.4 is proved as well as Proposition 2.1
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3. Decay at infinity

Before concluding the proof of Theorem 1.2, we will establish the following general proposition concerning the
decay of a function at infinity.

Proposition 3.1.We consider a regular function v d&": we suppose that N is greater than three and that the
gradient of v belongs to the spac#g-?o(RY) and W71 (RV) wherel < pg < N — 1 < p1 < +00. Then there is
a constant,, € C which satisfies

v(X) — Vo
|x|—4o00

Proof. We begin by constructing the limit,,. Indeed, we have

+00 +00 1/po ;+00 1/pg
/ /|8rv(r§)|drda< / (/ |Vv(r§)|pOrN_ldr) (/ r=(N=D/(po=1) dr> do < +o0
1 1

sN-1 1 SN-1
which gives[;"* |9, v(r&)| dr < +oo a.e. Thus, there is a function, defined ors"~* such that

V() — vx() ae

If we denoteVp € [po, p1], Vr e RY, ¢,(r) = rN_lfSN_l IVu(ré)|? do, this function is regular oiR and its
derivative satisfies

“+00

-1
/ [, dr < CUIVVIL, vy + 19017, V0l ) < +00.
0

Hence, the functio, has a limit at infinity, and sinc%roo dp(r)dr = ”VUHZP(]RN) < +00, this limit is zero.
Furthermore, if we denot¥(r, &) € R x SV=1, v,(&) = v(r&), we remark thatiVuv(ré)|? = |9,v(r§)|? +

r~2|Vgv-1v,(§)|2, which leads finally to

FN-1-p / |VSN—1Ur é) |p do r_>—+)oo 0
sN-1

Thus, if N — 1< g < min{p1, N}, we get for every € R%.

+00 q +o0
/ |V, — Voo|?do < /</|8rv(s§)|ds> do < / rq_"/|Vv(s§)|qu_ldsda

§N-1 gN-1 r S§N-1
< Cn,q”VU”Zq(RN)rq_N?
which gives
(S ISV 1/q
oy = Voollpv-1.18-1) = Civ / =Ny, — g * (1) b < CN,q< / |0, = oo |9 (1) dt)
0 0

q —N
< CN,q lvy — Uoo”Lq(SN—l) < CN,q ||VU||Lq(RN)rq
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and proves thatv, — veol|;n-11gv-1y tends to 0 whenm tends to+-occ. Now, we fixe > 0 and we denote
VieR:, a0 =|{& e SN |Vgn-10:(8)] > 1A},

VieRy,  fr()=]|Vov-1v,| () =inf{r e RY |, (1) <t}

We have showed that there exisfs= R? such that

VVERJ,_, {

Vr >re, Vi €{0,1}, pN—1=pi / |VSN—1Ur(§)|pi do < et

sN-1
This gives
) gho el
VieRL @< mm{ rN=1=pojpo’ pN=1=p1jp1 }
vieRY,  fr() < min{ & , & }
F(N=1D/po—141/po’ p(N=1)/p1—171/p1

Thus, we finally get

IVgn-1vy ||LN—1,1(SN—1)

rlfN ‘SNfl‘
< cN8<r1—(N—1>/f’1 / ~(N=D/(N=D=1/p1 g, | 1=(N=D)/po / —~(N=2)/(N~D~1/po dt) < CNopo.pre-
0 rl-N

This proves thaVgv-1v, convergesto 0 iV —11(SM¥-1) whenr tends tot+oo. Since(vr),-0 converges t@, in
LN-11(sN-1y and the limit of its gradient is 0 in this same space, we conclude that the gradigptieD and so,
Voo IS cONstant. Besides, by a theorem of Cianchi and Pick [4], we know that there is a cahsthith satisfies
forallr >0

lv- — Uoo||L00(SN71) < C(”Ur - Uoo||LNfl~1(SN71) + ” Vstl(Ur — VUoo) ||LN—1,1(SN—1)) r_)—_’_)OOO

which ends the proof of this proposition

Now, we conclude the proof of Theorem 1.2uxifis a travelling wave of finite energy and of speed /2,
it satisfies the hypothesis of Proposition 3.1 by Proposition 2.1. So there is a congtantC such that

v(x) | |—> Voo. It remains to show that,, has a modulus equal to one which is clear in view of Lemma 2.3.
X|—40o0
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