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Abstract

We study here the two dimensional motion of an elastic body immersed in an incompressible viscous fluid. The b
the fluid are contained in a fixed bounded setΩ. We show the existence of a weak solution for regularized elastic deforma
as long as elastic deformations are not too important and no collisions occur. A complete proof is given by Bou
existence d’une solution faible pour un problème d’interaction fluide visqueux incompressible-solide élastique(prepublication
104, UVSQ, 2003).To cite this article: M. Boulakia, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Existence d’une solution faible pour un problème d’interaction fluide visqueux incompressible-solide élastique.Nous
étudions ici le mouvement d’un solide élastique immergé dans un fluide visqueux incompressible en dimension 2. L’e
fluide-structure évolue dans une cavité fixe bornéeΩ. Nous montrons un résultat d’existence de solution faible de n
problème pour des déformations élastiques régularisées sous réserve qu’il n’y ait pas de chocs et que le solide n
trop grosses déformations élastiques. Une preuve complète est donnée par Boulakia dansexistence d’une solution faible pou
un problème d’interaction fluide visqueux incompressible-solide élastique(prépublication 104, UVSQ, 2003).Pour citer cet
article : M. Boulakia, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Sur la partie solide, on cherche le déplacement sous la forme d’un mouvement rigide accompagné d
mouvement élastique : le flot lagrangienXS s’écrit :XS(t,0, y)= a(t)+Q(t)(y−g0)+Q(t)ξ(t, y), ∀y ∈ΩS(0),
∀t ∈ [0, T ], où ΩS(0) est la position du solide à l’instant initial,g0 représente le centre de gravité du solid
l’instant initial,a la translation,Q ∈ SO2(R) la rotation etξ la déformation élastique du solide. Ce flot détermin
position du solide et donc aussi du fluide à l’instantt :ΩS(t)=XS(t,0,ΩS(0)) etΩF(t)=Ω \ΩS(t). On suppose
ce flot inversible deΩS(0) surΩS(t) (ce qui sera vérifié par notre solution) et on noteXS(0, t, ·) l’inverse. Ceci
permet de passer d’un point de vue lagrangien à un point de vue eulérien : la vitesse eulérienne est défini

E-mail address:boulakia@math.uvsq.fr (M. Boulakia).
1631-073X/03/$ – see front matter 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights
reserved.
doi:10.1016/S1631-073X(03)00235-8
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D’autre part, sur le domaine fluide, la donnée qui intervient naturellement estuF , la vitesse eulérienne défin
surΩF (t). On noteu la vitesse eulérienne globale etX le flot associé.

Sur la partie solide, les équations sont, d’une part, les équations du mouvement rigide, d’aut
l’équation de l’élasticité linéarisée. Dans notre cas, on a besoin de régulariser cette équation afin d’avoiξ dans
W1,∞(0, T ;H 3(ΩS(0)). Quant au mouvement du fluide, il est représenté par les équations de Navier–
incompressibles. Le système complet d’équations est donné par (2)–(10).

Définition. On dira que(ρF ,u) est une solution faible du problème (2)–(10) si les conditions (13)–(16)
satisfaites et si la formulation variationnelle (18) est vérifiée avec l’espace des fonctions test défini par (17

Théorème 1.Soientξ1 ∈H 3(ΩS(0)), u0
F ∈H 1(ΩF (0)), ρ0

F ∈L∞(Ω), a0, a1 ∈ R
2 vérifiant les conditions(11),

(12). On définit: d(t)= d(∂ΩS(t), ∂Ω) etγ (t)= infy∈ΩS(0) |det∇XS(t,0, y)| et on suppose qued(0) > 0. Alors,
il existe au moins un couple(ρF , u) solution faible du problème(2)–(10)définie sur(0, T ) où :
T = sup{t > 0 | d(t) > 0, γ (t) > 0 etXS(t,0, ·) injective} (on a une minoration explicite deT par une constante
strictement positive dépendant des données et deε).

De plus, cette solution vérifie l’estimation d’énergie(E.E.).

Pour montrer ce théorème, on prouve d’abord l’existence de solutions en dimension finie (méthode de G
pour le problème linéarisé. On a besoin de ramener les vitesses aux domaines de référence, ceci né
construction de vitesses admissibles (c’est-à-dire tenant compte du couplage fluide-structure) à partir de
découplées définies surΩS(0) etΩF (0) : on reprend ici la démarche de l’article [2]. La linéarisation perme
traîter le problème en dimension finieN comme un simple système d’équations différentielles ordinaires. On p
ensuite facilement à l’existence de solution approchée du problème non linéaire complet en dimension fin
théorème de point fixe sur un intervalle[0, T0] avecT0 indépendant deN .

Pour passer au problème continu, on utilise un résultat de compacité sur les densités donné par [4] et o
la compacité des vitesses en obtenant une inégalité de la forme :∫ T0−h

0

∫
Ω

∣∣√ρNF (t + h)uN(t + h) −
√
ρNF (t)u

N(t)
∣∣2 dx dt � δ(h) avec limh�→0 δ(h) = 0. Cela donne une conve

gence forte de(
√
ρNF u

N)N∈N dansL2((0, T0)×Ω) ce qui est suffisant pour passer à la limite dans la formula
variationnelle. On prolonge alors la solution en partant de la nouvelle configuration de référence à l’instantT0, puis
on réitère ce raisonnement jusqu’au tempsT .

1. Introduction and equation of motion

On an elastic structure, we have a rigid motion combined with an elastic motion with small deformatio
Lagrangian flowXS is defined by:XS(t,0, y) = a(t)+Q(t)(y − g0) +Q(t)ξ(t, y), ∀y ∈ ΩS(0), ∀t ∈ [0, T ],
whereΩS(0) is the initial domain occupied by the structure,g0 the center of mass of the solid,a the translation
Q ∈ SO2(R) the rotation andξ the elastic deformation of the structure. The vectorXS(t,0, y) gives the position
at time t of the particle located iny at initial time. We can defineUS the Lagrangian velocity and:ΩS(t) =
XS(t,0,ΩS(0)) andΩF (t)=Ω \ΩS(t) that denote respectively the domain occupied by the body at timet and
the domain occupied by the fluid at timet . Moreover, the flowXS is supposed invertible (this hypothesis will
satisfied by our solution). Thus, we defineuS the Eulerian velocity by:

uS(t, x)=US
(
t,XS(0, t, x)

) = ∂XS

∂t

(
t,0,XS(0, t, x)

)
, ∀x ∈ΩS(t), ∀t ∈ [0, T ] (1)

with: XS(0, t, x)=XS(t,0, ·)−1(x), ∀x ∈ΩS(t),∀t ∈ [0, T ].
Finally, we denote:XS(t, s, x)=XS(t,0,XS(0, s, x)), ∀x ∈ΩS(s), ∀t, s ∈ [0, T ].
On the fluid domain, we have an Eulerian point of view: letuF be the Eulerian velocity,u the global Eulerian

velocity onΩ andX the associated Lagrangian flow.
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The unknowns area, Q or ω the corresponding rotation velocity,ξ, uF , ρF the density of the fluid andp the
pressure of the fluid.

The motion of the fluid is described by the incompressible viscous Navier–Stokes equations and the m
the solid is described by the equations of the rigid motion and by the linearized elasticity equation. In our c
need a regularization on this equation: we add a regularizing term in order to getξ in W1,∞(0, T ;H 3(ΩS(0))). At
last, we assume that the fluid adheres to the boundary.

The equations of the motion are given by the following system of equations:

m
d2a

dt2
(t)=

∫
∂ΩS(t)

σF nx dγx, J
dω

dt
(t)=

∫
∂ΩS(t)

(σF nx) ·
(
x − a(t)

)⊥
dγx, (2)

ρ0
S(y)

∂2ξ

∂t2
(t, y)+ εA3

∂2ξ

∂t2
(t, y)− divΣ2

E

(
ξ(t, y)

) = 0, ∀y ∈ΩS(0), (3)

ρF (t, x)

(
∂uF

∂t
+ (uF · ∇)uF

)
(t, x)− divσF (t, x)= 0, ∀x ∈ΩF(t), (4)

∂ρF

∂t
(t, x)+ div(ρF u)(t, x)= 0, ∀x ∈Ω, (5)

divuF (t, x)= 0, ∀x ∈ΩF(t), (6)

uF (t, x)= da

dt
(t)+ω(t)

(
x − a(t)

)⊥ +Q(t)
∂ξ

∂t

(
t,X(0, t, x)

)
, ∀x ∈ ∂ΩS(t), (7)

uF (t, x)= 0, ∀x ∈ ∂Ω, (8)

with the initial conditions:

a(0)= a0,
da

dt
(0)= a1, ω(0)= ω0, Q(0)= Id, ξ(0, ·)= 0 onΩS(0), (9)

∂ξ

∂t
(0, ·)= ξ1 onΩS(0), uF (0, ·)= u0

F onΩF(0), ρF (0, ·)= ρ0
FχΩF (0) onΩ, (10)

whereξ1 ∈H 3(ΩS(0)), u0
F ∈H 1(ΩF (0)), ρ0

F ∈ L∞(Ω) and:∫
ΩS(0)

ξ1(y) · ny dy = 0, 0<M1 � ρ0
F �M2 onΩF(0), u0

F (y)= 0 on∂Ω, (11)

u0
F (y)= a1 +ω0(y − a0)⊥ + ξ1(y) on∂ΩS(0), divu0

F = 0 onΩF(0). (12)

Herem is the mass of the solid,J is the inertia moment related to the mass center,nx is the outwards unit noma
to ∂ΩS(t). The Cauchy stress tensor in the fluid and the second Piola–Kirchhoff tensor in the solid are resp
given by:σF (t, x)= 2νε(u)(t, x)−p(t, x) Id, andΣ2

E(ξ)= λ tr(ε(ξ)) Id+2µε(ξ) with ν > 0 the viscosity of the
fluid, ε(u)= 1

2(∇u+ ∇ut ) andλ, µ the Lamé constants of the elastic media such thatλ+ 2µ> 0.
Moreoverε is a fixed positive real andA3 is a regularizing differential operator such that:

〈A3u,v〉H−3(ΩS(0))×H3(ΩS(0)) = (u, v)H3(ΩS(0)) + 〈u,v〉3,∂ΩS(0), ∀u,v ∈H 3(ΩS(0)
)2
.

DenotingΣ1
F the first Piola–Kirchhoff tensor corresponding toσF , we also suppose that:∫

∂ΩS(0)

(
Σ2
E(t, y)ny

) · ∂η
∂t
(t, y)dγ (y)+ ε

〈
∂2ξ

∂t2
(t, ·), ∂η

∂t
(t, ·)

〉
3,∂ΩS(0)

=
∫

∂Ω (0)

(
Σ1
F (t, y)ny

) · ∂η
∂t
(t, y)dγ (y), for η regular enough.
S
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and
Remark 1. We can also regularizeξ by adding a viscosity term (for instanceεA3
∂ξ
∂t

) in the elasticity equation in
order to haveξ ∈H 1(0, T ;H 3(ΩS(0))).

2. Variational formulation

We look for a solution(ρF ,u) such that:

(i) u ∈L∞(
0, T ;L2(Ω)

)2 ∩L2(0, T ;H 1
0 (Ω))

2, ρF ∈ L∞((0, T )×Ω). (13)

(ii) The flow corresponding tou is defined onΩ and satisfies:

X(t,0, y)= a(t)+Q(t)(y − g0)+Q(t)ξ(t, y) onΩS(0), with

a ∈W1,∞(0, T )2, Q ∈W1,∞(
0, T ;SO2(R)

)
, ξ ∈W1,∞(

0, T ;H 3(ΩS(0)
))2
, (14)

(iii) div u= 0 onΩF(t), (15)

(iv)



∂ρF

∂t
+ div(ρF u)= 0 onΩ,

ρF (t = 0)= ρ0
FχΩF (0).

(16)

Let V be the test-function space (notice that its definition depends on the solution itself):

V =
{
v ∈H 1((0, T )×Ω

)2
∣∣∣ v(t, x)= db

dt
(t)+ r(t)

(
x − a(t)

)⊥ +Q(t)
∂η

∂t

(
t,X(0, t, x)

)
onΩS(t), with b ∈H 2(0, T )2, r ∈H 1(0, T ), η ∈H 2(0, T ;H 3(ΩS(0)

))2
,

and divv(t, ·)= 0 onΩF(t), v(t, ·) ∈H 1
0 (Ω), ∀t ∈ [0, T ], v(T )= 0

}
. (17)

Definition 2.1.We will say that(ρF ,u) is a weak solution of (2)–(10) if the conditions (13)–(16) are satisfied
if the following equality holds,∀v ∈ V :

m

T∫
0

da

dt
(t) · d2b

dt2
(t)dt + J

T∫
0

ω(t)
dr

dt
(t)dt +

T∫
0

∫
ΩS(0)

ρ0
S(y)

∂ξ

∂t
(t, y) · ∂

2η

∂t2
(t, y)dy dt

+
T∫

0

∫
Ω

ρF (t, x)u(t, x) · ∂v
∂t
(t, x)dx dt +

T∫
0

∫
Ω

ρF (t, x)u(t, x)⊗ u(t, x) : ∇v(t, x)dx dt

+ ε

T∫
0

∫
ΩS(0)

a3

(
∂ξ

∂t
(t, y),

∂2η

∂t2
(t, y)

)
dy dt − 2ν

T∫
0

∫
ΩF (t)

ε(u) : ε(v)dx dt

− λ

T∫
0

∫
ΩS(0)

tr
(
ε(ξ)

)
tr

(
ε

(
∂η

∂t

))
dy dt − 2µ

T∫
0

∫
ΩS(0)

ε(ξ) : ε
(
∂η

∂t

)
dy dt = −ma1 · db

dt
(0)

− Jω0r(0)−
∫

ΩS(0)

ρ0
S(y)ξ

1(y) · ∂η
∂t
(0, y)dy−

∫
ΩF (0)

ρ0
F (y)u

0
F (y) · v(0, y)dy

− ε

∫
ΩS(0)

a3

(
ξ1(y),

∂η

∂t
(0, y)

)
dy. (18)
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3. Main result

Theorem 3.1.Let ξ1 ∈ H 3(ΩS(0)), u0
F ∈ H 1(ΩF (0)), ρ0

F ∈ L∞(Ω) satisfying(11), (12). We define: d(t) =
d(∂ΩS(t), ∂Ω) andγ (t)= infy∈ΩS(0) |det∇XS(t,0, y)| and we suppose thatd(0) > 0. Then, there exists at lea
one weak solution of(2)–(10)defined on(0, T ) where: T = sup{t > 0 | d(t) > 0, γ (t) > 0 andXS(t,0, ·) one-to-
one} (with T greater than an explicit constant> 0 depending on the data andε).

Moreover, this solution satisfies the energy estimate(withE0 the initial energy):

1

2
m

∣∣∣∣da

dt
(t)

∣∣∣∣2 + 1

2
J
∣∣ω(t)∣∣2 + 1

2

∫
ΩS(0)

ρ0
S(y)

∣∣∣∣∂ξ∂t (t, y)
∣∣∣∣2 dy + 1

2

∫
ΩF (t)

ρF (t, x)
∣∣uF (t, x)∣∣2 dx

+ 1

2
ε

∥∥∥∥∂ξ∂t (t, ·)
∥∥∥∥2

H3(ΩS(0))
+ λ

2

∫
ΩS(0)

∣∣tr(ε(ξ(t, y)))∣∣2 dy +µ

∫
ΩS(0)

∣∣ε(ξ(t, y))∣∣2 dy

+ 2ν

t∫
0

∫
ΩF (s)

∣∣ε(uF (s, x))∣∣2 dx ds �E0. (E.E.)

Up to now, we consider a timeT > 0 such that:d(t) > α, γ (t) > β, ∀t ∈ [0, T ], with α > 0, β > 0. This is a
priori possible, thanks to (E.E.).

4. Representation of velocities

The goal is to represent anyu satisfying (13)–(16) by velocities defined on fixed reference domains. Her
use the same method as in the paper of Desjardins, Esteban, Grandmont and Le Tallec [2].

Suppose that we have(wF , a,Q, ξ) such that: (1)wF ∈ Y0 with Y0 defined by:Y0 = {wF ∈ L∞(0, T ;
L2(ΩF (0)))2 ∩ L2(0, T ;H 1

0 (ΩF (0)))2 | divwF = 0 onΩF(0)} (2) (a,Q, ξ) ∈ Y1 with Y1 defined by:Y1 =
{(a,Q, ξ) ∈W1,∞(0, T )2×W1,∞(0, T ;SO2(R))×W1,∞(0, T ;H 3(ΩS(0)))2 | ‖ξ‖L∞(0,T ;H3(ΩS(0)))2 � κ} where
κ will be defined later. With(a,Q, ξ) given in Y1, we can define a flow. This flow is not compatible with
incompressible fluid velocity: we have to add a term of dilatation or compression of the solid volume th
balance the volume variations due to the elastic deformations. Letη ∈H 3(ΩS(0)) be a lifting of the unit outward
normal on∂ΩS(0). We define:XS(t,0, y)= a(t)+Q(t)(y − g0)+Q(t)(ξ(t, y)+ λ(t)η(y)), ∀y ∈ΩS(0) where
λ(t) is such that:∣∣ΩS(t)

∣∣ = ∣∣ΩS(0)
∣∣ ⇐⇒ ∫

ΩS(0)
det∇XS(t,0, y)dy = ∣∣ΩS(0)

∣∣, ∀t ∈ [0, T ]. (19)

By applying the local inversion theorem, we prove easily that this is always possible forκ small enough. We ca
also suppose thatκ is small enough for havingXS(t,0, ·) invertible fromΩS(0) onΩS(t). This allows us to define
uS the corresponding Eulerian velocity onΩS(t). Then, we extenduS by uS,p defined onΩ by a Stokes problem{−9uS,p + ∇q = 0, ΩF (t), divuS,p = 0, ΩF (t),

uS,p = uS, ∂ΩS(t), uS,p = 0, ∂Ω ∩ ∂ΩF (t)

with ΩF(t) =Ω \ΩS(t). This is possible thanks to (19). Moreover, strictly following the arguments of [1]
can obtain a regularity result for Stokes problem that givesuS,p ∈ L∞(0, T ;W2,4(Ω))2. At last, we denote by
XS,p ∈W1,∞((0, T )×Ω)2 the corresponding flow.

On the other hand, we can extendwF on Ω by 0 and we denote byXF the corresponding flow. Then, w
define:∀t ∈ [0, T ], ∀y ∈ Ω, X(t,0, y)= XS,p(t,0,XF (t,0, y)). Let u be the associated Eulerian velocity. W
can now easily check thatu satisfies (13)–(15). By this way, we have represented a velocity compatible with
and fluid motions. Finally, a result of di Perna and Lions [3] gives the existence ofρF solution of (16). This end
the representation of velocities. We denoteΘ the map that sends(wF , a,Q, ξ) on u. We remark that we can als

do the reciprocal construction that sendsu on (wF , a,Q, ξ).
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5. Finite dimensional problem

We will follow the previous paragraph to construct approximate solutions in finite dimension. First, w
solve a linearized finite dimensional problem and then we will get a solution of the non linear finite dimen
problem thanks to a fixed point theorem.

Let (ϕi)i�1 be a basis of{ϕ ∈ H 1
0 (ΩF (0))2 | divϕ = 0 surΩF (0)} and (ψi)i�0 be a basis ofH 3(ΩS(0))2.

Suppose that we have(w̃NF , ã
N, Q̃N , ξ̃N ) ∈ Y0×Y1 defined by:̃wNF (t, ·)=

∑N
i=1 γ̃i(t)ϕi, ξ̃

N (t, ·)= ∑N
i=1 α̃i (t)ψi

with sup0�t�T (
∑N

i=1 α̃
2
i (t))

1/2 � κ. Then, we can constructũN =Θ(w̃NF , ã
N, Q̃N , ξ̃N ) andρ̃NF . By this way, we

linearize the variational formulation in finite dimension by replacinga, Q andX by ãN , Q̃N andX̃NS,p in the

definition of the test-functions space and by replacingρF , ΩF (t) andu⊗ u by ρ̃NF , Ω̃
N
F (t) andũN ⊗ uN in the

weak formulation (18).
We have now a classical problem with the unknownsaN, QN, γi andαi . We can easily solve this linea

ordinary differential system. Then, in order to apply Schauder’s fixed point theorem, we need to keep
elastic deformation, i.e.: sup0�t�T (

∑N
i=1α

2
i (t))

1/2 � κ . Thanks to the energy estimate, this is checked if
take T = T0 = √

ε/(2E0)κ . Now, we can apply Schauder’s theorem, the compactness resulting immed
from the ordinary differential system. The fixed point satisfies:uN = Θ(wNF ,a

N,QN, ξN) with wNF (t, ·) =∑N
i=1 γi(t)ϕi, ξ

N (t, ·)= ∑N
i=1αi(t)ψi and it is a solution of the finite dimensional approximation of our probl

6. Proof of Theorem 3.1

In order to pass to the limit whenN goes to infinity, we have to show results of compactness. The s
convergence of(ρNF )N∈N is obtained directly by using a result of di Perna and Lions [4]. For the compactne

the velocity, we prove the following estimate on(
√
ρNF u

N)N∈N:

∫ T0−h
0

∫
Ω

∣∣√ρNF (t + h)uN(t + h)−
√
ρNF (t)u

N(t)
∣∣2 dx dt � δ(h) (20)

with limh�→0 δ(h) = 0. To show this inequality, the idea is to use admissible test-functions close touN(t + h)−
uN(t). We will not explain the details of the proof: this is quite technical. This gives the compactne

(

√
ρNF u

N)N∈N in L2((0, T0) × Ω). Now, we can pass to the limit in the variational problem and we obta
weak solution of (2)–(10) defined on[0, T0] satisfying the energy inequality (E.E.).

Now, transporting the solution on the new reference domainsΩS(T0) andΩF (T0), we can repeat the same pro
and extend the solution to the intervall[0, T0+A] for a fixedA> 0. Reitering this process, we can reach the timT
wanted.
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