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Abstract

We study questions of the following typ&iven positive semi-definite matrfx, does there exist a sequence of vectors
in R" whose Grammian equals t® and which has some specified additional properttypically related to the sup nonf
In particular, we show that the answer to the 1947 Knaster problem about real functions on spheres is negative for sufficiently
large dimensionsTo citethisarticle: B.S. Kashin, S.J. Szarek, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Le probléme de Knaster et la géométrie des cubes en grande dimension. Nous étudions des questions du type suivant :
SoitG une matrice positive semi-définie, existe-t-il une suite de vecteursRiadent la matrice de Gram est égaleCaet
qui posséde certaines propriétés supplémentaitgsiquement liées a la norme 9UpEnN particulier, nous montrons que la
réponse au probléme de Knaster datant de 1947 et concernant les fonctions réelles sur les sphéres est négative en dimens

suffisamment grand®our citer cet article: B.S. Kashin, S.J. Szarek, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abr égée

Nous considérons I'espace euclidi®i muni du produit scalairé-, -) et de la norme induité¢ - |. Comme
d’habitude, "1 := {x € R": |x| = 1} est la sphére unité eB” := {x € R": |x| < 1} la boule unité. Pour
x = (Xj)}}:]_ € R", nous posongx|lec := Maxigjgn x| et |lx]l1:= Z?zl |x;|. La méme notation| - ||, sera
utilisée pour la norme sur tout espakg(u). Nous écrirons., pour L, (0, 1) et ¢, pour (R", || - [|,). Pour une
suiteZ = (z1, ..., zp) dansR”, on noteGz := [(z;, Zk)]szl sa matrice de Gram.

Dans cette Note nous considérons des problémes du type suivant : quelles sont les conditibnmosur
garantir I'existence d'une suité = (f1,..., fp) dans un espacéo(u) veérifiant G = Gz et possédant en
outre certaines propriétés supplémentaires fixées a I'avance ? Des telles questions apparaissent naturellement de
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diverses branches de I'analyse, de la géométrie et des mathématiques appliquées, et motivent les deux résulte
décrits ici. Le premier est lié a une question fondamentale concernant les systemes orthogonaux de fonctions; i
résout aussi un probleme qui est apparu indépendamment en théorie du contrdle. Le deuxiéme résultat résout L
probléme sur les fonctions réelles sur les sphéres posé par Knaster en 1947.

Le point de départ du premier résultat est la question de Olie{fki, p. 58) liée aux prolongements de suites
de fonctions a des suites orthogonales, qui est équivalente au probléme suivant :

Existe-t-il une constant€ > O telle que, pour toutp € N et pour toute matricep x p positive semi-
définieG verifiant0 < G < I, on peut trouver une suité = (f1,..., fp) dansLs telle queGr = G et que
maxigi<p 1 filloo <C?

Ce probléeme a déja été considéré (et résolu par I'affirmative sous des hypothéses supplémentaires assez forte
dans [9]. Nous signalons que des affirmations similaires sont étroitement liées a plusieurs résultats profonds
d’'analyse fonctionnelle. Par exemple, il découle des théoremes de Grothendieck et de Pietsch que pour toute sulif
V = (v1,...,v,) dansB" on peut trouvetF = (f1, ..., f,) dansLs Vérifiant|| fjllec < +/7/2 pourj=1,...,p
et telle queA := G — Gy > 0 (voir, par exemple, [12], Theorem 5.10). Par ailleurs, on voit assez facilement
(par exemple grace au Lemme 3 ci-aprées) que, en général, on ne peut pas attein@rsi les normeg f; ||
restent majorées par une constante universelle. La question suivante (posée également par Megretski [8]) est alo
naturelle : « peut-on parvenir, sous les mémes conditiongjiagonal ? » Le théoreme qui suit permetd’y répondre
négativement (une démonstration détaillée en sera présentée ailleurs)

Theéoréme 1A. Soitp € N. Il existe des vecteurs, ..., v, dans un espace euclidienaveg¢| <1, j=1,..., p,
tels que pour toutes les fonctions, ..., f, € Lo Verifiant (f;, fi) = (vi,v) pour 1 <i <k < p,onala
minorationmaxi< j<, Il fj lle = c(log p)/4, olic > 0 est une constante universelle.

Notons que la réponse est différente si on remplace dans ce qui précéde les expressions quadratiques p
des expressions bilinéaires. Par exemple, I'affirmation suivante est vraie (et équivalente a la célebre inégalité de
Grothendieck, cf. [3] et voir 'Appendice pour les détails) :

Il existe une constant€ > 0 telle que, pour toup, n € N et pour toutes suiteSey, ..., u,), (v1,...,v,) dans
B", on peut trouver des SUIteS1. ..., f»), (g1.....8p) dansLo Vérifiant (fi, g¢) = (i, vi), | fillo < C et
gk lloo < C pour toutl < i,k < p.

Le deuxiéme résultat de cette Note concerne le probléme de Knaster, posé en 1946 Nauweau Livre
Ecossaiset en 1947 dans [6] :

Etant donnée une fonction contindie S"~1 — R” et un ensemble dg = n — m + 1 pointsqz, . . ., qp dans
s"—1 existe-t-il une rotatiorV € SO(n) telle queF (Ug1) =--- = FUqp)?

Des cas particuliers du probléme sont implicitement présents dans des questions antérieures de Steinhaus
Rademacher, voir [4].

Il a depuis été découvert que la réponse au probléme est négative pofret pour certains valeurs a@epour
m = 2 (voir [7] pour le premier contre-exemple et [1] pour les résultats les plus récents et une bibliographie). Par
ailleurs, dans le cas central des fonctions a valeurs réelles (@a=¢l et, par conséquent,=n) il y a eu des
résultats positifs partiels (voir [2,4,14]). Néanmoins, nous montrons ici que la réponse au probléeme de Knaster es
également négative dans ce cas posuffisamment grand (méme pour des fonctions convexes). Plus précisément,
nous prouvons

Theéoréme 2A. Soitp, n € N vérifiantn < p|log(p/2)]/32. Alors il existeV = {v1,...,v,} C sP~1 tel que pour
toute isométriev : eg — £5, la suite(|lov; ||oo){’:1 n’est pas constante.

Nous incluons une démonstration compléte (bien que non optimisée).



B.S. Kashin, S.J. Szarek / C. R. Acad. Sci. Paris, Ser. | 336 (2003) 931-936 933

We consider the Euclidean spdk& endowed with the scalar produgt-) and the induced normn |. As usual,
§"~1:= {x e R":|x| = 1} is the unit sphere an®” := {x € R": |x| < 1} is the unit ball. Forx = (Xj)’}:l e R”
we set|lx |l 1= maxi<j<x x| and|lxll := 3>7_; |x;|. The same notatioft - ||, shall be used for the norm on
any L, ()-space. We shall writé& , for L, (0, 1) andﬁ';, for R, || - |I,). For a sequencg& = (z1,...,zp) iN R",
Gz :=[{z, Zk)]szl is its Gram matrix.

In this Note we consider problems of the following type: what are the condition8 en that there exists a
sequence of elemeni® = (f1, ..., fp) in an La(u)-space for whichGr = Gz and which has some additional
prescribed properties? (Note that, by an elementary argument, the corgiitiery = is equivalent to existence of
a linear isometry from the linear span of into Lo(1) such thab (z;) = f; for j =1, ..., p.) Such questions
arise naturally in various areas of analysis, geometry and applied mathematics, and serve as a motivation for twc
results presented here. The first one is related to a fundamental question about orthogonal systems and solves
problem that arose independently in control theory. The second result answers, in the negative and for sufficiently
large dimensions, a problem about functions on spheres posed by Knaster in 1947.

The starting point of the first result is the following question: given sequehee(gaj);’:l of functions in
L2(—1,0) (wherep € NU{o0}), when can we extend it to an orthonormal sequencegr-1, 1)? An elementary
argument leads to the Schur criteridn= G > 0. If it is satisfied, one can choose as the extensions sfany
sequence&r = (wj)ﬁ.’zl in L2(0,1) for whichGy = I — Gg. Olevski ([11], p. 58) asked whether it is possible to
additionally require that the functions; be uniformly bounded. This question makes sense also for finite systems
and can be rephrased as

Does there exisC > 0 such that, for anyp € N and for any positive semi-definige x p matrix G verifying
0< G < I, there is asequencE = (fi, ..., fp) IN Ly such thagr = G andmaxi< i< || fjlloo < C?

This problem has been investigated already in [9] and solved, in the affirmative, under some additional (rather
strong) assumptions. We point out that statements similar to the one above are closely related to several deep fac
from functional analysis. For example, it follows from the Grothendieck theorem and the Pietsch factorization
theorem that, given sequente= (v1, ..., vp) in B" there is anF = (fi, ..., fp) iN Lo With || fjllee < /7/2
for j =1,..., p and such tha§, < Gr (see, e.g., [12], Theorem 5.10). Consequetily= Gr — A, whereA
is positive semi-definite. However, as can be easily seen (e.g., from Lemma 3 below), one cannot, in general, have
Gy = Gr with || f;1l bounded by a universal constant. A natural “next best try” is to aingfo&= Gr — A with
A diagonal; this question was also posed by Megretski (see [8]). However, this is not possible, either; we have

Theorem 1. Givenp € N there exist vectorsy, ..., v, in a Euclidean space withy;| < 1for j=1,..., p such
that wheneverfi, ..., f, € Lo verify (fi, fi) = (vi, ) forall 1 <i <k < p, then

max | f;llo > c(log p)*/*,
1<j<p

SIS

wherec > 0 is a universal constant.

Sketch of the construction. Letd € N and letus, ..., u,, be 1-net ofs?~1 (i.e., if everyu € $9~1 is within 1
of one of theu;’s); by a standard volumetric argument, it is possible to achieve thatmwith2(4/+/3)%. The
sequencev;) is constructed by repeating eaeh s times, wheres is exponential ind. One shows then that the
conditions( f;, fx) = (vi, ) for i # k and || f;|lec < K for 1< j < p :=ms are inconsistent i& /(log p)¥/# is
small enough. The details of the argument will be presented elsewhare.

Let us point out that if we replace quadratic expressions by bilinear ones in the considerations above, the
situation is quite different. For example, the following statement is true, and is easily seen to be equivalent to
the famous Grothendieck inequality. (Cf. [3] and see Appendix for details and a derivation of the statement from
the existence of very large nearly Euclidean subspacés pf
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There existsC > 0 such that, for anyp, n € N and for any sequencess, ..., u,), (v1,...,vp) in B" there

forall 1<i, k< p.

The remainder of the note will be devoted to the Knaster problem, for which we shall provide a complete, even
if not fully optimized argument. The problem, as stated inXtesv Scottish Bookn 1946 and in the 1947 note [6],
asks

Given a continuous functiofi : $"~1 — R™ and a configuration op =n —m + 1 pointsgz, .. ., gpin -1,
is there a rotation/ € SO(n) such thatF(Uq1) =--- = F(Ugqp)?

Special cases of the problem go back to earlier inquiries by Steinhaus and Rademacher, cf. [4]. It has been sinci
determined that the answer to the Knaster problem is negatiwe foP and for some values affor m = 2; see [7]
for the first such result and [1] for an update and references. On the other hand, in the central case of real-valuec
functions (i.e.;n = 1 andp = n) positive partial results were obtained:= 2 is elementary; = 3 was shown in
[2]; the answer is also positive if the poins, ..., g, form an orthonormal sequence [4,14] or, more generally, an
orbit of an Abelian group of rotations. Let us also recall that the sasel of the problem, if true, would provide
an alternate proof of Dvoretzky theorem on almost spherical sections of convex bodies with very good dependence
on parameters (cf. [10]). However, we show here that, for sufficiently laygee answer to the Knaster problem is
negative also fom = 1.

We start the proof by introducing some more notationl,lf € N with d <n, V c R? ando :R? — R, we
shall say that is aKnaster embeddingf V into ¢2 if o is an isometry ofzg into ¢5 and|lo (1) [l is constant
onV. (One could also require thatis an isometry just on the linear span)f) We then have

Theorem 2. Givenp € N, there existd) = {vy, ..., vp} C $P=1 such that there is no Knaster embeddingf V
into ¢2_ withn < pllog(p/2)]/32. In particular, the sequenc@lo v; ||Oo){’:1 cannot be constant p = andn is
sufficiently large.

The answer to the Knaster problem is thus negative (for lajgeven for convex functions. However, it is
conceivable that one may still obtain a proof of Dvoretzky theorem via a Knaster problem-like argument. Our
example leaves open the possibility that the following is true

Given a continuous real-valued functighon $”~1 and a configuration of pointsy, ..., vp N s9-1 there is

an isometry : RY — R” such thatF(ocvy) =--- = F(ov,) providedn > pd (resp., if pd/n is small enough, or
if p=d and p?/n is small enough
In fact, this statemerdoes holdif F = | - |l«, as can be checked following our analysis. We separated the

roles of p andd in the above since in fact in our example the ¥eis concentrated on a small subspaceRéf
specifically of dimensio@d = O(log p). Of course, a small perturbation of the 3&yields abasisof R” with no
Knaster embedding intéf},. However, the condition number of that basis is very large and, in view of [14], such
basiscannot be orthonormal.

For the proof of Theorem 2 we need two lemmas. The first of them is well known.
Lemma 3. Letd € N and letE be ad-dimensional subspace b andSg :={f € E, || f|l2 =1} its sphere. Then
max{|| flloo: f € Sk} >Vd,
Consequently, i > 0 and if S is any §-net of Sg, thenmax| flleo: f € S} > (1 — 82/2)/d. If E is a
d-dimensional subspace 6, the corresponding lower bounds are respectivghy/n and (1 — 82/2)/d/n.

Sketch of the proof. Let (<pj)j?:1 be an orthonormal basis @. ThenS,, := (Z?I:l lp;1%Y2 is, modulo easily
remedied measurability issues, the pointwise supremurfijaver f € S. On the other hand, it is directly verified
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thaty/d = [|S,ll2 < Sy lleo- If S is as-net of Sg, then the convex hull of contains(1 — §2/2)Sg, which yields
the second estimate. The above argument work¢.f0and L, on any probability space; the variant f6f and
£, follows by rescaling. O

Next, letw1, ..., wy, ..., way € ST be consecutive vertices of of a regulay jon (in particulatwy 4 ; = —w;
for j=1,...,N)and setPy :={w1, ..., wy}. We then have

Lemma4. Letn, N € N and leto : R2 — R” be a Knaster embedding &ty into £2.. Let A be the common value
of [o(w)lleos j=1,...,N.ThenA < 2/+/N.

Versions of the above statement can be proved for dimensions higher than 2. They show that for a class of
“tight near-embeddings” 0§¢~1 into £2, the lower bound from Lemma 3 gives in fact the correct order. This
implies that, for small/, such embedding cannot be “random” since a “typical” valug-df,, on $"~1 is of order
v (L +logn)/n .

We shall postpone the proof of Lemma 4 for a moment and show how the two lemmas imply Theorem 2. Set
d = |log(p/2)] and letS be a set of cardinality: < (4/+/3)¢ < p/2 such thatS U (-S) is a 1-net ofs?~1 (as
indicated earlier, the existence 8ffollows by a standard volumetric argument; the boufidrat usually appears
in more general statements would work here also). Nextylet p — m (note thatV > p/2) and consider the set
Py of Lemma 4. IdentifyingR¢ andR? with appropriatei- and 2-dimensional subspacesRif allows to think
of all these sets as subsets$t1 and to defing/ = {vy, ..., vp} =S UPy. Now letn e N and let o be any
isometry of@é7 (or the linear span of) into £5. Sinceo (S) U (-0 (S)) is a 1-netin the sphere of tlledimensional
spaceE = o (R?), it follows from Lemma 3 that

1/d
max [lovilleo = 54/ —-
1<i<p 2V n

On the other hand, Lemma 4 implies that

. 2 2

lg‘j'gp lovilleo < ﬁ <2 ;
Thus the sequendgiov; ||«) cannot be constantif < pd/32= p|log(p/2)]|/32, which proves Theorem 2. An
examination of the above argument shows that the smallest yatue for which it yields a counterexample to the
Knaster problem is of order 8 A more careful (but still using only volumetric methods for estimating sizes of
nets) calculation along the same lines allows to reduce this to approxima2edyl8*. We expect that working with
nets obtained by more efficient constructions and otherwise fine-tuning the argument may give a counterexample
for n of order 1@. It would be of interest to narrow the gap between these values and those corresponding to
positive results (to date, < 3).

Proof of Lemma4. Seto; :=o/A. Thenoy is necessarily of the formm (x) = ((x, y5)){_, forsomeys, ..., y, €
R? verifying (a) [(w;, ys)| <1 fori=1,...,N ands =1,...,n; (b) for anyi =1,..., N there existss; €
{1,...,n} such that(w;, y;;)| = 1. LetQ be the convex hull 0Py U (—Py) andQ° its polar. ThenQ° is a regular
2N-gon circumscribed around the unit circle. The condition (a) above is equivalept o@Q° fors =1,...,n."
The condition (b) says that for every side@f there is any such that eithep; or —y, belong to that side, namely
s; for the side tangent to the unit circle@at. Since a point may belong to at most two sidegX5f(it does when
it is a vertex), there must be at ledst= [N /2] distinct points among they;’s. Note that, by (b)]ys,| > 1 for
i=1...,N.

Let us now calculate the Hilbert-Schmidt nori|lys := (tr (0;01))¥2 in two ways. First,|lo1]lns =
_1 1ys1®Y?, which, by the observations above 3N /2)Y/2. Next, o1 being a multiple of an isometry &?2,
llo1llHs = ~/2/ A. Comparing the two quantities we obtain< 2/+/N, as required. O
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Appendix

As is well known ([5], see also [13]), for ar/ < (0, 1) there is a constant(f) > 0 such that, for any € N,
nearly all (in the sense of the invariant measure on the corresponding GrassnianMasjimensional subspaces
E C RY verify the propertyx € E  ¢(0)|x| < |lx|l1/+/N < |x|. By duality, the above condition is equivalent to
Vxe EIye EL  |Ix + ylloo < c(®7x|/+/N. Applying this withg = 2/3 yields, for eactn € N, an orthogonal
decompositionFo @ F1 @ F» of R% with dimF; =n, i =0, 1, 2, such that the above properties hold 1= 3
and for all subspaces of the forlh= F; + Fy, i,k € {0, 1, 2} (cf. [12], Corollary 7.4).

Let now (uy,...,up), (v1,...,v,) be sequences iB” C R", which we shall identify (as an inner product
space) withFy. Applying the preceding witlE = Fo 4 F> we obtain a sequend®s, ..., y,) € F1 = (Fo + Fo)*
such thatf; := u; + y; verify || filloo < ¢(2/3)"1/+/3n fori =1, ..., p. Similarly, there are;’s in F» such that
gk:=ve+zk, k=1,..., p, satisfy the same estimate. Since cleayly g«) = (u;, v) forall 1 <i, k < p, itis now
enough to identifyR¥ with, say, the appropriate space of step functiong®) to obtain the required assertion
with C = ¢(2/3)~1. Note that the argument above yielgs g; € ¢X, with N = O(n), as opposed t&V = O(p?)
which follows from the Caratheodory theorem.

The fact that the Grothendieck inequality is related to existence of near-Euclidean subspagapaces has
been well known to experts in the area (see, e.g., [3] and its references). The argument above lays out a specifi
very direct and conceptually simple link.
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