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Abstract

We compute the optimal constant for a generalized Hardy—Sobolev inequality, and using the product of two symmetrizations
we present an elementary proof of the symmetries of some optimal functions. This inequality was motivated by a nonlinear
elliptic equation arising in astrophysicko citethisarticle: S. Secchi et al., C. R. Acad. Sci. Paris, Ser. | 336 (2003).

O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Remarques sur une inégalité de Hardy—Sobolev. Nous calculons la meilleure constante dans une inégalité de Hardy—
Sobolev généralisée, et en utilisant le produit de deux symétrisations, nous montrons de maniere élémentaire la symétrie d
certaines fonctions optimales. Cette inégalité est motivée par une équation elliptique non-linéaire en astroploysiqiter.

cet article: S. Secchi et al., C. R. Acad. Sci. Paris, Ser. | 336 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abr égée

Nous déterminons la constante optimé@lelans I'inégalité de type Hardy—Sobolev
/ Ju(x)]4
1P
RN
olx = (y,z) e R¥ x RV=k, Celle-ci est donnée par la valeur
pp

C=—" .
(k+ p)?

Nous considérons également la symétrie de certaines fonctions optimales. En utilisant le produit de deux
symeétrisations, nous prouvons qu’elles ne dépendent quig déz|).

deC/|Vu|pdx, (1)
RN
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1. Introduction

The Hardy—Sobolev inequality
q
O < c/ \Vu|? dx,
RN

Rald
]RN

wherex = (y, z) € R x R¥=* was studied by Badiale and Tarantello in [1].

(2)

Our aim is to solve two open problems contained in [1]. First we compute the optimal value of the cahstant
in Eq. (2) in the case of Hardy’s inequality, namely= g = 8. In fact we prove a more general inequality with
optimal constant in Section 2. Second, in Section 3, we consider the symmetry of the optimal functions. Using the

“product” of two symmetrizations, we prove that some optimal functions depend or(ly ptiz|).

1.1. Notation

onRV.
D(RV) denotes the space of test functions, namely

D(R") = {u e C*(R") | suppu is compac}.

DLP(RV) is the closure of(R") with respect to the norm

1/p
IIMIIDLp=</ IWI”> .
RN

wlr(RN) is the usual Sobolev space, namely the closurB@" ) with respect to the norm

1/p
||u||wl,p=(/|w|f’+/|u|f’) .
RN RN

2. Generalized Hardy inequality

If 1 <k < N, we will write a generic point € RY asx = (y, z) € RF x RV,

Theorem 2.1. Let 1 < p < oo and « + k > 0. Then, for each u € D(RV) the following inequality holds:

/|u(x)|p|y|a <@ +k)1’/| u(@x)|”1y|* P dx.

Moreover, the constant p? /(« + k)? isoptimal.
Lemma 2.2. Inequality (3) holdswhen k = N.
Proof. See [3,6] and also [5], where many generalizations are proved.

Lemma 2.3. When k = N the constant p” /(e + N)? ininequality (3) is optimal.

When we write an integral IikéRN lu|, we mean that the integral is taken with respect to the Lebesgue measure

3)
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Proof. Consider the family of functions

1 if x| <1
ug(x) = |x|~@+N)/p=¢ if |x| > 1

and pass to the limitas— 0. O
Lemma 2.4. Inequality (3) holdsfor any 1 < k < N

Proof. For everyu € D(R"Y) we have by Lemma 2.2

)4
/|u(x)|p|y|“dx= / dz/lu(x)|”|y|“dy<wi—k)p / dz[|vyu(x)|f’|y|“+f’dy
RN R

]RN_k RN-k

Lemma 2.5. The constant p? /(«a + k)? in inequality (3) is optimal.
Proof. Let us choose : (y, z) — v(y)w(z) with v € D(RF) andw € DRV ). Itis clear that
2 2

/ |Vu ()| Iy |+ v = / (Vo) Pw@? + | V@ [Po()?) /2y dx.

RV RV
and

/|u(x)|p|y|“dx =/|v(y>|”|y|“dy / lw(z)|” dz.

N ]Rk RN—k
If we consider the convex function

F:[0, +00) x [0, +00) — [0, +00),

(s, 1) — (s +1 )p/2

we get that

(S2 + IZ)P/Z < (1_ A)l—PSP +kl_PtP’ (4)
forall s, > 0and O< A < 1. Hence we obtain, for& 1 < 1,

Jrn [Vul|P|y| TP dx Jre [VU|P]y|* TP dy Y Jrnv—x IVw|P dz [ [0|P]y|*+P dy.
S lulP |yl dx Jre 017 y]* Jrv—i lwlPdz [ [v]P|y|*dy

<@-nP

Since
inf fRka [Vw|? dz .
weD(RN-K) f]RN—k |lw|P dz ’
w#0

we obtain, forO< A <1,

Vu|P|y|*TP dx VolP|y|**Pd
Jian 1Vl o inp Jm YUy

weD®RY)  Jgw lulPy|* dx veD®)  fge [VIP|yI¥
u7#0 v#£0
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By letting . — 0, we deduce from Lemma 2 that

S IVulPlyl4Pdy (@ + k)P

ueD®Y)  Jpn lulP|yl@dx T pr
u#0

The conclusion then follows from Lemma 2.40

Remark 1. Whenk = N anda = —p, inequality (2) is the classical Hardy inequality (see [3] or [6]).
Remark 2. When 2< k < N anda = — p, inequality (2) was conjectured by Badiale and Tarantello in [1].

Remark 3. This method is applicable in many other problems. A simple example is that for any open subset
2 CcRM,

inf / [Vu|? = inf /|Vv|p.
ueD(2xRN) veD(R2)
fQXRN |M‘I):19XRN fﬂ ‘v‘pzl 2

3. Cylindrical symmetry
In this section, we consider the minimization problem

S=S(N, p.k,B) = |nf{/|vu|1’|ueplf’(RN and/ I|M||ﬂ 1}, (5)
RN
where

(H) 0<B <k, B<p, ¢=qN, p, p) = L2

Letu € LY(RN) be a non-negative function. Let us denotaby:, z) the Schwarz symmetrization of-, z) and
by u**(y, ) the Schwarz symmetrization af (y, -). It is clear that.** depends only o y|, |z|). Let us define

DL (RY) = {u e DYP (RY) |u=u)

and

q
S = S*™(N, p,k,ﬂ):inf{/ IVul” | u e D" (RY) and/ %:1}. (6)
RN RN Y

Theorem 3.1. Under assumption (H), § = S**.

Since it is clear thaf < $**, Theorem 3.1 follows from a density argument and the next lemma.

Lemma 3.2. Under assumption (H), for each u € D(R"), u non-negative, then

W@ [ e
Vur*(x) |’ < / )
/' "< T AL
RN R RN
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Proof. (a) By the Polya—Szeg06 inequality for Steiner symmetrization (see [2], Theorema8&8)du** belong to
wir(@®RN) and

/|Vu**|p</|Vu*|p</|Vu|p.
RN RN RN

(b) Let R > 0 be such that
suppe C B(O, R) x RNk,

and define
1 if |zl <R
— FARSS
vy, )= [yl
0 otherwise
Sincev** = v, it follows from the general Hardy—Littlewood inequality (see [6]) that
*k q q
|M | _/ | |q *ok **>/|M|q |M|
|18 Iylﬁ
RN

The proofis complete. |
Remark 4. If 8 < p, thenS is achieved (see [1]).
Remark 5. Itis proved in [1], Theorem 5.3, that whe¢h< p = 2, the optimal function fof§ satisfies: = u*.

Remark 6. The use of the “product” of two symmetrizations is applicable to many other problems. A simple
example is given by constraints of the form

/|M(ysz)|qg(|yl)h(|z|)=1

whereg andh are non-increasing.

Added in proof

After completing this Note, we learned of the preprint [4], where the authors show that all minimizers for the
Hardy—Sobolev inequality must have the aforementioned symmetry, after a possible translatianvartable.
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