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Abstract A unitarizing measure is a probability measure such that the associatgpake contains
a closed subspace of holomorphic functionals on which the Virasoro algebra acts unitarily.
It has been shown that the unitarizing property is equivalent to an a priori given formula
of integration by parts, which has been computed explicitly. We show in this Note that
unitarizing measures must be supported by the quotient of the homeomorphism group of
the circle by the subgroup of Mdbius transformatiofscite thisarticle: H. Airault et al.,
C. R. Acad. Sci. Paris, Ser. | 335 (2002) 621-626.
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Support des mesures unitarisantes del’algebre de Virasoro

Résumé Une mesure unitarisante de I'algébre de Virasoro est une mesure de probabilité telle que
I'espace 12 associé contienne un sous-espace fermé de fonctionnelles holomorphes sur
lequel I'algébre de Virasoro agit de fagon unitaire. On a caractérisé les mesures unitarisantes
par une formule d’intégration par parties qui a été explicitement calculée. Dans cette
Note on montre qu’une mesure unitarisante doit étre portée par le quotient du groupe des
homéomorphismes du cercle par le sous-groupe des transformations de NPohiusiter
cet article: H. Airaultet al., C. R. Acad. Sci. Paris, Ser. | 335 (2002) 621-626.
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Version francaise abrégée

Le mouvement brownien canonique sur le groupe des diffeomorphismes du cercle est défini par la SDE

1 1
dgy (1) = ody()g, (1), = Sk Xk, Ex = ————CO0SkO, &p411 = ———=SIiNkO,
BO=0hO80. =), N Ve

ou x; dénote une suite infinie de mouvements browniens indépendants. Dans [6,5,3] il est montré que
le brownien canonique peut étre réalisé sur le groupe des homéomorphismes hdlderiens du cercle. Une
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définition constructive d’'une mesure unitarisante consiste a I'identifier avec les mesures invariantes pour la
SDE

1
dg, (1) = (ody(r) — Z'dr) gy (1), Z'= > > ler )0, (0.1)
k>1

ou la forme différentiell&2 a été explicitement calculée dans [2, (2.2.5)]. Nous discuterons la réalisation des
mesures unitarisantes dans le contexte étudié en [2] de deux réalisations des représentations de Virasoro :
celle sur les fonctions univalentes et celle sur la grassmannienne de Sato. Dans ce dernier cas, est introduite
sur la grassmannienne une forme kéhlerienne positive semi-définie ; pour obtenir une variété kahlerienne, il
estimpératif de faire le quotient par le sous-espace isotrope ; la variété kahlerienne ainsi obtenue constituera
le support de la mesure unitarisante. Dans le premier cas, la forme différentielle définissant la formule
d’intégration par parties s’annule sur une sous-algébre de Lie isomorplig, ®)slComme la mesure

de Haar de S[2; R) est de masse totale infinie, il est impossible d’obtenir une mesure de probabilité
satisfaisant la formule d’'intégration par parties : il faut ainsi effectuer le quotient gt Bl.; ce quotient

portera alors la mesure unitarisante. Il est remarquable que, par des considérations différentes dans deux
modeles distincts, on obtienne pour les mesures unitarisantes deux supports isomorphes.

1. Riemannian geometry on the Grassmannian model of Virasoro representations

1.1. The homogeneousK ahler manifold M1

We denote DiftS1) the group of C° orientation preserving diffeomorphisms of the circle. The Kahler
form used in [2] onM := Diff (S1)/St is not positive definite, see [4]. We shall remedy this situation by
passing to a suitable quotieht; for which M appears as a fiber space o%t. Denote byl" the subgroup
of Diff (§1) constituted by the restriction ' of Mébius transformations on the unit disk. A transformation
in [ is of the form

Z—a

I a , zeSl, ] =1, |a] < 1.

l-az

The Lie algebra diffs?) of left invariant vector fields on Diffs?) is identified with the vector fields(6) %

wherex is a C° function ons?, the Lie bracket being given by, v] = uv — vii. Consider the three vectors

fo=1, f1 =cos, f» =sind. We have the relationso, f1] = — f2, [ fo, f2]1 = f1, [f1, f2] = fo; therefore
the vector space generated fy, f1, f> constitutes a Lie subalgebgaisomorphic to q12; R); we have
I' = exp(y). We consider the cocyle on diff!) defined by

wo=— [ u eB
w(u,v) = A u' +u v27r' .

THEOREM 1.1. — (i) The cocycle w isinvariant under the adjoint action of y; (ii) The Hilbert transform
J consideredin [2, (1.2.5)]isinvariant under the adjoint action of y; (iii) denoting

My := Diff (s%)/T,

then by passing to the quotient, J and w define on Mj the structure of a homogeneous Kahler manifold.
(iv) Thefunction K definedin [2, 4.1] satisfies

K(ggo)=K(g), VgoeTl,
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and therefore defines a function K1 on Mj1;
6K1 isthe Kahler potential of Mj. (1.2)

Proof. —Since f/” + f/ =0, we remark thai(f;, v) = 0 fori =0, 1, 2. Using the cocyle identity [2,
(1.2.2)] we obtain thab ([ f;, u], v) + w(u, [ fi, v]) =0

e We have to prove thatf;, J(u)] = J ([ fi, u]) for u = Zk>2(ak coskd + by sinkf). We check this
relation case by case.

First take f2 andu = cosk6, then 7 fo, Ju] = —2[ f2, sinkf]. By means of [2, p. 628], this equals
—(k — Dsink + D0 + (k + D)sink — )0 = J(—(k + )cogk — 1)6 + (k — 1)cogk + 1)0) =
2J ([ f2, cosk6)).

Secondly takef> andu = sink6, we get 21>, Ju] = (k — 1)cogk + 1)6 — (k + 1)cogk — 1)6 =
J((A—k)sin(k + 1)0 + (k + 1) sin(k — 1)0) = 2J ([ f2, SinkB]).

e The action off; is conjugate to the action of; by a rotation of angler/2: as rotations commute
with the Hilbert transform, the result fof, implies the result forfy; the action of f is equivalent to
taking derivative] fo, u] = —u’; as the Hilbert transform is a convolution operator, it commutes with the
derivative.

¢ The operatolU, defined in [2, (3.1.2)] satisfield,,, = Uy o Uy,; furthermore the norm

) Zk a? +b7) = /|w| dr A dy,

whereh is the harmonic extension afinside D. The invariance of the Dirichlet integral under conformal
maps implies thatl/y, is a unitary transformation which preserves the subspace of antiholomorphic
functions. Therefore, using the notations of [2, (4.1.4)], we h}@ygbggo =b, b and we are left to use the
identity detl + A) = det(l + A™*).

e Theorem 4.1.9 in [2] finally proves (1.2).0

1.2. Horizontal Laplacian above My

We denote byP := {u € diff (S1) : [u(0)d0 = [u(8)cosvdd = [u(9)sind dd = 0}. The projection
7 : Diff (§1) — M1 has a differentiat’ (g) which restricted t@ exp(eP) realizes a surjective isomorphism;
denote by, the inverse isomorphism. Given a tangent vector fietsh My, its lift to Diff (1 is the vector
field Z defined bﬁg =V¢(Zz(y). We denote by = (w¥) the differential form on DiftS1) defined as the
dual basis to the vector field$ wheresy = cosk), e2—1 = sink6, k > 1. We remark thato, = g ldg

is the left invariant Maurer Cartan differential form of Distt).

THEOREM 1.2. —GivenY, Z two vector fieldson M, and m € M4, denoting V the Levi-Civita covariant
derivative on M1, we havefor g € 7 ~1(m), y := Yy, € T (My),

Ye(VyZ) = g, ({0 ¥(2))) 8L, =D T (0 g (Zin) ) (@° Y ()L, (1.3)
k

ik,s

where the Christoffel symbols '} , are given by

i
Iﬁk,s

NI =

(—0iak,s + Osaik + das.i) = = (([ei. &1 | k) + ([ei. ex] | &5)) (1.4)

1
2
and a, . denote the components of the left invariant metric on M; with respect to the exponential chart.
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Proof. — The covariant derivative is given by, (37, ) = > ; r;’ykag[_. We have to compute the Christoffel
coefficients. As the metric is left invariant, it is sufficient to consider the situation at the identity element.
We use the exponential chabt P — M;j defined in a neighbourhhood of the identity by> 7 (exp(z)).

The left-invariant Maurer—Cartan differential form has in the exponential chart the following expression
(see [7], p. 24):

Wexpz) =1 — %ad(z) + 0(|Z|)

In the exponential cha and in terms of the injection : P — g, the left invariant metriaz on M; writes
as

a(@)(u,u) = || (1 - 3adz))q @)

2
uc?P
9 cJ,

which implies (9;a, £)(0) = —%((adz)ss | ex) + (g5 | ad(z)er)) and expression (1.4) for the Christoffel
symbols. O

THEOREM 1.3. -We have

> ((Vi2)* = (0, ¥4(2), &) =0. (1.5)

k>1

Proof. — The statement is equivalent #y := >, T - = 33,1 ([ex. &] | &) = 0 for s > 2. Writing
[ex, es]1 =D, Bk, s, £)eg, then([ex, &1 | ex) = B(k, s, k), and the claim follows from the formulas in [2,
p. 628] for the bracket in the trigonometric basisa

We callhorizontal Laplacian the differential operator on Di§1) defined by

1
An=53(04)%

k>1

see Fang [5] for the stochastic process associated to this horizontal Laplacian. To the Kéhler niétric on
the following Laplacian is associatedA2y, f := —divgrad f) = > ; Ve, 9;, f. Expressing the covariant

derivative by Christoffel symbols in the exponential chart we find that the At 0 satisfieZ = > g, A;
and vanishes according to (1.5).

THEOREM 1.4. — Given a functional ® defined on M1, then Ay (P o) = (Apg, P) o 7.

Proof. —We haveAy (® o) — (Ape, @) o =(Z,dP) on. Takeg e 7~ 1(m) € G and consider the
exponential chart expx z — g exp(ez). We haveAyq, = Y-, V2 andAy = Y; 92. The claim then follows
fromv2 =02 —T¥,0.. O

COROLLARY 1.5.—Consider on Diff (S1) the process g, (1) associated to A, then 1 > ® (7 (g, (1))
isa martingale for every holomorphic functional ®.

1.3. Unitarizing SDE on the Grassmannian

We denote by the transformation of Diffs*) defined byg — g~*, a map sending derivation on the left
to derivation on the right.

THEOREM 1.6 (Transfer theorem). Let g, (x) be the process associated to the unitarizing SDE (0.1),
then

yy (1) := (J)(gy (1)) isthe process associated to %AH -3 (9,K); (1.6)

ek’
k>1
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where K isthe defined in Theorem 1.1; furthermore

1
my(1) := 7 (yy(t)) isthe process associated to EAMl —3VK1*V, (1.7)

where K isthe Kahler potential of M, defined in (1.3);finally the unitarizing drift defined in (0.1) can be
written as

1
zt = > > (ar, K)oy, (1.8)

k>1
Proof. — Apply [2], (4.2.5) and (4.1.5). O

Remark. — Introduce the horizontal Cauchy—Riemann operatorslgmefined as
Vg := 82a Vv 182a+1’ Vg = 9_‘1;

then

l?&l?ng #0.
By means of the symmett¥, we send this relation from the Grassmannian model to the model on univalent
functions; using [2, (4.2.5)] we 9K = Ppy1 where the sequence of Neretin polynomi&lshas been

defined in [2, (2.1.1)]; then‘}&ﬁf;K = L’iﬂPaH which cannot vanish identically according to identity
[2, (A.7. 1)] The Hessian computed in terms of the complex Kéahlerian Christoffel symbols has the shape
VZﬂK L" " g Pat1+ D ;- 00n Pr Where the constants, are computed in terms of complex Christoffel

symbols. Identities of the nature necessary for vanishing hold trug fed according to [2, (A.7.3)]; on
the other side it fails fog = 2, « = 1; as a consequence the complex Hessian does not vanish.

2. Representation on univalent functions

The passage from left to right invariance realizes by Theorem 1.6 a transfer from the Grassmannian
representation to the Kirillov representation acting from the right on the spiaaef univalent functions.
The group of Mobius transformatioms~>~ SL(2; R) operates from the right o, .

THEOREM 2.2. — There does not exist a unitarizing measure on M,,.

Proof. — The complexified Lie algebra ofis generated by. _1, Lo, L1. The unitarizing relations say that
these three vector fields have divergence 0; desintegrating a unitarizing mea3\jeatong equivalence
classes modul®', we obtain the Haar measure on(@LR) which has infinite volume. O

THEOREM 2.3. — Consider the differential form Q2 defined in [2, (2.2.5)]:

(v, Q>f—/ z Sf(z)v(z)? > (Peom)yus

k>1

then @ isinvariant under the Mébius action.

Proof. — The Lg invariance: we use [2], (2.2.4) and (2.1.1).
The L, invariance: we havé P, = (k + 1) P,_1; the Cartan formula gives{ v = i(L1) dy; formulas
(2.2.3)and (2.2.1) in [2] yield 21y = (—(k +2) — 2+ k)) Yk+1 = —2(k + 2) Yi41; finally

Q= (k+DPavu— Y (s +2)Psia. (2.1)

k>1 s>1
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Taking k = s + 1, all terms cancel except the term corresponding te 2 which vanishes because of
P, =0.

The L_; invariance is proved in a similar way, this time using the idenfity, P, = (k — 1) Py41 for
k>1,see[2, (A.7.3)]. O

We proceed as follows: by Cartan formulet, ; () = d@ (L)) + i (LS 1) dyr. For a formy of
degree one, we havgX)y = v (X). Sincey, (LS ;) = 0 except ifs = 1, we deduce that fot > 1, it
holdsi (L )y = ¥ (LS ) =0. Thus, 2. (V) = 2i (L ;) dy. With formula (2.2.3) in [2], together
with i (X)(w A @) = ([ (X)w) Ao’ + (=D A (((X)o') if o is aform of degree, we deduce that

20 (L g) dye == (k+25) (i (Lq) Ys) Yks + Dk +29) (i (L 1) Yiers ) Yoy

seZ seZ

Applying againi (L 1)y, =0 except ifs =1 andi (L ;)¥1 = 1, we find that 2(L¢ ;) dyy = —(k — 2) x
Yk—1+ (2= k)yg—1. This yieldsL¢ ; () = (2 — k)y—1. With the expression aR given in (2.2.4), [2],
we calculate

L@ =" [LE1(POVK + P2~ k)]

k>1

= [k = D Pipavn + P — k) Y1)
k>1

=Y (k—=DPiavi + Y Pi(2—k)yn1. (2.2)
k>1 k>2

We putk = h + 1 in the last expression. This givés$ ;Q = 0.

Remark. — In [1] a probability measurg has been constructed which has divergence zero relatively to
the vector fieldsL?, L’il. This measure is constructed as a limit of probability measuresupported
by C". Each measurg,, satisfies an approximative formula of integration by parts which is established by
using an integration by parts on the wh@le. According to De Branges theorem the domain of integration
on whichu, has to be considered is an open sul&gbn C" which is defined as the range of the first
Taylor coefficients of normalized univalent functions. Therefore the procedure used in [1] will give rise to
a non-vanishing boundary term carried®¥,: hence the method of [1] is not localizable on the sgsice
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