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Abstract

Résumé

We consider the Cauchy problem for the semilinear wave equation. The Cauchy data
are assumed to be conormal with respect to a point, and the source term is polynomial
with respect to the solution and its first derivatives. Thanks to the study of multiplicative
properties of some refined hyperbolic conormal spaces, weimprove the known results about
the nonlinear type singularities of the solution. To cite this article: D. Fang et al., C. R.
Acad. Sci. Paris, Ser. | 335 (2002) 453-458.
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Sur lessingularitiés detype non-linéaire pour des problémesde
Cauchy semi-linéaires

On considere le probleme de Cauchy pour I'éguation des ondes semi-linéaire a données
de Cauchy conormales par rapport & un point, et a terme source polynomial par rapport
a la solution et a ses dérivées premiéres. Gréce a I’ étude des propriétés multiplicatives
d’ espaces conormaux hyperboliques précisés, on améliore les résultats connus sur lataille
des singularités de type non-linéaire de la solution. Pour citer cet article: D. Fang et al.,
C. R. Acad. Sci. Paris, Ser. | 335 (2002) 453-458.
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Version francaise abrégée

On considére le probléme de Cauchy
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oureR, x=(x1,...,x,) € R", f est une fonction C* de ses arguments, et ou les donnés de Cauchy
g;j (j =0,1) sont conormalesd indice s—j par rapport a{0}, avecs > (n+1)/2+1:

gj eI AI(RY {0)), j=0,1 2
voir Hoérmander [9]. Il nous seracommode d' utiliser lanotation :
|5 /AH(R" {0)) = H* 7T (R", {0}). ©)
Bony [3] aprouvé que
u € HS (Rn+l’ T, {0}) _ |—S—(n+l)/4(Rn+l’ T, {0})7 4

ou cet espace est défini comme dans [9], en considérant les champs de vecteurstangentsa I'\{O} et {0},
" désignant le cdne de lumiére

I={(x) eR™ 2 —|x]2=0}. (5)

Dans le fibré cotangent & R”*1 privé de sa section nulle, soient Ag le fibré conormal a {O} et A1
I"adhérence du fibré conormal aIr'\{0} :

Ao={(t,x;7,6) e R"™ x R"™™\0) |t =x =0}, (6)
Ar={(t,x;7,8) e R x RN 0) | - |x12=0,1& + tx =0}. 7
Le résultat de Bony montre que WF(u) C Ao U A1, que des singularités de type «non-linéaire» sont

susceptibles d’ apparaitre dans Ag\ A1, et que microlocalement dans Ag\ A1, u est dans ®© HS (R"+1, {0}).
Lebut de cetravail est d'améliorer I’ estimation de ces singularités. On établit le Théoréme :

THEOREME. —On suppose qug est polynomial er(u, Vu) et queg; satisfait(2). Alors, microloca-
lement dansAg\A1, la solutionu de (1) est dans® H*(R"*1, {0}), avecsy = 25 — 5+ % Dans le
cas faiblement semilinéaire.a.d quandf ne dépend pas dgu), avecs > (n + 1)/2, ou peut prendre
s0=25s— 5+ g

Notre preuve est basée sur I' utilisation d’ espaces conormaux hyperboliques /", dont les ééments
sont, microlocalement dans Ag\ A1, dans ® HS (R**1, {0}) avec s’ = —(u + v) — (n + 1)/2, et dont les
symboles dégéneérent le long du cdne caractéristique

C={(.&) eR"™™M 0 |r? - ]*=0}.

En dehors de {t = x = 0}, ils sont dans ®H*(R"*1, {0}, T\{0}) avec s = —u — 5. En utilisant des
propriétés multiplicatives de ces espaces, que hous établissons a I’ aide de techniques inspirées de Foschi,
Klainerman [8], nous montrons que u € JX* 1 (et u e J***"~2 dans|e cas faiblement semi-linéaire),
ce qui implique le Théoréme.

1. Introduction

We consider the semilinear Cauchy problem (1), where f is a smooth function of its arguments, and
conormal Cauchy data g; (j =0, 1) with respect to {O}, Besov index s — j, s > (n +1)/2 4 1. See (2),
Hoérmander [9], and our notation (3). Bony proved [3] that u satisfies (4), thelast space being defined likein
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[9] using vector fields tangent to I'\{O} and {0}, where I" is the light cone (5). Bony’s result implies that
WF(u) C AgU A1, where Ag, A are defined in (6), (7), and that “nonlinear” type singularities belonging
to © H*(R"*1, {0}) may appear microlocally in Ag\A1. Our goal is to improve this result. We prove the
following theorem:

THEOREM 1.— Assume thaff is polynomial with respect tou, Vu) and thatg; satisfies(2). Then,
microlocally in Ag\ A1, the solutionu to (1) belongs to™® H*(R"*1, {0}), with 5o = 25 — 5+ % In the
weakly nonlinear casghat is whenf does not depend onu), one can takeg = 2s — 5 + %

Our proof uses some hyperbolic conormal spaces.

2. Hyperbolic conormal spaces

Definition 1. — For u, v € R, $#V isthe space of symbols b = b(t, x, T, £) € C°(R"1 x R**1) such
that

of 0kogb = 0 (& B (@) H), ®

where (9) = 1+ [0]. S'4" is the space of symbols a = a(r,x,7,§) € C®R"! x R*™) such that:
Outside a conical neighborhood of C* = {r || =0}, a € S**V (ordinary symbol). In a (small) conical
neighborhood of C*, setting 7 = 7 F |£], € = £, thena(r, x, 7, £) = b(t, x, T, £) with b € SV for large €.
We set &% = 15" + 8127

Definition 2. — For u, v € R, J%" isthe space of distributionsu € D' (R"+1) such that

u(r,x):/e‘“fﬂ%a,x,z,g-)drds, aeSt”.

Weset JE" = g7 + g7
We have the following properties

ueJ'NE —ieSH’, €)
ueJ — WFu) C AgU Aq, (20
JL{L,—OO — I,M-i-(l’t—l)/ll(]Rn-‘rl7 Al) (11)

Note that the last space is the natural space of solutions of (1) in the linear case, with u = —s — 5. After
restrictionto {(z, x) # 0}, then

Ji = [FHO-DARTL A ) =g (R0}, T\{0}), (12)
with s = —u — 5. Microlocally in Ao\ A1, then
JY = vt =D/ (Rt (o)) = g (R {0)), (13)
withs' = —(u+v) — (n+1)/2.
IfueJ* andou e JHHLY, thenu e 1L, (14)
With the notation (4) we have, for any ¢ > 0,
g (R, T, {0}) c Ji+~Y2 > g~ (R"T, T, {0}), (15)

n

where = —s — 5

455



D.Fanget al./ C. R. Acad. Sci. Paris, Ser. | 335 (2002) 453458

The stability under multiplication is obvioudly crucial for our study. We have the following result:
THEOREM 2. — Letuq, uz € JH'. Thenuiuo € J" whenu+n—1<v < —1.

Because *H'(R"*+1, T, {0}) isaso stable under multiplication when r > (n + 1)/2, from (15), (14) and
Theorem 2 we obtain:

COROLLARY 3.— When f is polynomial with respect t@u, Vu), the solutionu to (1) belongs to
JER=L and to J4# 13 in the weakly semilinear cake

Now Theorem 1 follows by using (13).

3. Sketch of the proof of the multiplicative property

We consider v = uuz with i; € S/", and we want to prove that & € S:*". From the stability under
convolution of S#T¥ when 4+ v < —n — 1, the two essentia steps are the following:

Step 1: A ++ case
We assumethat ii; € S';" is supported in {¢|§| < T < C|§[}, where 0 < & < C. After afirst integration
taking advantage of the stability of S”(R) under convolutionif v < —1, we get

ﬁ(r,5)=6/g(f—|nl—lé—nl,n,é—n)dn, (16)

where g = g(X, n, 0) is aproduct type symbol with degrees v, u, i, and ¢ is a constant whose value may
change from aline to another. For fixed § € R"\ O, wetransform (16) like in Foschi, Klainerman [8], using
the family of ellipsoids E, = {n | [n| + 1€ — n| = p},

ﬁ(t7§):C/ (p2_|§|2)(n_3)/2dp
p=l€|
§ /g(f = 10§ =10 (0 = s7§17) (1 =577 2ds do, (17)

where the last integration is performed for —1 < s <1, o' € S,_1 NEL, no = (02 — [EPHY2.
(1— 5220 + (sp + € -
We have [nol = (o +51§1)/2, § — no= (p — s1§1)/2, therefore

l6(z.8)| < c/ (2= 16?)"—pp

p=
X /01<p +sIEN" (o = sIEN)" (0% = s%IE17) (1 = 2"~ 2 dbs. (18)

Whent > M|é|and M > C, weget p +s5|&| >~ p >~ 7, hence, for large t:
|6(r,$)| Lerdtn—lceppty it v>u+n-—1 (19
The derivatives of 0 are estimated in the same way. Note however that 32 9(z, &) correspondsto (17) with
g(A, n, 0) replacedby 97 g(x, n, 0), and v by v — . Butin (19) the condition v > p +n — 1 may bewrong if

visreplaced by v — «; infact, the wanted estimate |02 (<, §)| < Ct*1"~¢ isobtained thanksto integration
by parts with respect to the p variable, using the symmetry of = and p in (32 ¢)(v — p, 10, & — no).
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When t < M|€|, settingl—s =t and p — |£]| = p in (18) and using Lemma 4.2 of [8], we get, for large
€]

+oo
|0(r, &)| < clg* /0 (v —|&] = )" (pyr Tt D/25=3)/2¢5 (20)
which givesimmediately
[0(z, &) <cle™{z —|&1)", ifr—|&<O. (21)

If T — |£| > 0, decomposing the 5 integral in (20) aong 10, 3(z — €[, 13(r — &), 3(x — |&])[ and
]g(r — |&]), +o0o[, and using again Lemma 4.2 of [8], we obtain three terms respectively bounded
by cle|*(t — |E])Y, cl&|*(r — |E))* T~ and c|&|#(z — |&[)’ T+t which imply the expected estimate
[0(z,&)| < c(r, &) (v — |§])" thankstov > u+n —1and u +n <O.

The derivatives with respect to the new variables 7, £ given in (8) are estimated similarly, using again
integration by parts with respect to the g variable in the case of the T derivatives when %(r —ED < p <
3@ — 8.

Step 2: A £ case

Weassumethat iy € S'°" and iz € S!;" are supportedin {|| < C|&|}. Themethod is similar. using now

the family of hyperboloidsH, = {n | [n| — 1§ —nl = p}, —I§] < p < [§].

Remark 1. — In Theorem 2 the condition 1 +n — 1 < v isoptimal. Indeed, consider, for instance,
uj(t.0) = [ UG ) k.

where a; € S*, compactly supported with respect to (¢#,x), j=1,2. Thenu; € Jc’i’_oo, and, using the
stationary phase theorem, we can provethat v = uu, satisfies b € S2#7~1 for t > |&| with principal part
given by

)" (x, g)\”‘l/ F(t,&, »)a(0,0; hw)b(0, 0; Aw) do,

Sn—1

2 g2 C— ~—
where A = %Z-s‘i‘) ,F(1,6,0)=(1— fgﬂﬁ\) 1 We have

$(r— &) <A< 3(r +181),

%(t_|éf|) <|§—Kw|<%(f+|€:|)’
T+ 8]

P<Feo i

thus (13) showsthat the value v = u +n — 1isin general the best possible for the multiplicative property.
1 The author was supported by NSF of China 19971077.
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