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Abstract

Résumé

We study the asymptotic behaviour of global bounded solutions of the Cauchy problem for
the semilinear &th order parabolic equatiary = —(—A)"u + |u|? in RY x R4, where

m > 1, p > 1, with bounded integrable initial datgy. We prove that in the supercritical
Fujita rangep > pr = 1+ 2n/N any small global solution with nonnegative initial
mass,f upgdx > 0, exhibits ag — oo the asymptotic behaviour given by the fundamental
solution of the linear parabolic operator (unlike the case]l, pr] where solutions
can blow-up for any arbitrarily small initial data). A discrete spectrum of other possible
asymptotic patterns and the corresponding monotone sequence of critical exdenents
1+2m/(I+N), 1=0,1,2,...}, wherepg = pp, are discussedo citethisarticle: Yu.V.
Egorov et al., C. R. Acad. Sci. Paris, Ser. | 335 (2002) 805-810.
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Sur les asymptotiques des solutions globales des équations
paraboliques sémi-linéaires d’ordre supérieur dansle cas surcritique

On considere le comportement asymptotique des solutions globales bornées du probleme
de Cauchy pour I'équation parabolique sémi-linéaire d’ordneu2 = —(—A)"u + |u|?

inRY x Ry, u(x,0) =uge X =LYRYN)NL®RN), olim > 1, p > 1. On vérifie que

dans le cas surcritique de Fujite> prp = 14 2m/N toute petite solution globale avec la
donnée initiale vérifianf ugdx > 0, montre le comportement asymptotique quanrs co

défini par la solution fondamentale de I'opérateur linéaire parabolique, & la différence
du casp €11, pr] quand la solution peut exploser pour la donnée initiale arbitrairement
petite. Le spectre discret des pistes possibles et la suite correspondante des exponents
critiques{p; =1+ 2m/(I + N), [ =0,1,2,...}, oU pg = pp, sont descriptedour citer

cet article: Yu.V. Egorov et al., C. R. Acad. Sci. Paris, Ser. | 335 (2002) 805-810.
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On considére le comportement asymptotique des solutions globales bornées du probleme de Cauchy pour

I'équation parabolique sémi-linéaire d’'ordre: 2
uy=—(—AN)"u+ul” inRY xRy, u(x,0)=ug e X = L*(RY) nL>®(RY),

oum > 1, p > 1. On vérifie que dans le cas surcritique de Fujita pr = 1+ 2m /N toute petite solution
globale avec la donnée initiale vérifiafiugdx > 0, montre le comportement asymptotique quane co
défini par la solution fondamentale de I'opérateur linéaire parabolique, a la différence gu=daspr]
quand la solution peut exploser pour les données initiales arbitrairement petites. Le résultat principal est
suivant :

THEOREME 1. -Soit p > pr. Alors pour des données initiales telles gfieo(x) dx > 0 et Juo(x)| <
Be~4¥1* olla = 2m/(2m — 1) et B > 0 est une constante suffisamment petite, il existe une solution globale
u(x, t) du probléme de Cauchit) telle que la fonction

v = @+ 0N u(y@+ V1)

vérifie v(y,t) — Cof(y) quandt — oo, uniformement dan®”, ol la constanteCo > 0 dépend des
données initiales.

1. Introduction and main results

We study the asymptotic behaviour of global solutions of higher-order semilinear evolution equations of
parabolic type. Our basic example is the Cauchy problem for the semilingardder ¢z > 1) parabolic
equation

uy=—(—A)"u+ul” inRY x R4, u(x,00=uge X = L*(RY) nL>®(R"), (1)
which is a natural generalization of the classical semilinear heat equatierl( from combustion theory.
Higher-order semilinear and quasilinear parabolic equations occur in applications in thin film theory,
nonlinear diffusion, lubrication theory, flame and wave propagation (the Kuramoto—Sivashinsky equation
and the extended Fisher—Kolmogorov equation), phase transition at critical Lifschitz points and bi-stable
systems; see a number of models and a list of references in the book [11].

It is known thatp = pr = 1+ 2m/N is thecritical Fujita exponenfor this problem in the following
sense:

(i) if p €11, prl, then any solutiom (x, r) # 0 with

/RN ug(x)dx >0, (2)

blows up in finite time [2] (i.e., there exist arbitrarily small initial datge X leading to blow-up),

(i) for p > pr, solutions are global for any sufficiently small initial data; see [1] and [5].

These blow-up and global existence results are classical for the second-order semilinear heat equation
with m = 1 established by H. Fujita in the 1960s. Later, using the order-preserving properties of parabolic
flows, they were extended to a wide class of quasilinear equations with different types of nonlinear reaction-
diffusion operators; see a list of references in Chapter 4 in [12].

In this paper we study the asymptotic behaviour of global solutions in the supercritical range in the
case of higher-order diffusion operators, where the semigroup is not order-preservingr Ligtbe the
fundamental solution satisfyirig = —(—A)"b in RY x R, with the initial functionb (x, 0) = §(x) in RV,

3 being Dirac’s delta function. By the scaling invariance of the problem and unigueness of the fundamental
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solution, it has the self-similar structure
bx,t)=1"N?"f(y), y=ux/1t/?".

Substitutingb (x, t) into the heat equation, one obtains the radially symmetric prgfds a unique solution
of a linear ordinary differential equation (ODE) which is the radial restriction of the elliptic equation

1 N .
Bf = —(-A)"f + 5V f oy g f=0 RY [ reydy=1 (4)
2m 2m RN
The rescaled kerngf satisfies a pointwise estimate [3]

‘f(y)| <De " S0 inRV,
wherex = 2m/(2m — 1) € (1, 2) and D, d are positive constants dependingmnn.

THEOREM 1. —Let p > pr. Then for initial data satisfying2) from the class
ng{uoeX: ‘uo(x)|<Be_d|x|a in RN}, (5)
whereB > 0 is a sufficiently small constant, there exists a global soluiion ¢) of the Cauchy problem
(1) such that the rescaled function satisfies
v(y,) =1+ t)N/Zmu(y(l—f— t)l/zm, t) — Cof(y) ast— oo (6)
uniformly inR”Y, where constanf > 0 depends on initial data.

Such results are well known for the case= 1 established first in [7] and [8], where the convergence

to the rescaled Gaussian kerngly) = (47)~N/2~1"*/4 was proved for nonnegative solutions of the
semilinear heat equation = Au — u? with p > 14 2/N; see also Section 3 in [4], where the stability of
other self-similar profiley ¢ L1(R") was studied. A similar result is known for the quasilinear parabolic
equations liket; =V - (u”Vu) £ u? with o > 0 in the supercritical range > o + 1+ 2/N; see p. 236
in[12].

2. Discretereal spectrum of a non-self-adjoint operator

For any integer > 1, the linear operatoB is not symmetric. We calculate its spectrsnB) in the
weighted spacé?2 (RV) with the exponential weight(y) = ¢*”!" > 0 wherea < 24 is a sufficiently small

positive constant. We next introduce a Hilbert space of functi’aﬁff%(RN) with the inner product and the
norm

2m 2m
<v,w>p=/RNp<y>ZDkv<y>Dkw<y>dy and ||v||i=/RNp<y>Z|Dkv<y>\2dy,
k=0

k=0
whereD¥v denotes the vectdDP v, 8| =k}, so thatH2" (RV) ¢ L3(RY) c LA(RY).

PROPOSITION 1. —B is a bounded linear operator frorHﬁ’"(RN) to L%(RN).

Let u(x, t) be the solution of the Cauchy problem for the heat equation with initial wtataL%(RN)
given by the convolution

u(x, 1) =b(r) xug=1~N/2" /RN f(x =2t Y ug(z) dz.

Introducing the rescaled variablegx, ) = t=V/2"w(y, 1), y = x/t¥?", t =Int:R. — R and per-
forming Taylor expansion in the tergf(y — ze~7/2") of the convolution operator, we arrive at the following
expansion of the solution:

w(y, 1) =Y e P12 My (uo)yp(y),
(B)
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whereig = —|8|/2m andyg(y) given below are the eigenvalues and eigenfunctior ahd
Mg (uo) = /R A2y uo@) da.

LEMMA 1.—(i) The spectrum oB consists of real eigenvalues ordyB) = {Ag = —|B|/2m, |B| =
0,1,2,...}. Eigenvalues.g have finite multiplicity with eigenfunctions

(=18l P (—1)lAl ( 9 )ﬂl ( 9 )ﬂN
= D = R N (N )
Vp(y) I F) I o1 dyn F)
(i) The set of eigenfunctiorigs} is complete inL?(RY) and in L3 (RY).

DenoteB = B — I and consider the probleBw = g, whereg = p~Y/2g andg € L2(RY). Using the
descent method [3], we arrive at the following integral operator:

(E_lg)(y)E/RN K(y,2)g(¢)d¢ with the kernel

1
K(yv g—):_e—%\ﬁm/ (1_Z)_N/2mf[(y—{Zl/ZM)(l_Z)—l/Zm] dZ.
0

The following estimates establish ttatl is a compact operator with a discrete spectrum accumulating
at 0. The proof is based on Eidelman’s estimate, see Lemma 5.1 in [3].

PrROPOSITION 2. —There holds
KeL?(RYxRY), N<2m; KeLi(RYxR"Y), N>2mwithaqe (1 pp).

3. Spectrum and polynomial eigenfunctions of the adjoint operator

We now describe the spectrum and the eigenfunctions of the adjoint operator
B* = —(—A)" — iy V.

2m

We consideB* in the weighted spacEf)*(RN) with the exponentially decaying weight functipri(y) =

1/p(y) = e=?PI" = 0, and ascribe toB* the domaianzi"(RN) dense inL2.(RY). We show that

B*: HZ"(RV) — L2.(RY) is a bounded linear operator ar@v, w) = (v, B*w) for anyv € H2"(R")

andw € HZ"(RV).

LEMMA 2.—(i)o(B*)=0(B) and eigenfunctiongﬁ;(y)} are polynomials of ordefs|,

1g1/2m 4 .
i =y + > ﬁ(—mmfyﬁ.
=1
(ii) The subsety ;) is complete inL2, (RY).

Let l/% be a Hilbert space of functions= )" agyg with expansion coefficients satisfying

> lagl? < oo, 7
and the scalar product and the induced norm
(v, w)o = ZaﬁCﬁ, w = ZCﬁwﬁ el?, and||v||8 = (v, v)o. (8)

Thenlf, is a subspace OE%(RN). It is not difficult to see that the operatBr(being closed and densely
defined) is a sectorial operatorﬁ};
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For the adjoint operatdd* we define a Hilbert spad%f of functionsv* = Za,gw;; € Lf)*(RN) with
coefficients satisfying (7) and the inner product similar to (8). We showBhad sectorial inl%i.

4. Invariant region in the supercritical case

We return to the problem (1) in the supercritical rapge pr. We take initial data from (5), wheeg> 0
is as defined in (5) an# > 0 is a constant to be specified. We introduce a solution subset
Ya={u |uCe,t)| SAQ+0"N 2" exp{ —k|x|”/(L+1H)%?"} inRY xRy },
whereA > 0 is a constant depending @ghandk =d/p.

THEOREM 2. —Let p > pr. Then for any sufficiently smalt > 0, there exists am > 0 such that the
solution of(1) satisfiestg € Xp = u(x, t) € Y4 for anys > 0.

5. Perturbed dynamical system: proof of Theorem 1

The rescaled solution (6) satisfies the following semilinear parabolic equation:

v =C(, 1) =Bv+e " |v)” inRY xRy, 9)
The parametey = (p — 1)% —-1= %(p — pr) is positive forp > pr. The initial function is the
same,vo(y) = ug(y) in RY. We see that after rescaling the nonlinear tdm# in (1) forms a small
perturbation in (9) with the exponential decay rate¢’® — 0 ast — oo on bounded orbits. It follows
from Theorem 2 thatv(y, 7)| < ®4(y) = Ae *IYI* for anyvp € X 3. We consider the dynamical system
(9) as an asymptotically small perturbation of theonomouslynamical system

v; =Bv fort >0, (10)

and will apply the stability result from [6], Theorem 3 in Section 3. l&tbe the set of solutions
v e C([0,00[, Y)N Y4 of (5) with initial datavg € X satisfying (2). We then need to check the following
three hypotheses under which we can comparethmit sets of two dynamical systems (9) and (10).
(H1) Compactness of the orbits.
(H2) ConvergenceélNe check thaC is a small perturbation d in the following sense: given a solution
v e L, iffor a sequencér;} — oo the bounded sequenge(t; +s)} convergesirL5.([0, 00) : V)
asj — oo to a functionv(s) thenv is anY-valued solution of (9) (in the class).
(H3) Uniform stability for the unperturbed equatioiit. means for for everyse > 0 there exists a

8 = 8(¢) > 0 such that for any solution(z) of (10) in L,

d(vg, Q) <86 = d(v(r), Q*) < ¢ foreveryr > 0.

HereQ, is the reduced-limit set of (10) which is the closure of the set of all possibiimits for initial
data fromX g, so that2, C {cf(y), 0< ¢ < C1}, whereC1 > 0 is a constant.

ProPOSITION 3. —There exists a constant = ¢, (m, N) > 1 for m > 1 such that, given two initial data
v10, V20 € X, the L1-norms of the solutions @lL0) satisfy|vi(t) — v2(7) |1 < ¢« |lvig — v2oll1 for T > 0.

PROPOSITION 4. —For any orbit in £, w(vg) C Q4.
As the last step, we establish thatvp) consists of a unique nontrivial profile.
PrROPOSITION 5. —For any orbit in £, there exists a constaxily > 0 such thatw (vg) = {Co f}.

6. Spectra of asymptotic patternsand critical exponents

We now consider arbitrary initial datg € X g which are not supposed to satisfy (5). Then there exists a
global solution which is sufficiently small in the sense thét, r) € Y4. Since

d
d—/v(y,t)dy:e_w/|v(y,t)‘pdy>0,
T
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there exists a finite i, o f v(y, 1)dy = Co. If Co#0, thenag(t) — Co andv(r) - Cof ast — oc.
Let nowao(t) — 0 and [ v(y, ) dy — 0 ast — oco. Obviously, such patterns can be generated by the
eigenfunctions of the linear operatdr

PROPOSITION 6. —If Eq. (9) admits a solution with the linearized behaviour
v(y,7) = Ce 2" [g(y) +0(1)] ast — oo uniformly,
wherel > 0is an integerBy; = —(I/2m)¢;, andC # 0, thenp > p;=1+2m/( + N).

In order to get asymptotic patterns in critical cages= p;, we perform the rescaling(x, ) =
A4 1)~ EHEN2my(y 1), y =x/(1+ )Y?" andr = In(1 + 1). The rescaled solution(y, 7) satisfies the
perturbed equation, = (B+ ﬁl)v—i—e_)’” |v|?, with the exponent; = (p—1) (I + N)/2m —1.If p = py,
theny; = 0 and we obtain the autonomous equation

I
Vr = (B—i—%I)v—Hvlp.

Consider the behaviour close to the centre subspaBemle;I assuming that imgm(RN)
v(t) =ai(t)[gr +0(1)] ast — oo,

where ¢; € {y/g}. Then by standard eigenfunction expansign= |4;|”'[c; + 0(1)] for = > 1, where

c = (lel?, ¢f). Let, without loss of generality; > 0. Theng; > 0 and stable behaviour corresponds
to negative expansion coefficients satisfyingr) = —[(p; — De;t]1~ Y P =D (1 + 0(1)) ast — oo. In the
original variables this gives the behaviour with an extra logarithmic factor

u(x, 1) = —Cy(tIne)y~EN/2m (g (x /11/2m) + o(1)]  ast — oo,
where the constart; > 0 does not depend on initial dat@, = [2mc;/ (I + N)]~¢HN)/2n,

Acknowledgements. The authors have been partially supported by the INTAS Projects CEC-INTAS-RFBR96-1060
and CERN-INTAS00-0136.

References

[1] S. Cui, Local and global existence of solutions to semilinear parabolic initial value problems, Nonlin. Anal.
TMA 43 (2001) 293-323.
[2] Yu.V. Egorov, V.A. Galaktionov, V.A. Kondratiev, S.I. Pohozaev, On the necessary conditions of existence to a
quasilinear inequality in the half-space, C. R. Acad. Sci. Paris 330 (2000) 93-98.
[3] S.D. Eidelman, Parabolic Systems, North-Holland, Amsterdam, 1969.
[4] V.A. Galaktionov, S.P. Kurdyumov, A.A. Samarskii, On asymptotic “eigenfunctions” of the Cauchy problem for
a nonlinear parabolic equation, Math. USSR Sbornik 54 (1986) 421-455.
[5] V.A. Galaktionov, S.I. Pohozaev, Existence and blow-up for higher-order semilinear parabolic equations:
majorizing order-preserving operators, Indiana Univ. Math. J., to appear.
[6] V.A. Galaktionov, J.L. Vazquez, Asymptotic behaviour of nonlinear parabolic equations with critical exponents.
A dynamical systems approach, J. Funct. Anal. 100 (1991) 435-462.
[7] A. Gmira, L. Véron, Large time behaviour of the solutions of a semilinear parabolic equatih,id. Differential
Equations 53 (1984) 258-276.
[8] S. Kamin, L.A. Peletier, Large time behaviour of solutions of the heat equation with absorption, Ann. Sc. Norm.
Pisa Cl. Sci. (4) 12 (1984) 393-408.
[9] I. Gohberg, S. Goldberg, M.A. Kaashoek, Classes of Linear Operators, Vol. 1, in: Operator Theory: Advances and
Applications, Vol. 49, Birkhduser, Basel, 1990.
[10] A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems, Birkhauser, Basel, 1995.
[11] L.A. Peletier, W.C. Troy, Spatial Patterns. Higher Order Models in Physics and Mechanics, Birkh&user, Boston,
2001.
[12] A.A. Samarskii, V.A. Galaktionov, S.P. Kurdyumov, A.P. Mikhailov, Blow-up in Quasilinear Parabolic Equations,
Walter de Gruyter, Berlin, 1995.

810



