C. R. Acad. Sci. Paris, Ser. | 335 (2002) 59-63
Probabilités/Probability Theory

Harnack inequality for symmetric stable processes
on fractals

Krzysztof Bogdan, Andrzej Stds, Pawet Sztonyk

Institute of Mathematics, Wroctaw University of Technology, Wyb. Wyspiahskiego 27, 50-370 Wroctaw, Poland
Received 7 March 2002; accepted after revision 29 April 2002

Note presented by Marc Yor.

Abstract We study nonnegative harmonic functions of symmeiritable processes ahsetsF. We
prove the Harnack inequality for such functions wiaea (0, 2/dy,) U (ds, 2). Furthermore,
we investigate the decay rate of harmonic functions and the Carleson estimate near the
boundary of a region irF. In the particular case afatural cellsin the Sierphski gasket
we also prove the boundary Harnack principle. cite this article: K. Bogdan et al.,
C. R. Acad. Sci. Paris, Ser. | 335 (2002) 59-63. 0 2002 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

L'inégalité de Harnack pour les processus symétriques stables sur les
fractals

Résumé Nous présentons I'inégalité de Harnack pour les fonctish&rmoniques suf-ensembles.
En particulier cas deellule naturelle du triangle de Sierpiski nous obtenons le principe
de Harnack a la frontiére. Nous donnons aussi une estimation de la vitesse de decroissance
des fonctionsx-harmoniques pres de la frontiere ainsi que I'estimation de Carl&som.
citer cet article: K. Bogdan et al., C. R. Acad. Sci. Paris, Ser. | 335 (2002) 59-63. O 2002
Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

Les processus symétriques stables sufieasembles ont été introduits dans [18]. La théorie du potentiel
de ces processus et des processus similaires sur les fractals est récemment intensement étudiée [13,16]. Soit
F un fermé non-vide danR”, N > 1, et soitd € (0, N]. On dit que une mesure borélienpeest une
d-mesure suf s'il existe des constantes, ¢, > 0 telles queu vérifie c1r? < u(B(x,r)) < cor?, x € F,
0 < r < 0o. Nous appelong un d-ensemble sF = supf) pour uned-mesurew. Nous notonsgi la
dimension spectrale ek, la dimension «walk» d&'. Dans toute cette Note on fixe € (0,2) et un
d-ensembleF’. Un processus symétrique stabedansF est le processus obtenu par la subordination de
la difusion fractale par rapport au subordinatey2-stable.

Soit u une fonction borélienne suF, minorée (ou majorée) par une constante. On dit guest
a-harmonique dans un ouvelt C F lorsqueu(x) = E*u(X (tp)), x € B, pour tout ouvert borné tel
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queB C D. On dit queu est réguliére.-harmonique dan® si la derniére égalité & lieu avéz a la place
deB.

Le résultat principal de cette Note est I'inégalité de Harnack. Nous montrons que pour &ut
(0,2/dy) U (ds, 2) et toutk > 1 il existe cz3 = c3(x) tel que pour tousg € F, r > 0 et toute fonction
h > 0, e-harmonique dans8(xg, 7) on ah(x) > c3h(y), x, y € B(xo, r/x). Notre outil fondamental est la
propriété faible d’échelle (3) qui remplace la propriété usuelle d’échelle du processus stable. Un autre outil
important est la formule de Ikeda—Watanatfe[(L4]). Leur utilisation permet d’obtenir les estimations (4)
and (5) du noyau de Poisson d’une boule. C’est un point de départ pour démontrer I'inégalité de Harnack.
QuandD est une cellule naturelle (un triangle élémentaire) du triangle de 8#kipinon-borné) nous
obtenons par la suite le principe de Harnack a la frontiére. Pour des fractals plus compliqués (p. ex. le tapis
de Sierpiski) un argument plus fin devrait étre apliqué. Nous donnons aussi une estimation de la vitesse
decroissance des fonctiomsharmoniques pres de la frontiere et I'estimation de Carleson.

Dans les preuves nous developpons des analogues fractals des méthodes données dans [7] pour les
domaines de Lipschitz et les processustables dan®”" invariants par rotation. Nous présentons les
idées des preuves de nos principaux résultats. Les preuves complétes trop longues et trop techniques pour
étre incluses ici, seront données dans une publication ultérieure [10].

1. Preliminaries

Symmetric stable processes#sets were introduced in [183de also [12,13,16]). The aim of this Note

is to present the research which is a continuation of that papef lbet a nonempty closed subsetRf

N > 1. Setd € (0, N]. We say that a (positive) Borel measurés ad-measure on F if for some constant

it satisfiesc ™4 < pu({y: |y —x| <r})) <er?, 0<r <oo, x € F. We call F ad-set if F = suppu)
for somed-measurgu. Note that such a set is necessarily unbounded. For more informatigrsets we
refer to [11] and [15]. A Markov processd = (P*, Z;).cr, >0 IS called afractional diffusion on F if Z

is a diffusion with state spacg, andZ has a symmetric transition densiyz, x, y) = ¢ (¢, y, x),t > 0,
x,y € F, which is jointly continuous for each> 0 and satisfies for a constantand all x, y € F and

t € (0, 00)

1 lx —yI\” _ _af =y
1 dv/Zexp(—c<tl/—dw <qt,x,y) <ct %/ 2exp[ —c71 EYn . (1)

Hered; = 2d/d,, y = dy/(dy — 1). For a survey on fractional diffusions see [1]. (We note that our
definition is slightly different from that given in [1].) Following [17] and [18] we use the Euclidean distance
instead of the shortest path metréeg[1]). Since the well known fractal diffusions were constructed in the
shortest path metric setting (e.g. [1]), (1) is virtually tantamount to the assumption that the two metrics are
equivalent. For the rest of the Note fixdaset F andwa € (0, 2). By a symmetric stable proceXson F we

mean the process obtained by the subordination of a fractional diffésiothec /2-stable subordinatdf; .

In particular, the transition densitiegz, x, y) of X are given by

o0
p(t,x,y)z/o qu,x,y)n;w)du, x,y€eF,

wheren, () is the density function of; (see[18,5] or [6] for more details).

Let u be a Borel measurable functianon F, which is bounded from below (above). We say thas
a-harmonic in a relatively open seb C F if u(x) = E*u(X(tp)), x € B, for every bounded (relatively)
open setB with the closureB contained inD. We say that: is regular a-harmonic in D if the above
equality holds withD instead ofB.
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In what follows we denoteB(x,r) ={y € F : |y — x| < r}. Also, B(x,r)° = F \ B(x,r) and
int(B(xo, 7)) = F \ B(x,r).

All constantsc are positive and depend af, u, @« and Z. Dependence of constants on additional
guantities will be explicitly expressed.

2. Statement of results

Denoted, = d + ad,, /2. The main result can be stated as follows.

THEOREM 1 (Harnack inequality). Let 0 < «a < 2/d,, or dy < a < 2. For each « > 1 there exists
constant ¢ = c¢(x) such that for every xg € F, r > 0 and function 2 > 0, regular «-harmonic in B(xo, r),
we have

c_lh(y) <h(x)<ch(y), x,ye€B(xg,r/x). (2)
The idea of the proof is given at the end of the Note. The next two results are important in the proof.

THEOREM 2 (Weak scaling). For r > 0, x, y € F we have
cTtmin(elx — y| 7%, 7/%) < p(t,x, y) <emin(tlx — y| %, 1B/, (3

(3) is a replacement for the usual scaling of the symmetric stable proceR&q M.
By Ikeda—Watanabe formula [14] we obtain the following estimates for the Poisson kK&ynel (-, -)
of the ball.

ProrPosITION 3 (Poisson kernel). +or each k > 1 there exists ¢ = ¢(x) such that for all x € F and
r>0

cr®@/?|y — 7|7y e B(x,r), z € B(x,kr), (4)

“Lpedu/2)y 7|74y e B(x,r/k), z €int(B(x,r)°). (5)

Below we provide “fractal” analogues of the results obtained in [7] for Lipschitz domains and the
rotation invariante-stable process iR” . Consider a (relatively) open subgetc F. Assume that there are
constantsRg = Ro(D), ¢ = c¢(D) andd = 6(D) € (0, 1) such that for allQ € 9D andr € (0, Rg) we have

Ppx,r(y,2)

<
>c

Pp(x,r(x,2)

,u(DCﬂB(Q,r)) > crf, (6)

and there is a poim such that
B(A,0r) S DN B(Q,r). (7
Under these assumptions we obtain the following results.

THEOREM 4. — There exist constants 8 = 8(D), ro = ro(D) and ¢ = ¢(D) such that for all Q € 9D
and r € (0, rg), and functions u > 0, regular «-harmonic in D N B(Q,r) and satisfying u(x) = 0 on
DN B(Q,r), wehave

u(x) < c(|x - Q|/r)ﬁsup{u(y) :ye DN B(Q, r)}, xeDNB(Q,r).

The above estimate of the rate of decay of harmonic functions near the boundary correspondsto Lemma 3
in [7]. However, [7] makes an essential use of the exact formula for the Poisson kernel for the ball, which is
not available in our case. We use Proposition 3 instead. We also note that Theorem 4 holds4aiCalz).

Proposition 5 below is an analogue of the Carleson estimate. We adapt the proof freee 506 [7]).

Our main contribution is the application of Theorem 2 instead of (unavailable) scaling.
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ProPOSITION 5 (Carleson estimate). et o < 2/d,,. There exist a constant ¢ = ¢(0) such that for
all 0 edD and r € (0, Rg/2), and functions u > 0, regular e-harmonic in D N B(Q, 2r) and satisfying
u(x)=0o0n DN B(Q, 2r), we have

ux)<cu(A), xeDNB(Q,r),

where A satisfies (7).

We consider the following example. Lé&p be the closed convex planar triangle with verticeg0aD),
(1,0) and(1/2, +/3/2). Let A be the interior of the triangle whose vertices are the midpoints of the edges
of Fp. Let F1 = Fp \ A. Then Fy consists of three closed triangles of sid&1To obtainF> we apply
subsequently the above procedure to these triangleés ihhen we obtairFs and so on. Lef,, = ﬂfjo:O F,,
F= U202 Foo. F isthe (unbounded) Siemwski gasketgee e.g. [3]). By anatural cell (or simply a cell)
we mean the intersection &f with a triangle fromF,, (somen € N).

Observe that the natural cells (and their finite unions of) in the Siskpigasket satisfy the
assumptions (6) and (7). The same is true for the natural cells of the i&kigiarpet (with a similar
the definition of the natural cell; see also [2]).

THEOREM 6 (Boundary Harnack principle).Assumethat D istheinterior of a sum of a finite number
of natural cells (possibly of different sizes) of the Serpifski gasket. Let 0 < o < 2/d,, or dy < o < 2. There
exist constants ¢ = ¢(D) and pg = po(D) such that for every Q € aD, r € (0, pp), and functions u, v > 0,
regular a-harmonic in D N B(Q, 2r), which vanish on D¢ N B(Q, 2r), and satisfy u(x) = v(x) for some
xe€ DN B(Q,r/4), wehave

c ) <u@y)<cv(y), yeDNB(Q,r/4). )

Our proof of the result hinges on the simple geometry of the Siskpigasket {D is totally
disconnected) and is analogous to the proof of the boundary Harnack principle for intervals on the real
line, e.g. for Brownian motion or symmetric stable processes. It turns out that in this case the boundary
Harnack principle follows easily from the usual the Harnack inequality.

We note that for more complicated fractals (e.g. the Sieslgicarpet) more advanced methods need to
be applied.

3. Idea of proof of Theorem 1

The method of our proof depends on whether the process is point-recusrent/{) or transient
(¢ < 2/dy,). In the former case (2) yields the estimates for the Green function of a ball:

—d+adw/2’ X — y|_d+ad“’/2, X,y € F, (9)

Gpun(x,y) <er GB(x.alr—y)(x, ¥) = ¢
for a constant: > 1 and allx, y € F, r > 0. Moreover, by the strong Markov property and the continuity

of the Green function

P*[Ty <1tpl=Gp(x,y)/Gp(y,y),

so that the estimates (9) imply that with positive probability the process startingftormy before leaving
B(x,alx — y|). By the mean value property this yields the Harnack inequality.

In the more interesting transient case we apply the method of regularization of the Poisson kernel, which
proved to be useful in the case of symmetric stable proces=e[g(9]). This method yields comparability
of values of a given harmonic function with its integral over a neighborhood of a region of harmonicity.
However, possible geometrical irregularities of alxset F make the present proof more difficult. In
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particular, in the present setting it is not clear whether orXigf € 9D with positive probability. Our
approach shows that this event has probability 0 (comp. [7]) and provides an upper bound for the Poisson
kernel, which is crucial for the method of regularization. The key step is an estimate for the dimension
of the Euclidean sphere intersected with which yields relevant capacitary estimates. We note that the
application of the capacity argument imposes the restrietien(0, 2/d,,). (WhenF =R", d,, = 2, this
translates intax < 1.) This seems to be merely a technical restriction and we conjecture that Theorem 1
holds for alle € (0, 2).

Remark. — It is interesting whether similar results hold for other type of stable processéssets
[16,12]. There are some hints that the answer, at least partially, is poséges(g. [16] where the
equivalence relation for the Dirichlet forms is provided). Our method, however, is closely related to the
weak scaling properties so that a new approach is needed.

For details of the proofs and more complete results we refer the reader to the forthcoming paper [10]. We
also note that similar considerations apply to symmetric (not necessarily rotation invariant) stable processes
onRY [4,9].
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