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Abstract In this Note we consider a class of noncoercive nonlinear problems whose prototype is
—Apu+b@)|Vul* =p inQ, u=0 o0nax,

whereg2 is a bounded open subset®f (N > 2), A, is the so calleg-Laplace operator
(1 < p < N) or a variant of it,u is a Radon measure with bounded variations@mr a
function in L1(22), » > 0 andb belongs to the Lorentz spacé'l1(Q) or to the Lebesgue
space [°(2). We prove existence and uniqueness of renormalized solufloraite this
article. M.F. Betta et al.,, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 757-762. 0 2002
Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Existence et unicité de solutions renor malisées d’ équations elliptiques
non linéaires avec destermesd’ordreinférieur et données mesures

Résumé Dans cette Note nous considérons une classe de problémes non linéaires et non coercifs
dont le prototype est

— Apu+bx)|Vul* = dans@, u=0 surdQ,

ol 2 est un ouvert borné d&"¥ (N > 2), A, est le p-Laplacien (1< p < N) ou une
variante de cet opérateyr, est une mesure de Radon bornée ou une functionlde),
A >0 etb appartient & 'espace de Lorent?’11(Q2) ou & I'espace de Lebesgués).
Nous démontrons I'existence et I'unicité de solutions renormalisées de ce proBlame.
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Version francaise abrégée

Dans cette Note, qui annonce [2] et [3], nous considérons un probléme elliptique non linéaire qui peut étre
écrit formellement sous la formediv(a (x, u, Vu))+ H (x, u, Vu) =  dans2, u = 0 sura2 (équation (3)
de la version anglaise), o2 est un ouvert borné d&", N > 2, p est un réel tel que ¥ p < N,

a: Q2 xR xRN - RN est une fonction de Carathéodory qui définit un opérateur pseudomonotone coercif
continu sur V%”’(Q) (voir hypothéses (4)—(6) de la version anglaise) eFoiQ2 x R x RN — R est une
fonction de Carathéodory qui vérifie la condition de croissditer, s, &)| < bo(x)|£|?~1 + b1(x), avec

bo € LN-1(Q) etby € L1(Q) ; enfin i est une mesure & variation bornée, qui est décompusiédg]) sous
laformew = f —div(g) + uf —pn;, avecsf € LL(Q), g€ (LP/(Q))N, ety ety des mesures a variation
bornée non négatives qui sont concentrées sur deux ensembles digjpietE ~ de p-capacité nulle.

Sous les hypothéses qui précédent, nous démontrons I'existence d’une solution renormaliséeide (3) (
Théoréme 2.1 de la version anglaise). Par solution renormalisée nous entendons uneifanesanable,
finie presque partout, telle qui (u) € Wé”’(sz) pour toutk > 0, et qui vérifie (10)—(12) et (13Vir
Définition 2.1 dans la version anglaise). On notera en particulier que (13) correspond formellement a utiliser
la fonction test: (u)v dans (3), avea € WL (RR) & support compact ete Wh7(Q) N L®(Q).

D’autre part, nous démontrons l'unicité d’'une solution renormalisée dev¢®) Théoréme 3.1 de la
version anglaise), sous des hypothéses un peu différentes de celles sous lesquelles nous avons obtenu
I'existence. Pour démontrer I'unicité nous supposons en effetaguss, £) et H(x, s, £) ne dépendent
pas des, quea est fortement monotone, que n’est plus une mesure a variation bornée générale mais
qu'elle appartient & Q) + W=7 () (voir hypothéses (14), (15) et (17) de la version anglaise), et
que H ne vérifie plus la condition de croissance (7) mais qu’elle est localement lipschitzierinesen
plus précisément qu’'elle vérifig H (x, &) — H(x, n)| <b(x) (1 + || + |n])° |€ — nl, avech € L*(Q) et
0< o <ap(N, p), ouog(N, p) est précisé dans le Théoréme 3.1 de la version anghoae((9), (20) et
(21)). Notons que, lorsquB (x, s, &) = (1 + |£]9)*/2, les intervalleg0, p — 1] et [0, 1+ oo(N, p)[, pour
lesquels nous démontrons d’une part I'existence et d’autre part I'unicité, ne coincident pas en général.

1. Introduction

In this Note, which announces [2] and [3], we consider a class of problems whose prototype is
—Apu+bx)|Vul*=p inQ, u=0 o0nJs, (1)

whereQ is a bounded open subset®t’ (N > 2), A, is the so calle¢h-Laplace operator (¥ p < N) or
a variant of it, is a Radon measure with bounded variatiorpor a function in 1(2), » > 0 and the
coefficientb belongs to the Lorentz spacé’i1(Q) or to the Lebesgue spacé9($2). We are interested in
proving existence and uniqueness results.

As far as existence results are concerned, there are two main difficulties in this problem: on the one hand,
the right-hand side is a measure; on the other hand, the operator is in general not coercive when the norm
of b in the Lorentz spacel:1(2) orin L®(2) is not small. For what concerns uniqueness, a new difficulty,
namely the fact that one has to deal with arttf)— space with weight” and not to theéﬂ(&?) space, is
added to the previous ones.

Let us explain how we face those difficulties.

The first one is the fact that the right-hand side of (1) is a measure, even in the caséwheré the
linear case (wher@ = 2), Stampacchia [14] defined a notion of solution of (1) by duality, for which he
proved existence and uniqueness. The nonlinear case was firstly studied in [5] (and in [9] in the case where
b # 0) and existence of a solution which satisfies the equation in the distributional sense was proven when
p >2—1/N. There are however two difficulties when one considers this type of solution for equation (1).
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Whenp is closeto 1, i.e.p <2— 1/N, simple examples show that the solution of (1) does not in general
belong to the space ﬁg@(sz). On the other hand a classical counterexample [13] shows that such a solution
is, in general, not unique. To overcome these difficulties two equivalent notions of solutions have been
introduced, the notion of entropy solution in [1,6] and the notion of renormalized solution in [10-12], in the
case where the measyrebelongs to () or to L1(Q) + W—1~P/(sz); in these papers the authors proved
the existence and uniqueness of such solutions. Similar results (existence and partial uniqueness) have been
obtained in [8] in the case of a general measure with bounded total variation.

The second difficulty is due to the non coerciveness of the operatos u + b(x)|Vu|* whenb is not
small. We overcome this difficulty by using the technique of Bottaro and Marina [7], which consists in some
sense in splitting the problem in a finite number of problems wisimall, which are therefore coercive.

Therefore we are able to proveeé Theorem 2.1) the existence of a renormalized solution of (1) when
0< 1 < p—1, whenb belongs to the Lorentz spacé'{1(Q2) and whenu is a general measure with
bounded variation.

For what concerns uniqueness, we consider a class of problems whose prototype is a variation of (1),
namely

22

—div(a(x, Vi) +b(x) (14 |Vu?)*“ = f —div(g) in<, u=0 0nag; 2)

in this problemf € L1(Q) andg € (LP’(Q))N, so that the right-hand side is no more a general measure
as in the existence setting; the coefficiéris now assumed to belong to the Lebesgue sp&e&l) (in
our forthcoming paper [3], we study the case whereelongs to some Lebesgue spacésh)); finally,
whenp > 2, we assume that the operatediv(a(x, Vu)) is a nondegenerated variation of the_aplace
operator, i.e., is of the type div(a(x)(1+ |Vu|®)P~=2/2vy), wherea € L®(R), a(x) > oo > 0 (such a
nondegeneracy restriction is not necessary when2).

Under those assumptions we prove the uniqueness of the renormalized solution of (2) for certain values
of A > 0. Observe that the set of valuesiofor which we prove uniqueness does not coincide with the set
0< A < p — 1 for which we prove existence.

2. Existenceresult

Let us consider a nonlinear elliptic problem which can formally be written as
—diV(a(x,u,Vu))+H(x,u,Vu)=,u in Q, u=0 ondQ. 3)

Here is a bounded open subset®¥ , N > 2, p is areal numberwith & p < N,anda : Q x Rx RN —
RY andH : Q@ x R x RY — R are Carathéodory functions satisfying

a(x,s, £ >alEl?, o >0, 4)
la(x,5,6)| <c[IE1P 7+ 1517 +ao()],  ao(x) €LP(Q), ¢ >0, (5)
(a(x,s, &) —a(x,s,m),§—n)>0, &+#n, (6)
|H(x,s.6)] <bo()IE|P"t+b1(x), boeLVHQ), b1elLN(Q), ©)

for almost every € Q, for everys € R andé € RY, n € RV Finally we assume that is a general measure
with bounded variation, which is decomposed as

HEMyQ), p=f—divQ)+u —p;. fell@. ge (L’ @), ®)

where the singular parfs} andu; are nonnegative measureshf), (), which are concentrated on two
disjoint subset&* and E~ of zero p-capacity (such a decomposition is always possiae[8]).
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DEFINITION 2.1.— We say that is a renormalized solution of (3) if it satisfies the following conditions:

u is measurable of2, almost everywhere finite and such tiatu) W};”(sz), Vk > 0, 9)
whereT, (u) = max{—k, min{k, u}};
P~ e LN/NV=P-2)y and |Vu|? te LN ®(Q), (10)
whereVu is defined as in [1,10-12] by T (1) = x{ju|<k}Vu a.e. in<2;
1
—/ a(x,u,Vu)Vmp—>/ goduj', n— 400, (11
n Jn<u<2n Q
1 _
—/ a(x,u,Vu)Vmp—>/ pdu;, n—4oo, (12)
nJ_2n<u<—n Q

for everyp e C2(Q2); and finally

/a(x,u,Vu)~Vuh’(u)v+/a(x,u,Vu)~Vvh(u)+/ H(x,u, Vu)h(u)v
Q Q Q

:/ fh(u)v+/g-Vuh/(u)v+/g-Vvh(u), (13)
Q Q Q

for everyv € WhP(Q) N L®(Q), for all » € W-°(R) with compact support ifR, which are such that
1p
h(u)v € Wy ™ (€2).

Remark 1.-— Definition 2.1 is a variant of the definition of renormalized solution introduced in [8].
This definition is now known to be the right one for nonlinear monotone problems with right-hand side
a measure, at least when the singular partsand i, of the measure are zero, since in this case the
problem is well posed in the sense of Hadamaed [1,10-12]).

Remark 2. — Equation (13) corresponds to tak@)v as test function in (3). Note that in (13) every term
is well defined due to (9) and to the fact thahas compact support, which implies that in (133an be
replaced byl (u) for k such that supp C [k, k].

THEOREM 2.1. — Under assumptions (4)—(8), there exists at least one renormalized solution u of (3).

Let us sketch the proof in the case where- 0. The idea is to consider first the case whigbg|, v.1
is small; in this case the operator is coercive. Hence, using the trun@fi@nas test function in (3), we
formally obtain thate||V Ty ()|, < Mk for everyk > 0, whereM = |||l s, + b1l 1+ 1bol Vae|P 71| 2 <
Neella, + Nballr + ||bo|||_N_1|||Vu|P‘1||LN/‘OO. A result of [1] proves that, when the truncatiofs(v)
of a functionv satisfya||VTk(v)||’,_’p < Mk for all kK > 0, thenv satisfies|||Vv|P‘1||LN4OO < CoM/a.
Therefore, wherj|bo|| ~.1 is small, we obtain an a priori estimate fn)|rVu|P‘1||LN/_OO, and therefore for
I|H (x,u, Vu)|| 1; this allows us to prove the existence result.

In the case whergbg||, ~.1 iS not small, we use the technique of Bottaro and Marina [7], which in some
sense allows one to reduce the problem to a finite sequence of problemwijity.. small and to prove
the existence of a solution. For the details of the proof, see [2].

3. Uniguenessresults

In order to prove the uniqueness of the renormalized solution of (3) we make some assumptions on the
data which are a little bit different (but not always stronger) of the assumptions we made to prove the
existence. First we assume thdl, s, £) and H (x, s, £) are Carathéodory functions which do not depend
ons,i.e.,

a(x,s, &) =a(x,§), H(x,s,&)=H(x,§), (14)

760



Pour citer cet article: M.F. Bettaet al., C. R. Acad. Sci. Paris, Ser. | 334 (2002) 757762

for almost every € , for everys € R andé € RY. Second we assume thatx, £) satifies the conditions
(4) and (5) and, moreover, is strongly monotone, i.e.,

(aCx, &) —aCe,m, & —n) = B(L+ 1€l +n)" g —nl2 B>0, (15)

for almost everyx €  and for everyé € RV, n € RV. Third we assume thaif (x, 0) € L1(Q) and that
H (x, &) is locally Lipschitz continuous with respect§oi.e.,

|H(x,§) = H@x,m)| <b0)(1+ €]+ n1)71E —nl, beL¥(Q), 0 >0, (16)

for almost every € Q and for everg € RV, n e RV, whereo is a constant to be specified in the statement
of Theorem 3.1. Finally we assume thats no more a general measure, but satisfies

p=f—divig), fell®), ge(L”®@)". (17)
THEOREM 3.1. — Assume that (4), (5)and (14)—(17)are satisfied with
0< o <oo(N, p), (18)
where ag(N, p) isdefined by
oo p) =T EZD iy o pea 19)
Np—-2+p . 2N —4
N =——— if2 2
oolN.p)=—5 g P<r<J—3 (20)
2p—1) 2N —4
= < )
oo(N,p)=—— f——=<p<N (21)

If u1 and u» are two renormalized solutions of (3), then u1 = u».

Remark 3. — Observe thap is assumed to satisfy < N, which is a further restriction op in (19) and
(20) whenN =2 or 3.

Observe also that definitions (19) and (20) [(20) and (21)] coincide in the “borderline gas€’[in the
“borderline case’p = 2N — 4)/(N — 3)].

Remark 4. — Let us consider the model caBéx, £) = (1+ |£]%)*/2. Theorem 2.1 implies the existence
of a renormalized solution when Q A < p — 1, while Theorem 3.1 implies the uniqueness of the
renormalized solution, if it exists, whenQo < og(N, p), therefore when & A < 1 + oo(N, p). But
the intervals < A < p— 1 and 0< A < 1+ op(N, p) do not coincide, and therefore for some valueg of
anda, we have proved both existence and uniqueness, for some other values, existence but not uniqueness,
and finally for some other values, uniqueness but not existence. Observe that we do not have any uniqueness
result whenp <2—-1/N.

Remark 5.—In [3] we prove Theorem 3.1 under (a little bit) more general assumptions. In particular,
we allow the functionb which appears in (16) to belongs to some spatel, with r sufficiently
large. Moreover we consider the case where in (15),1%4| + |n| is replaced byA(x) + |&] + |n|, with
A e LN (Q)andA(x) > Ag >0, and where in (16)1+ |€] + |5])° is replaced by(Ag + |€] + |n]) 40
(B(x) + €] + [n))°8 with |B|P~1 e LN-(Q):; when 2— 1/N < p < 2, we can takedp = 0, while we
assumedg > 0 when 2< p < N.

In [4] we treat the (simpler) case where the right-hand side is an elementbP\i2) and where usual

. 1
weak solutions € Wo”’(Q) are concerned.

The idea of the proof of Theorem 3.1 is the followirsgd [3] for the details). We first consider the case
whereb is small in L>°(2), or more exactly in some’l(2), with r very large depending om and p. We
formally useTy (u1 — u2) as test function in the difference of the two renormalized solutionandus
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of (3). The fact that we use renormalized solutions allows us to make this correctly; here the fact that the
measure satisfies (17), i.e., has not the singular pgrtand . is crucial. Using (15) and (16), we obtain

-2 2
B[ (L Vil + 1902) " Vs~ )|
Q
</b(x)(1+|Vu1|+|wz|)"|w1—wz||Tk<u1—uz>|
Q
gk/b(x)(1+|wl|+|w2|)"|wl—wz|=Mk,
Q

whereM = [, B|Vu1 — Vuz| with B = b(1+ [Vuz| 4+ |Vuz|)?. Let us now give a simplified idea of
the next step of the proof, which is in fact much more technical. Using the same result of [1] (now with
p = 2) we invoked in the existence proof, we deduce fr;ﬁrﬁ2 IVTi(u1 — u2)|? < Mk, for all k > 0,
that [[Vuy — Vuz|l v.oc < CoM/B. Using Holder inequality in the definition of/, we conclude that
Vu1 — Vuy = 0 whenB is sufficiently small in a convenient space, which follows framsufficiently small
in L"(€2). Actually the proof of this step is much more technical; when we tried to optimize the various
parameters which enter in the proof, we were led to the three definitions (19), (20) and ¢3LVop).
Whenb is not small, we use as test functi®p(sS,, (u1 — u2)), wheres,, (u) = u — T,,(u), SO thath can
be replaced by x{ju;—us>m}. This allows us to prove th&fl, (u1 — u2) = 0 for m sufficiently large, and
then to conclude that; — up = 0.
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