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Abstract We study the Lie agebra structure of the first Hochschild cohomology group of a finite
dimensiona monomia algebra A, in terms of the combinatorics of its quiver, in any
characteristic. Thisallows us also to examine the identity component of the algebraic group
of outer automorphisms of A in characteristic zero. Criteria for the solvability, the (semi-)
simplicity, the commutativity and the nilpotency are given. To citethisarticle: C. Strametz,
C. R. Acad. Sci. Paris, Ser. | 334 (2002) 733-738. O 2002 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

La structure d'algébre de Lie du premier groupe de la cohomologie de
Hochschild pour des algébres monomiales

Résumé Nous étudions la structure d’'algébre de Lie du premier groupe de la cohomologie de
Hochschild d’ une algeébre monomiale de dimension finie A, en termes combinatoires de son
carquois, en quelconque caractéristique. Celanous permet aussi d’ examiner la composante
de I'identité du groupe agébrique des automorphismes extérieurs de A en caractéristique
zéro. Nous donnons des criteres pour la résolubilité, la (semi-)simplicité, la commutativité
et lanilpotence. Pour citer cet article: C. Strametz, C. R. Acad. Sci. Paris, Ser. | 334 (2002)
733-738. O 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

Soient k un corpset A une k-algebre monomialede dimension finie. Alors A estisomorphe aun quotient
d’'une algébre des chemins kO /(Z) ou Q désigne un carquoisfini et (Z) unidéal bilatére engendré par un
ensemble Z des chemins de QO delongueur > 2 tel qu’ aucun sous-chemin propre d’un chemin de Z n’est
contenu dans Z. Soit B |’ ensemble des cheminsde Q qui he contiennent aucun chemin de Z comme sous-
chemin. Pour tout n € N on note par B, I’ensemble des cheminsde B de longueur n. Deux cheminsy et ¢
de Q sont dits paralléles s'ils ont la méme source et le mémeterminus. S X et Y sont deux ensembles de
cheminsde Q, I'ensemble X//Y est formé par les paires (y, ¢) € X x Y tellesquelescheminsy et ¢ sont
paraléeles.

NOTATIONS 0.1.—Soient ¢ un chemin de Q et (a, y) € Q1//B. On note par ¢*?) la somme de tous
les chemins différents de O (i.e. de B) obtenus en remplagant une occurrence de la fléche a dans ¢ par le
chemin y. Si le chemin ¢ ne contient pas la fleche a ou s tout remplacement de a dans ¢ par y n’est pas
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un chemin dans B, nous posons &(@?) = 0. Supposonsque ¢@7) =" _ &;, 0l ¢; € B et soit  un chemin
de Z paralléle a ¢. Par abus de langage nous notons par (i, 7)) lasomme Y_"_, (1, ¢;) dans k(Z//B)
(avec laconvention que (1, £@7)) =0 ¢@7) =0).

Le premier groupe de la cohomologie de Hochschild H1(A, A) = Ext}\e(A, A) =Deriy(A)/Adi(A) a
une structure d’ algebre de Lie qui est donnée par |le commutateur des dérivations. Si on utilise larésolution
projective minimale de A en tant que A-bimodule donnée par Bardzell dans [1] on voit que les k-espaces
vectorielsH1(A, A) et Kery1/ Imyrg sont isomorphes ol

Yo:k(Qo//B) = k(Q1//B),  (€.¥) > Y 4c,e(@ay) =3 4cop, (@ va) et
ayeB yaeB

Y1 k(01//B) > K(Z//B), (@) s (p p@T)).

La comparaison de la résolution minimale avec la résolution standard de A en tant que A-bimodule nous
permet de transférer le crochet de Liede HL(A, A) aKer 1/ Imvsyg :

THEOREME 0.2. —Le crochet

(@, ), b,&)] = (b, ") = (a,y )
pour tout (a, y), (b,e) € Q1//B induit une structure d’'algebre de Lie suferys/Imyyg telle que
HL(A, A) etKery1/ Imyyqg sont des algébres de Lie isomorphes.

Si(a,y) € Q1//By €t (b,e) € Q1//By, dors|[(a,y), (b, e)] € k(Q1//Bn+m-1). En définissant, pour
tout i > —1, L; = k(Q1//Bi+1) N Kery/k(Q1//Bi+1) N Imyg nous obtenons une graduation sur
Hi(A, A) = @D;>_1Li telle que [L;, L;j] C Liy; pour tout i,j > -1 00 L 2=0.S L_3=0 (ce
qui est par exemple le cas s Q n'a pas de boucle ou s la caractéristique du corps k est zéro), alors
RadH (A, A) =Rad Lo ® @, Li.

DEFINITION 0.3.—Deux fléches paralléles a et b sont dites équivalentes s p@? = 0= p®* pour
tout p € Z. L'idéal (Z) est dit complétement saturé si toutes les fléches paralléles sont équivalentes.
L’ ensemble des classes de fléches paralléles de O est noté Q1// €t nous notons @/ ~ |’ensemble des
classes d' équivalencede@ € Q1//.

THEOREME 0.4. - Le radical de I'algébre de Lid.g est engendré en tant qéeespace vectoriel par les
éléments suivants de, : pour toute classe de fleches parallétes {a1, ..., a;}

- ZaieS(ai’ «;) pour toute classe d’équivalenez @/ ~;

— (i, aj),i# j,Si(a;,aj) € Loet(aj,a;) ¢ Lo,

— sicark =2, (o, aiy), (@iy, otiy) €1 (g, y) pour touteS = {o;,, aj,} €00/ ~.

L a démonstration de ce théoréme montre que I’ algébre de Lie semi-simple HL(A, A)/ RadHY (A, A) =
Lo/ Rad Lo est le produit d’ algebresde Lie ayant un facteur pgl(]S|, k) := gl(|S|, k) / k1 pour chaque classe
d’ équivalence S € @/ ~ d'une classe de fleches paralléles @ telleque |S| > 2 s cark #2 et |S| > 2 s
cark =2.

COROLLAIRE 0.5.—-Si L_1 =k(Qo//Q1) N Kery1 = 0, alors les conditions suivantes sont équiva-
lentes:
(1) L'algébre de LieH(A, A) est résoluble.
(2) Toute classe d’équivalenced’une classe de fleches paralleigs Q1// de Q contient une et une
seule fleche Sark # 2. Sicark = 2 nous avons$S| < 2 pourtouteS e @/ ~, @ € Q1//.

Soit O le sous-carquoisde Q obtenu en prenant un représentant pour chague classe de fléches parall&les.

COROLLAIRE 0.6.—Si L_1 = k(Qo//Q1) N Kery1 = 0, alors les conditions suivantes sont équiva-
lentes:
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(1) L'algébre de LieH(A, A) est semi-simple.

(2) Le carquoisQ est un arbreQ a au moins une classe de fleches paralléles non triviale et I'igial
est complétement saturé. &irk = 2, alors 0 n'a pas de classe de fleches paralléles contenant
exactement deux fleches.

(3) L'algébre de LieH1(A, A) estisomorphe au produit non trivial d’algébres de [[g—te// pal(jal, k)
olla| £2sicark=2.

Comme H1(A, A) peut étre considerée en caractéristique zéro comme |’ algébre de Lie du groupe algé-
brique des automorphismes extérieurs Out(A) = Aut(A)/ Inn(A) nous pouvons déduire en caractéristique
zéro des criteres de résolubilité et de (semi-)simplicité pour |a composante de I identité de Out(A).

We give some notation and terminology which we keep throughout the paper. Let QO denoteafinite quiver
(that isafinite oriented graph) and k afield. The path algebrak Q isthe k-linear span of the set of paths of O
wherethe multiplication of 8 € Q; and«a € Q; isprovided by the concatenation Ba € Q4 ; if possibleand
0 otherwise. We denoteby A afinite dimensional monomial k-algebra, that isafinite dimensional k-algebra
which isisomorphic to a quotient of a path algebrakQ /I where the two-sided ideal 7 of kQ is generated
by aset Z of paths of length > 2. We shall assumethat Z is minimal, i.e. no proper subpath of a path in Z
isagainin Z. Let B be the set of paths of Q which do not contain any element of Z as a subpath. The
(classes modulo I = (Z) of the) elements of B form a basis of A. We shall denote by B, the set of paths
of B of length n. Two paths e, y of Q arecalled parallel if they have the same source and terminus vertex.
If X and Y are sets of pathsof Q, theset X//Y of paralel pathsisformed by the couples (e, y) € X x Y
such that ¢ and y are paralel paths. For instance, Qo//Q, isthe set of oriented cycles of Q of length n.
Let E ~ k Qo be the separable subalgebra of A generated by the (classes modulo I of the) verticesof Q.

1. Projective resolutions and the Lie bracket

The Hochschild conomology H* (A, A) = Ext. (A, A) of ak-algebra A can be computed using different
projective resolutions of A over its enveloping algebra A¢ = A ®; A%. The standard resolution Proch is
o A® —8>A®Zfl—>~~-—>A®kA—6>A—>O,
where e(x1 ®r x2) = x1x2 and 5(x1 ®k -+ Rk x,) = Z?:_]:_I'(—l)i+1xl Rk Ok XiXit1 Qk ++ - Qk Xn
for x1,...,x, € A. Applying the functor Homy.(_, A) and identifying Homy. (A ®j A% @ A, A) and
Hom; (A%, A) for all n € N, yields the cochain complex Croch defined by Hochschild:

0— A - Homg(A, A) = - — Homy (A%, A) < Homy (A%, A) — -,

where (doa)(x) = ax — xa for a,x € A and (dn f)(x1 ®k -+ ®k Xnt1) = x1f(x2 Q) -+ ®k Xnt1) +
S (=D f(x1 ®k o ®k XiXipd ®k o Bk Xng1) + (—D"THf (1 ®p - ®k xp)xnga for Al f e
Homy (A®%k, A), n € N, and X1,...,Xp+1 € A. In 1962 the structure of a Gerstenhaber algebra was
introduced on the Hochschild cohomology H*(A, A) by Gerstenhaber in [3]. In particular the first
cohomology group HY(A, A) which is the quotient of the derivations Deri(A) = Kerdy = {f €
Homi (A, A) | f(ab) =af (b) + f(a)b, Ya,b € A} modulo the inner derivations Ady(A) =Imdp={f €
Homi (A, A) | Ja € A suchthat f(x) =ax — xa, Vx € A} of A isaLie agebrawhose bracket is induced
by the commutator on Homg (A, A). Keller [7] showed that Hochschild cohnomology is preserved under
derived equivalence as a graded (super) Lie algebra. From [6], 13.2 we deduce:

ProPOSITION 1.1.— Let k be a field of characteristi® and A a finite dimensionak-algebra. The
derivationsDer (A) form the Lie algebra of the algebraic group lofalgebra automorphismaut(A) and
its Lie ideal Ady(A) forms the Lie algebra of the algebraic group of inner automorphismgA). The
Lie algebraH(A, A) can be regarded as the Lie algebra of the algebraic group of outer automorphisms
Out(A) or as the Lie algebra of its identity componéhit(A)°.
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In order to compute the Lie algebra structure on the first Hochschild cohomology group H1(A, A) of the
finite dimensional monomial algebra A, we shall usethe minimal projectiveresolution of the A-bimodule A
given by Bardzell in [1]. The part of this resolution Pmin in which we are interested is the following:

S AREKZOEA S A®EkO1®E A% A®E A > A — 0,
where the A-bimodule morphisms are given by

T(A®E 1) = AuL,

So0A®Ea®E ) = AMa®g —A@®pap and

n
(AR pRE ) = Zkan.-.adﬂ ®F aqg QF ag—1...a11k
d=1
foral A, ue A a,ay,...,a1€ Q1and p=a,...a1 € Z (wWitha,+1 =1(a,) and ag = s(a1)).

NOTATIONS 1.2.—Let ¢ beapathin Q and (a, y) € Q1//B. We denoteby @) the sum of al nonzero
paths (i.e. paths in B) obtained by replacing one occurrence of the arrow « in ¢ by the path y. If the
path ¢ does not contain the arrow a or if every replacement of a in ¢ by y is not a path in B, we set
@) = 0. Supposethat ¢@7) =>""_, &;, wheree; € B and let ) be apath of Z parallel to ¢. By abuse of
languagewe denote by (1, @) thesum >°7_; (n, &;) ink(Z//B) (withthe conventionthat (5, (7)) = 0
if ¢(@7) = Q).

Applying the functor Homu.(_, A) to Pmin and using the fact, that Hompe (A ®fg kX ®f¢ A, A) and
k(X //B) areisomorpic vector spacesfor every set X of pathsof Q, yieldsthat the beginning of the cochain
complex Cmin can be characterized in the following way

0— k(Qo//B) > k(Q1//B) 2> k(z//B) L ...
where the maps are given by

¥0:k(Q0//B) = k(Q1//B),  (€.7) > Yae0re(@ a¥) = Yycep, (@ va) and

ayeB yaeB

V1:k(Q1//B) > k(Z//B), @)= Y ez (p. p@).

In particular, we have H1(A, A) ~ Kery1/ Imyg. Note that the dimension of the vector space HL(A, A)
has been obtained by Cibils and Saorin in [2], Theorem 1, using different methods.

THEOREM 1.3.— The bracket
[(@.y). b, &)] = (b,e"")) = (a,y )

for all (a,y), (b, &) € Q1//B induces a Lie algebra structure dfer y1/Imig such thatH(A, A) and
Keryr1/ Imyrg are isomorphic Lie algebras.

Proof. —As Proch and Pmin are projective resolutions of the A-bimodule A, there exist chain maps
® : PHoch = Pmin @d ¢ : Ppin = PHoch- The maps Hompe (w, A) and Hompe (¢, A) induce inverse
linear isomorphisms at the cohomology level. Taking into account the effected identifications we obtain
k-linear maps wz : k(Q1//B) — Homg (A, A) and 21 : Hom (A, A) — k(Q1//B) which induce inverse
linear isomorphisms between H(A, A) = Kerdy/Imdg and HL(A, A) = Kery1/ Imyo. This alows us
to transfer the Lie agebra structure of Kerdyi/Imdp to Keryr1/Img by defining on k(Q1//B) the
Lie bracket [(a,y). (b, &)] = Si((@1(a, y), @1(b. &)]) = (b, @) — (a,y ) for @Al (a,y). (b.¢) €
Q1//B. O
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2. The Lie algebraH(A, A) of a monomial algebraA

Since Hochschild cohomology is additive and since its Lie algebra structure follows this additive
decomposition we will assume henceforth that the quiver Q is connected. If (a,y) € Q1//B, and
(b,e) € Q1//Bm,weseethat [(a, y), (b, e)]isanelement of k(Q1//Bu+m—1). Thus, we have agraduation
onthe Lie algebrak(Q1//B) = P, nk(Q1//B;) considering the elements of k(Q1//B;) having degree
i —1forallieN.Itisclear that the Lie subalgebraKer yr1 of k(Q1//B) preservesthis graduation and that
Imvo isagraded ideal. Therefore, the Lie algebraH(A, A) = Kery1/ Imyg has also agraduation. If we
note

Ly =k(01//Bi+1) NKer 1 /(40,0 (a, 70) = Yyeegy @ ay) | (e, v) € 0o/ / Qi )

yaeB ayeB
forali > —1weobtan HY(A, A) = @®,> 1 Liand[L;, L;j1C Liyjforali, j > —1whereL_»=0.

Remark2.1. — The Lie subalgebra L_1 of HY(A, A) equals zero if and only if there exists for every
loop (a, e) € Q1//Qo apath p in Z such that p@ = 0. Thisis for example the caseif Q does not have a
loop or if the characteristic of thefield & is zero.

This remark shows that the case where L_; is different from zero is quite exceptional. We will assume
henceforth that 1 = 0. Inthat case @B, -, L; isasolvable Lieideal of HL(A, A) sinceHL(A, A) isfinite

dimensional. It is obviousthat L isa Lie subalgebraof H1(A, A) whose bracket is
[(@, ). (b,d)] =84.a(b,c) = 8p.c(a,d)

for al (a,c), (b.d) € Lo. Hence RadH(A, A) = RadLo & @;>; Li and H'(A, A)/RadHY(A, A) =
Lo/Rad Lo where RadHY(A, A) (resp. RadLg) denotes the radical of H1(A, A) (resp. Lo). As a
consequencethe study of the Lie algebraH(A, A) can be reduced often to the study of the Lie algebra Lo.
A basis 5 of the Lie algebra Lo is given by the union of the following sets:

(1) all thecouples (a, b) € Lo such that the parallel arrows a and b are different,

(2) foreveryclassa = {a1,...,a,} € Q1// dl the elements (¢;, ;) € Lo suchthati < n,

(3) 101//1 — Q0| + 1 linearly independent elements (c, ¢) € Lo different from thosein (2).
We recall a definition introduced by Guil-Asensio and Saorin (see2.3in[5] and 25in [4]):

DEFINITION 2.2.—We shall call two parallel arrows equivalent if p@? =0= p®@ foral p e Z. The
ideal (Z) iscalled completely saturated if al paralel arrows are equivalent. The set of classes of paralel
arrowsis denoted by Q1// and we denote by @/ ~ the set of equivalenceclassesof @ € Q1//.

THEOREM 2.3.— The radical of the Lie algebrd is generated as &-vector space by the following
elements ol.q: for every class of parallel arrow8 = {3, .. ., o}

e > 4 es(ei, o) for every equivalence classe @/ ~;

o (aj,aj),i#j,if(a;,aj) € Loand(a;,a;) ¢ Lo;

o (i, ), (@iy, 0ty) and (aig, o) forall S = oy, 0y} e/ =~ if chark = 2.

The proof of this theorem uses the explicit basis of Lo and the fact that A is a finite dimensional
agebra (for more details see the proof of the Theorem 4.10 in [8]). It shows explicitly that the semi-
simple Lie algebra HY(A, A)/RadHY(A, A) = Lo/Rad Lo is the product of Lie algebras having a factor
pal(|S|, k) := gl(|S|, k)/ k1 for every equivalence class S € o/ ~ of aclass of parallel arrows & such that
|S| > 2if chark #£2and |S| > 2if chark = 2.

COROLLARY 2.4.—1f L_1 =k(Qp//01) NKeryr1 =0, then the following conditions are equivalent

(1) The Lie algebraH(A, A) is solvable.

(2) Every equivalence class$ of a class of parallel arrow® € Q1// of Q contains one and only one
arrow if the characteristic of the field is not 2. In the casechark = 2 we have|S| < 2 for all
Sea/~,0e Q1//.
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Using Propostion 1.1 and Remark 2.1 we recover the following result due to Guil-Asensio and Saorin
(seeCorallary 2.22in[5]):

COROLLARY 2.5.-Letk be a field of characteristi®. Then the identity component of the algebraic
group of outer automorphisn@But(A)° is solvable if and only if every two parallel arrows ¢f are not
equivalent.

Let O bethe subquiver of Q obtained by taking arepresentative for every class of parallel arrowsof Q.

THEOREM 2.6.— If L_1 =k(Qo// Q1) NKery1 =0, then the following conditions are equivalent

(1) The Lie algebraH(A, A) is semi-simple.

(2) The quiverQ is a tree,Q has at least one non trivial class of parallel arrows and the idga)l is
completely saturated. If the characteristic of the field 2, thenQ does not have a class of parallel
arrows containing exactly two arrows.

(3) The Lie algebrad(A, A) isisomorphic to the non trivial product of Lie algebrﬁ[s&te// pal(|al, k)
where|a| # 2 if the characteristic ok is equal to2.

Remark2.7. — TheLie algebrapgl(n, k) := gl(n, k)/ k1, n > 2, isisomorphicto the classical smpleLie
algebrasl(n, k) of n x n-matrices having trace zero if char k doesnot dividen. If chark dividesn and n # 2,
then pgl(n, k) is asemi-simple algebrawithout being a direct product of smple Lie algebras.

Using Proposition 1.1 and the main Theorem 2.20 of the article [5] we get the following Corollary (see
Corollary 4.9in [5] for apartial result on hereditary algebras):

COROLLARY 2.8.—Letk be afield of characteristi®. The following conditions are equivalent

(1) The algebraic grouut(A)° is semi-simple.

(2) The quiverQ is a tree, the quivelQ has at least one non trivial class of parallel arrows and the
ideal (Z) is completely saturated.

() Out(A)° is isomorphic to the non trivial product of algebraic grou}Sj%te// PGL(Jal, k).

Finally we give acriterion for the commuitativity and the nilpotency:

ProPOSITION 2.9.—If the characteristic of the field is 0, then the following conditions are equivalent
(1) The Lie algebraH'(A, A) is abelian.

(2) The Lie algebraH(A, A) is nilpotent.

(3) The dimension dfi1(A, A) equals the Euler characteristi@1| — | Qo + 1.

(4) For every pathy e B parallel to an arrowa # y there exists a patip of Z such thatp(@?) £ 0.

(5 The algebraic grouut(A)° is nilpotent.

(6) The algebraic grouut(A)° is abelian.
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