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Abstract We construct a C*-algebra ¢ proper to an anisotropic asymptotically periodic quantum
system and we compute its quotient by the algebra of compact operators. We describe
then the self-adjoint operators &ffiliated to ¢ and their essential spectrum. To cite this
article: O. Rodot, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 575-579. O 2002 Académie
des sciences/Editions scientifiques et médicales Elsevier SAS

Hamiltoniens anisotropes asymptotiquement périodiques

Résumé Nous construisons une C*-algébre ¢ adaptée au traitement des systémes gquantiques
anisotropes asymptotiquement périodiques et nous calculons son quotient par I’agébre
des opérateurs compacts. Nous décrivons aors les opérateurs auto-adjoints affiliés a € et
leurs spectres essentiels. Pour citer cet article: O. Rodot, C. R. Acad. Sci. Paris, Ser. |
334 (2002) 575-579. O 2002 Académie des sciences/Editions scientifiques et médicales
Elsevier SAS

Version francaise abrégée

Considérons |I'opérateur auto-adjoint H = —A + V dans H = L%(R), ou V est I'opérateur de
multiplication par une fonction asymptotiquement périodique avec des périodes différentes a +oo et —oo.
Les résultats obtenus par Georgescu et Iftimovici dans [6] nous ont suggéré |’ étude, par des méthodes
nouvelles, de cette classe particuliére d’ hamiltoniens. L' idée générale consiste a construire une C*-algébre
¢ dont le quotient par I’ algébre des opérateurs compacts puisse étre calculé, et telle que les opérateurs que
I’on veut étudier lui soient affiliés. Dans le cas présent, cette C*-algebre € est obtenue gréce alanotion de
produit croisé a partir d une C*-algébre C suggérée par la classe de fonctions V. L’ objectif est de préciser
laclasselapluslarged hamiltoniens H affiliésa €. Ceci permet I’ étude du spectre essentiel ou |’ estimation
de Mourre d’ une maniére unifiée. Introduisons a présent la C*-algébre commutative C suivante suggérée
par une situation anisotrope :

C= {f €Cpu(®)| lim f(x+naz) existent, Vx € R},
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ou Cpu(R) ={f : R — C| f est bornée, uniformément continue}, n € Z &t (at,a-) € R x R%. On
montrequel’ on aun plongement canonique: C/Co(R) € C(R/a+Z)®C(R/a_Z). Notons € laC*-algébre
C x R (produit croisé de C par I’ action du groupe additif R). On aaors

¢/K (LAR)) = (C x R)/(Co(R) x R) = (C/Co(R)) x R
s bienque¢/K(L’(R) C ¢, @ C_ouCr =Cy xR etCy =C(R/a+Z).

THEOREME 1. — Soit€ I'ensemble des opérateufse B(L2(R)) tels que
(i) il existeTy € €4 tel que|x (Q > r)(T — T)™®| — 0sir — 00}
(i) il existeT_ e ¢_ tel que|lx(Q < —r)(T — T_)®|| - 0sir — o00;
i) 1(€*F —HT™| — 0six — 0.
Alors € est uneC*-algébre canoniquement isomorphea

THEOREME 2. —SoientH un opérateur auto-adjoint dar® = L2(R) et H. un couple d’opérateurs
auto-adjoints affiliés &4 tels queD(Hy) = D(H). Alors H est affilié a¢ si

|6+ QY(H — H)|| pyyge = 0 €L |0-(eQ)(H — H-)|| 1) _3g—> O sie —0.

The study of the Schrodinger operator with periodic potential is now a classical subject many times
explored since the article of Bloch [1] published in 1928. This operator gives a description of the motion
of aparticlein acrystal. It iswell known that the spectrum of this operator has a band structure. Gel’fand
[4] and Titchmarsh [8] were among the first to study rigorously the periodic one dimensional Schrodinger
operator H = —A + V in ‘H = L?(R) (where the Laplacian A, free Hamiltonian, is the quantization of
the kinetic energy and V is the operator of multiplication by a periodic potential function). More recently
Davies and Simon have studied in [3] the scattering theory for systems with asymptotic spatial behaviour
different on the right and the left. Also Roberts develops in [7] the quantum scattering for impurities in
potentialsthat tend to a periodic function in one direction and to a constant onein the other. The references
on thistopic are multiple.

The new results of Georgescu and Iftimovici in [6] suggested the study to us, with their new methods, of
aclass of anisotropic Hamiltonians: the periodic Schrodinger operator with different behaviorsat +o0. The
general ideaisto construct a C*-algebra €, to study its propertiesand to point out aclass H of Hamiltonians
affiliated to €; thisallows oneto describe the essential spectrum. This C*-algebra¢ isobtained by the notion
of crossed product from a C*-algebra C suggested by the class of functions V. One of the main goalsisto
determine the largest class of Hamiltonians H affiliated to €.

Let H be aHilbert space and H a self-adjoint operator in . Recall that the formulac (H) = {A e R |
¢ € Co(R) and (X)) # 0= ¢(H) # 0} gives adescription of the spectrum of H. Here Co(R) = {¢ : R —
C | ¢ iscontinuous and convergent to zero at infinity}. Recall also that the essential spectrum oess(H) of H
isthe set of A € o (H) such that either A is not isolated from the rest of the spectrum or it is an eigenvalue
of infinite multiplicity. We have:

dess(H) = {2 e R| g € Co(R) and ¢(%) # 0= ¢(H) ¢ K(H) },

where K (H) isthe C*-algebraof compact operatorsin H (closed self-adjoint ideal in the C*-algebra B(H)
of bounded linear operatorsin ). Let C(H) = B(H)/K (H) bethe Calkin algebra (it isalso a C*-algebra).
Denoteby H +— H the canonical surjection of B(H) onto C(H). Isiseasy to seethat oess(H) = 0 (H). If
¢isaC*-subalgebraof B(H), we say that H is affiliated to € if its associated fonctional calculusisin &,
i.e, if Yo € Co(R), ¢(H) € €. Infact, it suffices to verify for acomplex z ¢ o (H) that (H —z) "t e €. In
[2] and [6] several classes of operators related to interesting physical situations are shown to be affiliated to
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C*-algebras € such that

KH)ycecB(H) and ¢/K(H)c P, @
k
where ¢ are “smpler” C*-algebras. So, if H is effiliated to a C*-algebra € which satisfies (1), then
H = P, Hi (with Hy, affiliated to &) satisfies o (H) = |J;, o (Hy) with known o (Hy).
Let us consider the C*-algebra Cp, (R) = {¢ : R — C | ¢ is bounded, uniformly continuous} and the
following commutative C*-algebra suggested by an anisotropic situation:

c= {<p €Chu@®) | M Tuayp(x) =i (x) Xist, Vax € R},
n—=+o00

where 7,4, ¢ (x) = ¢(x + nat), n € Z, and (ay,a_) e RT x R%. Then C is a C*-subalgebra of Cp, (R)
which contains Co(RR) and isstable by trandations. Thefunctions/,. and/_ are continuouson R and clearly
periodic of periodsa, and a_, respectively. We describe now the quotient C*-algebraC/ Co(R).

PrROPOSITION 1.—C/Co(R) C C(R/a+Z) ® C(R/a_7Z).

Recall that the self-adjoint operators of L2(R), Q (position observable) and P (momentum observ-
able), are defined by (Qf)(x) = xf(x) and (Pf)(x) = —idf/dx. Then ¢(Q) is the operator of mul-
tiplication by the Borel function ¢ in L2(R) and v(P) = F*y(Q)F where F : L3R) — L%(R) with
Ff) = @r)~Y2 [ e f(x) dx. An elementary computation gives €*P¢(0) e™*F = ¢(Q + x) and
ekQy(P)e*Q = (P — k). If A, B are subspaces of an algebra® then we denote by 2 - B the linear
subspace of © generated by the elements of theform AB with A e 2l and B € 9. If © isaC*-algebrathen
[ - B] isthe norm closure of 2L -5 in ®. Since C isa C*-subalgebraof Cy, (R) stable under trandations,
C is provided with a continuous action of the additive group R. Then the crossed product C x R is well
defined and denoted by €. It is shown in [6] that € is isomorphic to the (norm) closed linear subspace of
B(L2(R)) generated by operators of the form ¢(Q)y(P) with ¢ € C and ¥ € Co(R). Below we denote
Co(R*) the set of operators v (P) with ¢ € Co(R). We thus may write € = [[C - Co(R*)]]. One also have
K (L2(R)) = [Co(R) - Co(R*)] s0 Co(R) x R isisomorphicto K (L2(R)). Then

¢/K (LAR)) = (C x R)/(Co(R) x R) = (C/Co(R)) x R

so that ¢/K(L2(R)) C ¢, & ¢_ where ¢+ = C+ x R and C+ = C(R/a+Z). Recal again that ¢ =
[Cx - Co(RH].

Now we give a new characterization of ¢. If asymbol like 7™ is used then the relation must hold both
for the operator T and for its adjoint 7*. We denote x (A > r) the spectral projection of a self-adjoint
operator A associated to the interval (r, oo0). The symbol x (A < r) hasasimilar meaning.

THEOREM 2. - € coincides with the set of the operatdise B(L2(R)) such that
(i) there is som@,. € ¢, suchthat|x (Q > r)(T — T)™® || — 0if r — o0;
(ii) there is som@_ € ¢_ such that]|x(Q < —r)(T — T_)®| — 0if r — o0;
(i) (€ —=)T™| - 0if x — 0.

Proof. —Let ¢ bethe set of operators T satisfying (i)—(iii); wefirst show that € C ¢.Since¢ isisomorphic
to the (norm) closed linear subspace of B(L?(R)) generated by operatorsof theform ¢ (Q)y (P) withg € C
and ¢ € Co(IR*), our task reducesto show that these operatorsbelongto €. Solet T = ¢(Q) v (P) and set
Ty =1L (Q)y(P). It sufficesto show (i) and (ii) for r = na,..

1x(Q > na )(T = Ty)|| = [l " x(Q > 0) €"+F (p(Q)y(P) — L (Q)yr(P)) |
= [[x(Q > 0" " (p(Qy(P) — 1. (@)Y (P)) e+ ||.

But €"+P1 (Q)y(P)e " +P1(Q + nay)y(P) = I, (Q)y(P) since [; is periodic of period a..
Similarly €+ "o (Q)y (P) """ = (Q + na )y (P).
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1X(Q > na )(T = T)|| = [|x(Q > 0)(¢(Q +nay) —1.(Q)) ¥ (P)
<sup|¢(x +nay) — 14| [[¥ oo — 0 asn — .

x>0
The assertion (iii) is a consequence of ¢ € Co(R*) (see[2] and [9]).

Reciprocally, let T € €. Let 6, € C¥(R), 0< 64 < 1, such that 6,.(x) =0 if x < 1 and 64 (x) = 1 if
x> 2.Set0_(x) =04(—x),00=1—0_—0,,05 =0.(cQ) and 6§ = Op( Q). (i) and (ii) are equivalent to
[65(T — T4)™ || — 0if e — Orespectively. Since T = 65T + 05 Ty +0° T +05(T — T4) +05(T — T-),
the last two terms tend to zero in norm when ¢ — 0. Also, 65 € C yelds 65 T+ € €. Finaly we have
to prove that 657 € K (L?(R)) C €. By a characterization of K (L2(R)) given in [6], 65T € K (LA(R))
iff |(€*F — DOET| — 0 as x — 0 and [[(€%2 — DOFT|| — 0 as k — 0. But [[(€¥F — DOST|| <
e, 651IIT Il + 1651111 (€*F — DT||. Since [|(€*" — 1)T || — O by (iii), and

|67 65] | = | 057" — 68| = 05 +) 68|, — 0 asx >0

Weget (€42 — )85 T || < 1(€5C —D)GSIIT | = I1(€% — D)8l lIT || — Oif k — 0,thusO§T € K (L2(R)),
which finishes the proof of the theorem. O

We shall point out now an &ffiliation criterion to ¢ for a self-adjoint operator. We first introduce some
useful definitions (se€[5]).

DEFINITION 3.—An operator T € B(L2(R)) will be called semi-compactf for all 6 € Co(R) the
operators #(Q)T and TH(Q) are compact. The self-adjoint operators affiliated to SK (L2(R)) are called
locally compact

Remark that the set SK (L2(RR)) of semi-compact operators is a C*-subalgebra of B(L2(R)) and that
€1 C HK(L?(R)) C SK(L?(R)) where
HK(L2®) = {T e B(L2®)) (Ix(1P1=r)T||+ [T (1P > r)])) =0}.

DEFINITION 4.—We say that 7 € B(L?(R)) has limit Ty a Q = +oo (and set limg_, 10T = Ty) if
lim.o{[|0+(e Q) (T — To)|l + (T — T1)0+(e Q)|I} = 0.

PROPOSITION 5.— ¢ ={T € SK(L2(R)) | limp_ 1+ T exist and belong td }.

| lim
r—00

COROLLARY 6.— The following assertions are equivalent
(i) H self-adjoint operator affiliated t@.
(i) H islocally compact andz € C \ R such thalimg_, +(H — z)~* exist and are ir¢...

The next proposition gives a method for checking local compactness.

PROPOSITION 7.— Assume thafC is a Banach space continuously embedded{irand such that
0(Q) € K(K,H) for eachd € CF(R). If H is a self-adjoint operator iri{ and (H + ~1H c K, then
H is locally compact. In particular, if the domain &f is included in the form domain of a locally compact
operator, thenH is locally compact.

Our second important result states as follows:

THEOREM 8.— Let H be a self-adjoint operator iftt = L2(R) and Hx. a pair of self-adjoint operators
affiliated to€. respectively such thdd(Hy) = D(H). Assume that

|0+ Q)(H — H+)y|D(HHH —0 and |[6-(¢Q)(H — H_)HD(H)—>H -0 ife—0.
ThenH is affiliated to€. In particular oess(H) = o (H4+) Uo (H-).
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Proof. —Since Hy. are affiliatedto €+ C SK (H), H+ arelocally compact. H islocally compact because
of D(H+) = D(H) and of Proposition 7. So, by Corollary 6, it sufficesto provethat limg_, +oc (H — ) l=
(H+ —z)~1. Wedenote R(z) = (H — z)~* and R+ (z) = (Hx — z)~L. Then

|0£(6 Q) (R — Ry)|| = ||0=(¢ Q) RL(H — H1)R||
<||[0£( Q). Re]|| - ||[(H — HL)R|| + I R<l - ||f=(e Q)(H — HL)R||.
But ||6+(¢Q) (H— H+)R || - Owhen ¢ — 0 because of the hypothesis. On the other hand, ||[6+ (e Q), R+ ]|l
< (g/+/2m) - ||(31||L1(R) | R;EHLOO(R) ,thus |602(¢ Q) (R — R+) || — Owhene — 0. O

We give now an example. Let i : R — R be acontinuousfunction such that ¢ ~1|x|* < |h(x)| < c|x]|® for
somerea s > 0, aconstant ¢ > 0 and large x. Set Hp = h(P), its domain being the Sobolev space H* (R).
Let V beareal function such that V(Q) € B(H*, H) with Hp-bound less than 1 and assume that there are
a+-periodic functions V4 such that [|0+(e Q) (V — Vi)llyysy — 0if e > 0. Then H = Ho + V(Q) is
dffiliatedto € and HL = Hp + V+(Q), SO

oess(H) = o (Hy) Uo (H_).

Remark— If E isaHilbert space, then one can replace above € by € ® K (L2(E)). Thusour results cover
the case of one-dimensional Dirac operatorsfor example (then E isfinite dimensional).
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